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A GUIDE TO THE SELECTION OF PROBLEMS 



Following is a tabulation of the problems in this text. It 
will be noted that the problems are arranged into three sets, I, 
II, and III. At first glance, one might think that these are in 
order of difficulty. 

THIS IS NOT THE MANNER IN WHICH THE PROBLEMS ARE GROUPED I I 1 1 

Before explaining the grouping, it should be mentioned that 
it is understood that a teacher will select from all of the 
problems those which he or she feels are best for a particular 
class. Hovrever, careful attention should be given to the comments 
on the problems in A Word About the Problem Sets . 

Group I contains problems that relate directly to the 
material presented in the text. 

Group II contains two types of problems: (l) some that are 
similar to those of Group I, and (2) some that are Just a little 
more difficult than those in Group I. A teacher may use this 
group for two purposes: (l) for additional drill material. If 
needed, and (2) for problems a bit more challenging than those in 
Group I, that could be used by a better class. 

Group III contains problems that develop an idea, using the 
information given in the text as a starting point. Many of these 
problems are easy, interesting and challenging. The student may 
find them more stimulating than the problems in Groups I or II. 
However, if time is a factor, a student can very well not do any 
of them and still completely understand the material in the text. 
These are enrichrnent problems. 

It is assiimed that a teacher will not feel that he or she . 
must assign all of the- problems in any set, or all parts of any 
one problem. It is hoped that this listing will be helpful to 
you in assigning problems for your students. 
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ix 



We have Included in the problem sets results of theorems of 
the text which are important principles in their own right. In 
this respect we follow the precedent of most geometry texts. 
However, all essential and fundamental theorems are in the text 
proper. The fact that many important and delightful theorems are 
to be found in the problem sets is very desirable as enrichment. 

While no theorem stated in a problem set is used to, prove 
any theorem in the text proper, they are used in solving numerical 
problems and other theorems in the problem sets. This seems to be 
a perfectly normal procedure. The difficulty (or danger), as most 
teachers define it, is in allowing the result of an intuitive type 
problem, or a problem whose hypothesis assumes too much, to be 
used as a convincing argument for a theorem. The easiest and 
surest way to handle the situation is to make a blanket rule for- 
bidding the use of any problem result to prove another. Such a 
rule, however, tends to overlook the economy of time and, often, 
the chance to foster the creative spirit of the student. In this 
text we have tried to establish a flexible pattern which will 
allow a teacher and clasr^ to set their own policy. 



X 
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GUIDE TO SELECTION OF PROBLEMS 



Chapter 11 
Set 11-1 
11-2 

ll-5a 

11- 5t) 

Chapter 12 

12- 1 

12-2 
12-5a 

12-5b 

12-4 
12-5 

Chapter 15 
15-2 

15-5 



I 

1,2,5,6. 

1,2,4,6,7,9, 
10,11,16,18. 

1,4,5,15,1^- • 

1,2,4,6,7,14, 
17,18,22,27. 



1,2,5,4,5,6, 
7,8,9,11 . 

1,2,4,5. 

I, 2,5,4,5,6, 

II, 12. 

1,2,5,4,5,6,7, 
15,14,25,24. 

1,2,5,4,5. 

1,2,5,4,5,6, 
7,8,15,15,17. 

1,2,5,^^,5,6, 
8,9,15,15 

1,2,5, 



II 

4,5. 

5,5,8,12,14,15, 
19,20. 

2,5,8,11,12,15, 
18,19. 

5,5,8,9,10,11, 

12,15,16,19,20, 

21,25,24. 



10,12. 



7,8,9,10,15. 

8,9,10,12,18,19, 
21,22,25,26,50, 

51. 

9,10,11,12,14, 
10. 

7,10,11,16,17, 
19. 

.:5,8,9,10-. 



Ill 

7,8. 

15,17,21,22. 

6,7,9,10,16,17. 

15,25,26,28. 

5. 

14. 

15,16,17,20,27, 
28,29,52. 

16,19,20. 

12,14,18. • 
6,7. 
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II 



III 











V 13 -'fa 


1.2,3,^,5,6, 
7,9,10,11 . 


8. 


12,13. 




I, 2, 4,8,9,10, 

II, 16 . 


3.5,6,7.12. 
13,14. 






1,2,3,4,7,13, 
16. 


5,6,8,9,10, 

12,14,15,17, 
1 ft 


11,19. 












7 . 








1,2,3,^,6,7, 

u . 


5,9. 


10,11 . 


-L ' — ij 


1, ?,5,6 , 8 . 








1,4. 


2,3 . 




It 

i. .-ua 


1,2,3,4,5,6, 
7 . 






14-5L^ 


1,^2,5,4. 


5,6 . 




l'i-5c 


1,3,5- 


6,7,8. , 


2,4,9,10 




1,2. 




3,4,5,6. 


;er I5 








15-1 


1,2,5. 


6. 


3,4. 


15-2 


1,2,4,5,11. 


3,7,12. 


6,8,9,10 


15-5 


1,3,4,7. 


5,6. 


2,8. 


13-4 


1 , 2 , 3 , , J) . 


6,7,3,9,11,14. 


10,12,13 




1,2,3,5 . 


■'■^'-^,7,8. 
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Chapter lb 
Se. 16-1 
16-2 
16-3 
16-4 

16- 5 
Chapter 17 

17- 3 
17-^ 

17-5 
17-6 
17-7 
17-8 
17-9 

17-10 

17-12 

17-13 
17-l'^ 



1,2,3,4,5,6. 
1,2,3,5,6,7. 
1,2,3,4,5,6. 
1,2,3,4,5,6. 
1,2,3,4,7,8. 

2,3,4,5,6,7,8,9. 

1,2,3,4,5,7,8,9, 
1?.. 

1.2,5,6,8. 

i;2,3,4,5,6,7,9. 

1,2,3,4,5,7. 

1,2,3,4,5. 

1,2,3,4,5,6. 

1,2,3,5,6,7,8. 

1,2,3,4,13,16, 
17,18,19. 

1,2,6. 
1,2. 



II 



8'.' 
7. 

7,8. 

5,6,9,10. 



6,10,13,14, 
15. 

3,4,7. 

8. 

6. 

6,7,9,10,11, 
7,10. 

4,9,10,11, 
12,13,14. 

9,10,14,15. 

3,7. 
3,4,5. 



Ill 



4. 
8. 

9. 
11. 

10,11,12. 
11,16. 

9,10,11. 
10. 
8,9. 
8. 

8,9,11,12,13, 
14,15. 

15,16,17,18. 

5,6,7,8,11,12, 
20 .. 

4,5,8,9. 
6,7,8,9. 
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Chapter 11 
AREAS OP POLYGONAL REGIONS 



This Chapt" onventional subject matter 

the areas of tr ' .aiielograms , trapezoids and n 

Although its vievfpoint is essentially that of Euclid two 
points may seem novel. First the introduction of the term 
polygonal region and second the study of area by postulating 
its properties rather than by deriving them from a definition 
of area based on the measurement process. Actually both of 
these ideas are implicit in the conventional treatment - we 
have only brought them to the su^'face and sharpened and 
clarified them. Once the basis has been laid, our methods . 
of proof are simple and conventional, although the order of 
the theorems may seem a bit unusual. 

Observe that in this Chapter we are not trying to 
develop a very general theory of area applicable for example 
to figures with curvilinear boundaries. Rather we restrict 
ourselves to the relatively simple case of a region whose 
boundary . Is rectilinear, that is, its boun^'^ary is a union 
of segments. However, it is not obvious how to define the 
concept of region or of boundary. One suggestion is to 
turn the problem around and merely consider the figure 
composed of a polygon and its interior. However, although 
there is no essential difficulty in defining polygon (see 
Section 15-1 of text) it is quite difficult to write down 
precisely a definition of the interior of a polygon, even 
though we can easily test in a diagram whether or not a 
point is in the interior of a polygon. Observe how simply 
our definition of polygonal region avoids this difficulty. 
We merely take the simplest and most basic type of region, 
the triangular region, and use it as a sort of building 
block to define the idea of polygonal region. The essential 
point 13, that, although it is difficult to define interior 
for an arbitrary polygon, it is very easy to do it for a 
triangle - we actually did this back in Chapter 4. Moreover 

13 



our basic procedure in studying area is to split a figure 
into triangular regions, and reason that its area is the 
dLim of the arcv.s of these triangular regions. Thus we 
simply define polygonal regions as figures that can be . 
suitably ''built up" fro?- triar^ '-r regions, and we have a 
good basis for our theory. 

A further point. The du. .nitlon requires that the 
triangular regions must not "overlap", that is they must 
not have a triangular region in common (see the discussion 
in the text following the definition of polygonal region), 
but may have only a common point or a common segment. If 
we permit the regions to "overlap" we can't say that the 
area of the whole figure will be the sum of the areas of 
its component triangular regions (see discussion in the text 
following Postulate 19). Thus for simplicity we impose the 
condition that the triangular regions shall not "overlap". 

A final point. In your intuitive picture of a poly- 
gonal region you probably have assumed that a polygonal 
region is connected or "appears in one piece". Actually 
our definition does not require this. It permits a poly- 
gonal region to be the union of two triangular regions 
which have no point (or one point or a segment) in common, 
as in these figures: 




1 1 

(pages 317-319] 
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Thus our definition allows a polygonal region to be a dis- 
connected portion of the plane, and the boundary of a poly- 
gonal region need not be a single polygon. This causes no 
trouble - it Just means that our theory has somewhat broader 
coverage than our intuition suggests. 

In lli:.':ht of this you will note that the idea of polygon 
is not er^ ^,ed as strongly in our text as in the conven- 
tional eat When the latter refers to "area of a poly- 
gon" it i3 area of the polygonal region consisting of 
the polygon and its interior - which is not explicitly stated 
or clarified. We avoid the difficulty by defining polygonal 
region independently of polygon. 
319 Note that in the figures on page 256 it is intuitively 
clear that the areas of the regions can be found by dividing 
them up into smaller triangular regions, and that the area 
of the total region is independent of the manner in which 
the triangular regions are formed. 

Sometimes in a mathematical discussion we give an 
explicit definition of area for a certain type of figure. 
For exauple, the area of a rectangle is the number of unit 
squares into which the corresponding rectangular region can 
be separated. This is a difficult thing to do in general 
terms for a wide variety of figures. Thus the suggested 
definition of area of a rectangle (rectangular region) is 
applicable only if the rectangle has sides whose lengths 
are integers. Literally how many unit squares are contained 
in a rectangular region whose dimensions are ^ and -j? 
The answer is none I Clearly the suggested definition must 
be modified for a rectangle with rational dimensions. To 
foXTnulate a suitable definition when the dimensions are 
irrational numbers, say ^/2' and is still more compli- 

cated and involves the concept of limits. Incidentally, 
even when this is done, it would not be trivial to prove 
that the area of such a rectangle is given by the familiar 
fomula. (For example, see the Talk on Area.) Furthermore, 

[page 319] 
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It would still be necessary to define the area concept for 
triangles, quadrilaterals, circles, and so on. The complete 
study of area along these lines involves integral calculus 
and finds its culmination in the branch of modern mathematics 
called the Theor;^'- of Measure. (See the Talk on Area for a 
treatment of area in the spirit of the theory of measure.) 

Clearly this is too heroic an approach for our purposes, 
u attempt to give an .Uicit definition of area 
nal region by means or a measurement process 
using unit squares. Rather we study area in terms of its' 
basic properties as stated in Postulates 17, l8, 19 and 20, 
On the basis of these postulates we prove the familiar 
formula for the area of a triangle (Theorem 11-2) , Con- 
sequently we get an explicit procedure foi' obtaining areas 
of triangles and so of polygonal regions in general. 

319 Some remarks on the postulates . Observe that our treat- 

ment or area is similar to that for distance and measure of 
angles. Instead of giving an expl.:-'^':t definition of area 
(or distance or anp;le measure) by is of a measurement 
orocess, we p.^stulate its basic pr ^ties which are intui- 
tively f ami: Lar :?rom study of the surement process. 

3'^^ Thus Postulate 17 asserts that ^o every polygonal region 

vhere is associated a unique "area : ..loer" and is exactly 
::omparable to the Distance Postulate jt the Angle Measurement 
Postulate. The uniqueness of the area number is based on 
the Intuitive presupposition that a fixed unit has been 
chosen and that we knov; how to measure area in temns of 
this unit . 

^- Postulate l^' is one of the sin^plest and most natural 

:j:\:,>erties of ar-:-. If two trianglt^;: are congruent then in 
.:;f::?ot the trian \;lar regions detarrLtined are "congruent", 
:ie Is an exact :• oplica of the other and so they must have 

he same measure . 



[pages 319-320] 
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320 Postulate 19 is comparable to the Angle Addition 

Postulate. It 13 a precise formulation, for the study of 
area, or the vague statement "The whole is the sum of its 
parts". This statement is open to several objections. It 
seems to mean that the measure of a figure is the sum of 
the measures of its parts . Even in this form it is not 
acceptable, since the terms "figure" and "part" need to be 
sharpened in this context, and it permits the "parts" to 
overlap. Post\)^:ite 19 makes' clear that the "figures" are 
to be poly, nal regions, the "measures" are areas, and that 
the. "parts" are to be polygonal regions whose union is the 
"whole" and which do not overlap. 

Postulates 17, l8 and 19 seem to give the essential 
properties of area, but they are not quite complete. We 
pointed cy.:\ above that Postulate 17 presupposes that a unit 
he: . t^en, b..: we have no way of determining such a 

ui' t;;.: is, a polygonal region whose area is unity. For 
exi...:: Le-. rjstulates 17, l8 and 19 permit a rectang]r of 
dir-rns' .. 3 and 7 to have area unity. 

322 - - . ate 20 takes care of this by guaranteeing that a 

square ,1:;'^^ edge has length 1 shall have area 1. In 
add :t;i^j], Postulate 20' gives us an important basis for 
fuTth~jr r--:^'- zoning by assuming the formula for area of a 
re tane;!' . 

rxi. res ting point: We could have replaced Poptulate 

2C . r t ■ -.^sumption of the familiar formula for the area 
of rxLangle . This is equivalent to Postulate 20. 

:.3e of the term "at mos*/" In Postulate 19 permits 
R|j^ -3 to have no common pol as in this figure: 

i7 

[pages 320-322] 
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'Since we are introducing a block of postulates concernr 
ing area, this inay be a good time to remind your students of 
the significance and purpose of postulates. They are precise 
formulations of the basic intuitive Judgments suggested by 
experience, from which we derive more complex principles by 
ded.uctive reasoning. 

To make Postulates U , l8 and ig significant for the 
students, discuss the measuring process for area concretely, 
using simple figures like rectangles or right triangles with 
integral or rational dimensions. Have them subdivide regions 
Into congruent unit squares, so that the student gets the 
idea that every ^'figure" has a uniquely determined area 
number. Then present the postulates as simple properties 
of the area number which are verifiable concretely in 
diagrams . 

Problem Set 11--1 

a. 2, d. h, 

b. 2, e. 6. 

c. 5, 

825 square feet. 

a. The area is doubled. 

b. The area is four times as great. 
1800 tiles . 
792 square inches. 

a. False. A triangle is not a region at all, but is 
a figure consisting of segments. 

b. False. See Postulate 17. 

c. True, By Postulate 17 . 

d. True. By Postulate 18. 



323 1. 

32^ 2. 
3. 

h. 
5. 

325 '6. 



[pages 322-325] 
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'e. False, if the regions overlap, their union is 
less than their sum, 

f. True. Since a square is a rectangle. 

g. False. The region is the union of a trapezoid 
and its interior. 

h. True. A triangular region is the union" of one or 
more triangular regions . 



a. 4 
b. 



1 



c. 0.1. 

d. 0.002. 

e. and f. Since ^2 and are irrational, the 

base and altitude in each case do not have a 
common divisor. Hence the rectangular regions 
cannot be divided exactly into squares. 

*8. a. f - e + V = 7 - 12 + 7 = 2. 

b. r - e -f V = 7 - 17 + 12 = 2. 

c. The computation always results in 2. 

d. The computation is not affected, since the addition- 
al four edges, three faces, and one vertex ' results 
in zero being added to the total. 

e. No change. 



Notice that, after postulating the area of a rectangle, 
we proceed to develop our formulas for areas in the following 
manner: right triangles, which then permit us to work with 
any triangle, parallelograms, and trapezoids. Of course our 
postulate permits- us to find the area of a square, since it 
is merely an equilateral rectangle. At this point we have 
the machinery to find the area of an:/ polygonal region^ by 
Just chopping it up into a number of triangular regions, and 

[peges 325-328] 

1 0 



262 



finding the sum of the areas of these triangular regions. 

Note that in the discussion of the area of a triangle, 
it does not matter which altitude and base we consider. 
Just so long as we work with a base and the corresponding 
altitude. 

In the application of Postulate 19 a r^rr^o if ic case 
we read from a figure that R lo Ihu union ux che regions 
?^ and R^j see for example the proofs of Theorems 11-1 
and 11-2. This is a kind of separation theorem v/hloh can 
be Justified from our postulates. Just as with triangles, 
we may work with either side and the corresponding altitude 
of a parallelogra.-n. 

In Problem Set 11-2, Problems 13-17 form a sequence 
of problems involving an interesting consequence of the 
theorems of the text. 



15. 

ch 
a ' 

DQ and the tri- 
angles have the same altitude, the perpendicular segment 
from B to CD. Area A AQC = Area A DQA, since 
Ci = DQ and the triangles have the same altitude, the 
perpendicular segment from A to CD. Adding, we have 
Area A ABC = Area A ABD. 

Alternate Proof: Draw CE J_ AB and DP Ab". 
Then A CEQ «A DFQ by A.A.S., and CE = DP. Since 

ABC and A ABD have the same base and their altitudes 
riiive equal lengths, the triangles have equal areas. 

[pages 328-333] 
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a . 



Problem Set 11-2 



irea A ABC ^ ^•7-24 = 84. 



b. 84 = •|*25h. h = 6||. 

2. 14.4 and 24. 

3. a. BC = 12. c. AB = 
b. CD = S^. ^ d. AE = 

4. Area A CQB = Area A DQB, since CQ = 
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33't 5- The area of the square is s . 

The a.rea of each of the four trlar.-;^s is h ■. 
Hence, the area ' the star is s"" . 

6. a. 6. 

b. 12. 

c. 18|. 

d. Since GB and AP ai:e measures of the same 
altitude, there is noz enough Information given 
to determine a unique answer. 

7. Since a diagonal of a parallelogram divides it into two 
congruent triangles, Area A APH is equal to half the 
area of the parallelogram. Area A AQH = Area A PQH 
since the bases, AQ and QF, are congruent and the 
triangles have the, same altitude, a perpendicular from 
H to AF. Each is then one-fourth of the area of the 
parallelogram. In the same way it can be shown that 
Area A ABQ = Area A PBQ. 

335 8. a. 36. d. 136|- 

b. 21. e. 121-|. 

c. 55. 
9. 98. 

10. Area of triangle = -^-bh. 
Area of parallelogram = bh' . 
^bh = bh' . 

h = 2h' . 

The. altitude of the triangle is twice the altitude of 
the parallelogram. 

11. a. Area parallelogram ABCD is twice ai'^ea A BCE 

because the figures have the same base (BC)" and 
equal altitudes, since AE || BC . 



[pages 33^-335] 

21 



264 



335 11- t) • 'i- • ^ - 3-^6 equal. 

c. The areas are equal because the bases (AP and 
PD) are congruent and their altitudes are con- 
gruent since AD || BC, 

d. Area A CPD = -^(area A BCE) since FD = -^BC and 
the two triangles have equal altitudes. Therefore, 
area parallelogram ABCD = 2(area A BCE) 

= 4(area A CPD) . 

336 12. The area of trapezoid DPEC =34. 

The area of trapezoid AGPD = I65. 
And so, area of AGECD = 199. 

Area A AGE - 30. 

Area A BCE - 22^. 

Subtracting the sum of the areas of the two triangles 
from the area of AGECD, we have 136^. The area of 
the field is 136^ square rods. 

13. Given: Figure, ABCD with AC J_ DB, 
Prove: Area of ABCD = -iAC-DB. 

Proof: Area of ABCD = Area A ACD 4- Area A ABC by 
Postulate 19. 

But Area A ACD = -^AC-DF and Area A ABC = -^AC-PB. 
Therefore, Area of ABCD = -IaC-DP 4- -^AC-PB 

= iAC(DP 4- PB) = -^AC-DB. 

14. The area of rhombus equals .:ne-half the product of the 
lengths cf .1:.'^ diagonals. 

15. 12. 

16. A |dd' - 150 = bh = 12b; therefore b = 12-^. The 

area is 15O; the length of a side is 

*17, Yes. The proof would be the same as for Prcblem 13 
with each "4-" replaced by 

[pages 335-336] 22 
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19 



20. 



338 »f21 



All three triangles have 
the same altitude. Hence, 
since BD = DC, the two 
smaller triangles have 
equal area, by Theorem 11-6, 
and each is one-half the 
area, of the big triangle, 
by Theorem li-5. 

a. By the previous problem. 

Area A ABE = Area A BAD = -|(Area A ABC). Subtract- 
ing Area A ABG from each, leaves Area A AEG 



B 



D 



Area A BDG. 



b. 



Since the medians are concurrent, the third 
median, with the other two, divides the triangle 
into six triangles: 
Area A AEG = Area A BDG, 
• Area A CGE = Area A BGF, and 

Area A CGD = Area A AGP. But Area A BDG 

= Area A CGD by Theorem 11-6, .and consequently 

all the areas are equal.. Therefore, 

Area A BDG = -^(Area A • ABC) . 

Since AB is constant, the altitude to AB must be 
constant, by Theorem 11-6. 

Call the length of the altitude, from P to Ab', h. 
Then in plane E, p may be any point on either of the 
two lines parallel to Ab" at a distance h from Ab". 
In space^^P may be any point on a cylindrical surface 
having AB as its axis and h as its radius . 



b, 
c , 



1 



7^-16 -13 = loH, 

With the dimensions given ABN and ADE would 
not be straight segments, and so the figure would 
not be a triangle . 

[pages 337-338J 
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338 ""22, If the line intersects adjacent sides, the area of the 
triangle formed will be less than one-half the area of 
the rectangle, so the line must intersect opposite 
s ides . 

Area AFISD = -|h(a + c) 

Area CSRB = ih(b + d) . 

a -f c = b + d. 

But a + b = c + d, so by subtraction, 

c - b = b - c , 

c = b. 

Let M be the point at which AC intersects RS . 
Then A ARP^l = A CSM by A. S. A., so AM = CM. Therefore 
M is the mid-point of diagonal AC. 



339 We have here a very simple proof of the Pythagorean 

Theorem. The proof depends upon the properties of the areas 
of triangles and sqviares. Notice how Postulate 19 is used 
in this proof. 

Observe that the proof is perfectly general. The 
Pythagorean relation is proved for the sides of the construct- 
ed triangle and so holds for the original triangle. 



Problem Set ll-3a 



3^1 1. (AC)"^ 100 + 9. 

= 109. 



AC 



>/l09. 



He is y 109 miles from 
his starting point. 
(Between 10. and 
10.5 miles.) 
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3^1 2. The single right triangle 
A ACB serves our purpose 
here . 

(AB)2 = (11)2 ^ ^g^2 ^ 

AB = 7337. 
He is approximately 12,5 
miles from his starting 
point . 

3. (6)2 + (6)2 = 

72 = x"^. 
6yT- X. 
He is approximately 8.5 
miles from. his starting 
point. 



C B 
^! / 

6/ 



/ 



/ 



/ X 



In right A ABC, 
AC' = V16O = 4 yio. 
= 169. AD = 13. 
Or, in A ABE, 
AE =5. in A AED, 
AD = 13. 



(AC)2 = (4)2 + 



In right 



(12) 

A-ACD, 



= 16 + 144 = 160 
(AD) 2 = 160 + 9 



(AE)2 = (4)2 + (3)2 = 16 + 9 = 25. 



(AD)2 = (5)2 + 



(12) 



25 + 144 = 169 



5. 

3^2 6. 



a, 
a . 



c. 



b. 



It is sufficient to show that 
+ (2mn)2 = + n2)2. (^2 _ ^2)2 + (2nin)2 

4 22 4 ?p 4 o o \i 

= m -2mn + n + 4m n"" = m + 2m n + n ' 

= (m2 + n2)2. 



m = 2, 
m = 3, 
m = 3, 
m = 4, 
m = 4, 
m = 4, 



n 
n 
n 
n 
n 
n 



1 
1 
2 
1 
2 
3 



gives sides with lengths (3, 4, 5). 
gives (6, 8, 10) . 
gives (5, 12, 13) . 
gives (15, 8, 17) . 
gives (12, 16, 20) . 
gives (7, 24, 25) . 
There are two other right triangles with hypotenuse 
less than or equal 25, (9, 12, 15) and (15, 20, 
25), but they can not be obtained by this method, 
[pages 341-342] 25 



EKLC 



268 



ERIC 



3^2 7. a. AY = VT, AZ = -/T. AB = yF'= 2. 

b. AC = -Z^. Next segment has length = ^^6^ 
8. AC =78" or 2 

(AY)^ = (AC)^ + (YC)^, from which AY = 3. 
3i)3 *9. a. h^^ = 13^ - = I69 - x^; 

also h^^ = 15^ - (l^l - x)^ = 225 - 196 + 28x - x^. 
Eliminating h^^: 
169 - = 29 + 28x - x^. 
28x = 1^0. 

^ = 12. 

b. h = 14^ - = 196 - x^; 

a 

also h^^ = 13^ - (15 - x)? = 169 - 225 + 30x - x^. 

O. 

Or AB-h = BC -h 

.c a 

14-12 = 15h^ 

ll4 = ho • 
5 a 



^10. Let CD meet AB at D. Let BD = x. 

h„^ = 1^2 - x^ = 196 - x^, 
c 

also h^^ = 18^ - (6 + x)^ = 324 - 36 - 12x - x^, 
2 

Eliminating : 
196 - x^ = 288 - 12x - x^. 
12x= 92. 



,2 

h. = -J 71235. (approximately 11.71.) 



X = 7^. 



c 



26 
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3^3' 11 



12. 



13 



.3^^ 14, 




The shorter diagonal divides 
the rhombus into two equilateral 
triangles. Hence its length is 
8. Since the diagonals are 
perpendicular bisectors of 
each other we can use the 
Pythagorean Theorem to get 
the length of the longer 
diagonal equal to 8v^. 

Since the sides are all 
congruent, and the area 
of the rhombus is the 
product of the measures 
of any side and its 
corresponding altitude, 
then all the altitudes 
are congruent. Hence, 
it is sufficient to find 
one altitude. The 

diagonals bisect each other at right angles, 
each side has length -n/TJ. Then, 
Area of A ABD = = 6 = ^DE 

and DE = 'jf -v^S. 

By the Pythagorean Theorem, AB = 13 . 

The area of A ABC = -^-loh 

Hence 13h =5*12 and 

By the Pythagorean Theorem, AB = 17. 

The area of A ABC = 17h = ^'15^8. 

Hence 17h = 15-8 and h 




Hence, 



|-5'12. 



,..,17 " 'T7' 



27 

[pages 3^3-3^^] 



270 



3^^ 15. 



*l6, 



17. 



Area A ABC = ^ch, 



and 



h . 2(Area_A^ftBCl_ ^^^^ ^ ^ 1^^^ 



and 



Lengths are shown in 
the figure. 

Area A ASQ = •|(n'2n) = n^. 

Area A ABS = ^(2n.2n) = 2n^. 

Area A ABC ^{3n v/2'-2n ^/2) 
2 



Therefore, h = 



ab 



= 6n 
Area 



03 PC 



Area A ABC 



- (Area A ABS + 2 A ASQ) 

^2 2 ^2 

= on - 4n = 2n . 




2nv^ 



B 



Since A ABC £J A BED, m/ BAC = m/ EBD. But / BAC is 
complementary to ^ ABC, so / EBD is complementary 
to / ABC. Since / EBD + / EBA + / ABC = .l8o, then 
/ EBA = 90. Now, 

Area of CAED = Area A ABC + Area A AEB + Area A BED. 
i(a + b)(a + b) |ab -f ic^ + ^b. 



+ 2ab + b 

? 2 
a"' + b"^ 



2ab 4- c 
2 



3^5 *18. a, 



SB is a median of isosceles A BCD and therefore 
SB CD. In the same 
way, SA CD. 
. ' , CD plane BSA , 
and CD SR. SB - SA 
(they are corresponding 
medians of congruent 
equilateral triangles) . 
SR is a median to the 




base of isosceles A SBA j 
and hence SR J[ BA. 



28 
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b. 

Given. 

Definition of mid-point 
Pythagorean Theorem. 
Definition of mid-point 
Pythagorean Theorem. 
. By Pythagorean Theorem, AC = ./T. Therefore 
CD = and BD = 1 + y~2. Hence, 

(AD)2 = 1 + (1 + v^)2 = If + 2 yr. 

Then AD = ^ + 2 ^2 . 

Since AC = CD, m/ ADC = m/ CAD. But nl/ADC + m/ CAD 

= X = Then 2(m/ ADC) = and m/ ADC = 2^. 
m/ DAB = 67i. 



1 . 


DA = 


2. 


2. 


SD = 


1. 


3. 


SA = 




4. 


RA = 


1 . 


5. 


SR = 


72. 



Proofs of Theorems 11-9 and 11-10 
Theorem 11-9 . (The 30-60 Triangle Theorem.) 
The hypotenuse of a right triangle is twice as long as a leg 
if and only if the measures of the acute angles are 30 and 
60. 

with 
BC = 



Res tatement : Given 
m/ C = 90, AB = c 
a , 

(1) If m/ A = 
m/ B = 60, 
c = 2a. 



A ABC 
and 



30 and 
then 



(2) If c = 2a, 

then m/ A = 30 
m/ B = 60. 



and 




29 
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Pro or: We \ 
ray opp-. 
■'Ik SAB'... : 
(1) rn^ 3' = 
equilal 



(2) 



be prov- 1 
AE' = AB 
BB' - 2a, 
lateral. 

B = ) 
v;hich 



ta- -.0 
,S . ' nen 

.md :.y BAB' -- 
.1 00 that BB' - 

: c , By hypo the: 
then BB' = c, 
Therefore A BAZ 
Since m/ BCA 
to be proved. 



both oarts 0:: 
-at ? ' C - BC = V 



Hence 

:^a , v;: 



BAB» 1.Z 
ih was to 



.0, 



: = Since 
A H 5" is equi- 
equlanc:ular and 
then m/ BAG = 30, 



Note that we can now conclude that BC, opposite the 
.30° angle is the shorter leg, since m/ A < m/ 3. But 
before v^e had proved this inequality there was still the 
possibility that AC was the longer leg. 

Since we know that AC > BC it seems natural to derive 
their exact relationship. By the Pythagorean Theorem we have 

(AC)^== - a^, 

(AC)^= (2a)2 - a^ 

(AC)^= 3a^. 



AC 



= a/T 



or 



AC = BC 



Therefore , 

Using the above relationships for a 30-60 triangle v/e 
can always find all sides if we know one of the sides. 

Theorem 11-10 . (The Isosceles Right Triangle Theorem.) 
A right triangle is isosceles if and only if the hypotenuse 
is ^2 times as long as a leg. 

Restatement: Given A ABC 

m/ C = 90, AB = c and 
a . 

(1) If c = aN/T, then 
Is isosceles . 
ABC is isosceles, 



With 

BG = 



(2) 



If c 
A ABC 
If A 
then 




[page 3^6] 
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) Using the Pythagorv Theorem, 
(AC) 2. c2 . a^, 
(AC)2. (a/2)2 _ a-, 
(AC) 2^ a^, 

AC = a, which was to be proved. 
{ Using the Pythagore. i Theorem, 
(AB)2:= + a^ = 2a^ 
AB r= a.^/~2, which v/ac to be proved. 

theorems suggest many useful facts in solving 

-il-ems. For example, in an equilateral triangle 

2 

Che altitude is and its area is ^ 

-r- problems in Problem Set ll-3b develop such 
[-:ey Problems are numbers 4, 7, and 17 . . 



Problem Set ll-3b 



10/ 














-rr.e length of the shorter leg. Since the 
is a 30~' - 60° triangle, 

(2x)2 - x2 = 75. 

3x^ = 75. 
2 

X = 25. 
X = 5. 
[pages 3^16-3^7] 
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leng1;h of tbe hypotenuse l£ 10. 

s 



3^ ^. 3y Iheoreia 11-9, AC = § 

Since (AC)^ + (BC)^ = (AB)^, 



« 2 <j ^ 
we have, (^) + h = s 

/; 2 



rron vblch h^ = - |- . 

2 ^ 
.2 3s K s /=- 

h = so n = ■g'Vj- 

Slnce B = 60, then D = %! 

T5ien AF = ^VT, 

s = 10-^. A side Is 10^3* laches Ions. 

- JT: 




7. 2; ^; ^3] ^ ^VT. 



8- a. ^base = lO^, altitude = 10. 

lO-lOV'a = 100-^3". 

Area la 300^3" squaxre Inches. 

b. ^base = 10^, altitude = loyal 
10-/^-10-/2 = 200. 

Area Is 200 square Inches. 

c. -^base = 10, altitude = 10 -/sT 
IO-IO-/3" = 100^3". 

Area is squai*e Inches. 

9- a. -|l>ase = 12, h == 12. Area la sqoare Inches. 

•|hase r= 12, h = hJY. Area is 4S-/^ square 
Inches. 

ibase - 12, h - 12-/3". Area is jj^Vs" square 
[page a^T) 
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3^9 



11, 



*12. 



a . 


a = 


30 . 


a = 


30. 




c.<x — 




X = 


5 V 3 . 




3a = 


90. 


V = 


10. 






6. 








y = 


3^3". 






c . 


a = 


^5. 


d. a = 






2a = 


90. 


X = 


4. 




X = 


5. 


y = 






y = 








e. 


X = 




f . X = 


4VT. 




. y = 


4. 


y = 


4v^ 


g. 


a = 


60. 


h. a = 






X = 


3 VT! 


■X = 


2 72". 




= 3j 


HP = 3^3"; 


AH = 6</2', 


AP = 



m/ ABP = 90; m/ ABH = 90; m/ HPB = 90; m/ ISP = 60; 
m/ BHA = m/ BAH =45. 

Let CD be the altitude to 
AB. Let AD = x, CH = h, 
BC = a, DB = y. In 
right A ACD, 

1 



30° - 



60° 



h = 



■4 = 2, X = 2/T. 



Therefore y = Z-fT - 2^ 3 
=:yT. In right A DBC, 

= h^ + -/ ^ 4 + ( ^3)2 = 7. 




3 s/T 



a = 



No, sixr- (4)- + ( y?)^/ (3^3) . 



33 

[pages 348-3^9] 



ERIC 



Let CD 
from C 
BD = r. 
In 



h = AD = 



be tr^c ^perpendicular 
to A.'' . Let CD = h, 
BC - c . 

90° A ACD, 

r = AD -3 = 3/2 - 3. 
In right A ETJ, 

= + . (5-/2 - 3)^ + (5/2)'^ 

- 50 - 30v— + 9+50 

= 109 - 30'. 2" • 

a =^109 - 3Jv^. BC is approximately 8.2. 

By Pythagorean Theorem, the altitude equals 2^, 
The area is 2^0 square inches. 




1. kiDFB and CFA are 
right tr±angles . 

2. PD = FC. 

2 A F2E; S a FCA . 
FB - 

5 . A r 'iB li: isosceles . 



1. Given. 

2. Given. 

3. Hypotenuse -Leg Theorem. 

^. Co;rresponding parts. 

5. Bjsflnition of isosceles 
1n?iangle . 





~ HP . 


1. 


Given . 




Z? — ?E . 


2. 


Identity. 




A? = BE. 


3. 


Addition of Steps 1 
and 2. 




Z7 = CE.. 


if. 


Given. 




A AFD A BEC 
are rlghtir triangles . 


5. 


Given . 


6. 


A AFD Sf .A.BEC. 


6. 


Hypotenuse -Leg Theorem. 


7. 


/ APD a / BEC . 


7. 


Corresponding parts . 


8. 


/ X Si / X- 


8. 


Theorem 4-5. 
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350 17. Area A ABC = ^h. 



But by the ^yt.-.-gc/^=an Theorem, h = f ->/3~. 
Substitutir:.;-, Are . A ABC = |(^vT) = ^Vl. 
351 18. a. yr. c. |y3~. 

16^3". d. 4ryr. 

19. Let 3 be the Length of a sice. 



s = 2- 



h = 3 = yr. 

20. Let s be the length of a side. 
_2 

^^3 = L6v^. 
= -16. 

3 = " 4 = 8 , 

21. A side of ^ ,e square is 9, and so lis pErimster is 
36. Then r side of the equilaisral triangle is 12. 
The ar a o.' <;n£: equi_ateral triangle -quaZs 36 73". 

ZZ. AC = V~. 
A7 = • 727 
FC = ; 727 

Thsref .:.re A FAC is equilateral and :.-/ FAC = 60 . 
Araa A FAC = l^^^ll^ya = 81, 



3G 
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24, 



352 ^25. 



*26, 



Make CE |! DA, making 
equilateral A EEC witr 
side of 8, The altitude 
is 4 -/T. Since AB = -.2, 
AE = 4 an^ DC = 4 . 
Hence, are: of trapezoid 

ABCD = i(^^/3)(l6) = 32 

Draw alt:LT:i:iiies DE and 
cF. Since CB = 4, PB = 2 
and CP i v^, then 
DE = 2y!r ^-d AE = 2 >/3 
so AB - - 2vT. 
Therefore^ Area of 
= 6 12 V~ 



ABC 




Since GG plane E, ther Sg J_ AE ami CE^ J_ DG. 

ni/ CAG = ^5, ss A CAG Is an Isnscelies- ri#it triangle, 

snd CG = .^Q. = 6. AC = 6v^. xr A ACD, 

AC = 6>/2^ a^J: ^ 2v^ 3.0 by Pythagnrs^ Theorem, 

:DC = Tr A AGD, A^ = 6, AD 2^^ 6, so 

DX} = 2vT. l^^efo: - IS^-|dC, s.o DCG = 30, 

and m/ CDG - 5.0. 'd'-j^oe ,, .ti/ F-AB-tE: ^ Gc\ 

a. In rig:zL A ADM, DM 



e 

3^ 



right A AMN, AN 
Pythagoras , 

A .1 AIE. by 

HC - ZD. Thsa 
blse~or of CD. 



e 



so AM 
Dy the Thev^~ em of 



In 



[^} , Hence, 

r^:i::r3nus e— Le^:: 
rrasc lie on .j 
rince in an e a 



m - e, 

^:ri:d therefore 
: perpendicular 
_J.ateral triangle 



the perpendicular Qlsector the necrlan, and the 
al-tltiade to any :s±de i^re the sa^^H:, H lies on 
median BM. SintllarJr:-, H muEi: U^e- on the medians 
from D and. C. 
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Hence BH = ^M. But Bl AH 

so BH =^ e. Finally, In A ABH, 

(AH)2 = (AB)2 ^ (BH)2 = e^ - C^e)^ = | e^. 

Hence^ AH = e. 

353 27 . YA AB and DA Ib because of the gliren square and 
rectangle. Bj derinitlon / YAD la the plane angXe of 
/ X-AB-E and 'hence YAD = 6o. definition of 
projection "TO J[ K and hence ADT = 90. Then 
n^AYD = 30 and AD = ^Y. Therefore area ABCD 
=^ area AHXY ^ l8. 

*28. Find the point of inter- 
section of the diagonals 
of each rectangle. A 
line containing these 
intersection points separates 
each rectangle into tvo 
trapezoidal regions of equal 
area (or in special cases 
the line may contain a 
diagonal and the regions 
will be congruent triangles). 
The proof that the trapezoids 
are equal in area Involves 
shoving the pairs of shaded 
tirlangles congruent by A.S.A. 




3 7 
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Here is a problem that might be interesting to the class 
It has to do v;ith cutting up a square into a certain number 
of smaller squares, not necessarily equal in area. We will 
talk of an integer k, as being "acceptable" if a square 
can be subdivided into k squares. For example, given any 
square v/e can divide it into squares, but not into 2, 

3, or 5. Try it. Below are some diagrams showing how a 
square may be divided into 6, 7, and 8 smaller squares: 



k = 6 



k =: 7 



k =: 8 



We may ask is there some pattern or some integer k, above 
v/hlch this v/ill always be possible. Actually any k > 6 
will always be acceptable. 

We now show that if a square can be divided into k 
smaller squares, then it can be divided into k + 3 smaller 
squares: Imagine that we have already divided a square into 
k squares. Now, split one of the squares into 4 smaller 
squares by bisecting the sides. In this process we have 
lost one larger square and gained four smaller ones, thus 
gaining three . 

V/e illustrate using , k = 4, 



n 


I 


Iff 


R 



38 



li 


2 
3 


1 

4 


1 


m 
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After dividing the original square into 4 smaller squares, 
we take one of them, and divide It into 4 squares. Instead 
of having 4 squares from the first division we have only 
three, and now have 4 additional ones giving a total of 7. 
Since we know that k = 6, k = 7, and k = 8 are accept- 
able, and that we can get k + 3 squares from any division, 
we can form the following sequences: 

6, 

7, 
8, 

Hence all k > 6 are acceptable. 



9, 12, 15, 

10, 13, 16, 

11, 1^, 17, 



Review Problems 



353 1- four. 

2. 12. This may be found by first showing that the area 
of the triangle is 36. 

35^ 3. 10 miles. 



4, 



"2 • 



5. 48. 

6. a. 35. b. 5. 

7. Let the length of the side of the triangle be 2n. 
Then (2n)^ = n^ + 6^ and n = 2^3', so 2n = k-ZJ. 

8. The diagonals of a rhombus are perpendicular and bisect 
each other, forming four congruent right triangles . By 
the Pythagorean Theorem, half the length of the other 
diagonal is 5. Each triangle has an area of 30. The 
area of the rhombus is 120. 



39 
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lO- 



355 li. 



12. 
13. 



14. 



Sena irate the figure Into 
a snetangalar and a 

of lie rectansle 



Is ac. Bks area of tbe 
1(1. - a)2. 



fcriimngle la 
9ae :&otal azea la 

ac -*i-^b - a)^. 

Sxs oBster tarlansle lias an area of 



iiWM^r trlan^e has an aroa - 3a) (c - %a) . 

area of tiie shaded portion la found by subt^ractlon 
tsa be ^3ac + ^ - 12a^) . 



Consider W as a base for A BSC and B& 
for paxaHelosran ADCB. Then area A BZC = 
pasaUelt^rBaa ADCB* ^ a slnlXar argment^ 
azssACBD = area paraXlelograsn ADCB. Subtracting: 



as a teise 
area 



of these teo triangles fron that of tiie 
^aaxallelosraa «e find that area ASCI = ^ area 
TaamnTlploggwi ABGD. 

jjst tibB lengUi of tte side of the Isosceles rlgbt 
tzljasiKle be e. Tten Its tai^potoiuse has length ^^J^^ 
and. Ite area of a siioare on ttie b(ypotesiuse Is 



(ieV2)2 « ae^ 



area of ttke triangle is 



1 ^2 



idiXch la one-ftmrth that of the square. 
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Alternate solution: The 
five triangles in the 
drawing are all congruent, 
so by Postulate 18 all 
have the same area. 
Therefore, by Postulate 19, 
area BCDE = 4 area A ABC . 

Let ABC be the given 
triangle and AB'C its 
projection on the plane. 
Let X be the mid-point 
of AC, the side lying 
in the plane. 




1. 


BB' 1 B^, 

BB' J_ B^ and 

BB' 1 B^X. 


1. 


Definition of' pro- 
jection.. Definition of 
a line perpendicular to 
a plane . 


2. 


A iU3'B s A CB' B. 


2. 


Hypotenuse-Leg Theorem. 


3. 


CB' = AB' and 

A AB'C is isosceles. 


3. 


Corresponding parts and 
Definition of isosceles 


4. 


BX is an altitude of 
A ABC; 

B^ is an altitude of 
A AB'C. 


k. 


The median to the base 
of an isosceles tri- 
angle is an altitude. 


5. • 


m/ BXB' = 60. 


5. 


Given, and Definition 
of plane angle of a 
dihedral angle . 


6. 


m/ XBB' = 30. 


6. 


Corollary 9-13-2. 


7. 


B'X = -^BX. 


7. 


30-60 Triangle Theorem. 


8. 


Area A AB'C 
= Area A ABC . 


8. 


Theorem 11-2. 



4 1 
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a6. On AB, the longer of the 
two parallel sides, locate 
a point X so that 
AX = ^(AB + CD) . Then 
DX separates the trapezoid 
into two regJ.ons of equal 
area • 

Proof: Area A ADX = ^(AX) 
Area XBCD = -|h(XB + CD) • 

For these areas to be equal it is necessary that 

|h(AX) = ■|h(XB + CD), which will be the case If 
AX= XB + CD. 

Since XB = AB - AX, the previous equation can be 
written 

AX = AB - AX + CD, from which 
AX = |(AB + CD) . 

17 . By the Pythagorean Theorem 
any face diagonal such as 
AB has length sffk. The 
d iagonal CB has length 
v^36 + 72 = vTioS or 6>/3". 

18. AC = 7200 = 10^2". 
AG = 15. 

19. BE = 12. 



B 




1 . A CPD a A CEB . 

2. CF = CE. 

3. (BC)^= 256, or 

BC = 16. 
^(CE)(CF) = |(CE)^ 

= 200, or CE =: 20. 
5. BE = 12. 



1. A.S.A. 

2. Corresponding parts. 

3. Given area of the 
s quar e . 

4. Given and Statement 2. 

5. Pythagorean Theorem. 
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RSPQ is 
ABCD as can 



356 *20. The area of 
that of 
be seen by rearranging 
the triangular regions 
as shovm. 



357 *21. b. 



c . 



d. 




There are 45 small squares and 10 half squares 
so the area is 50 square units- 

There are 42 small squares and l4 half squares 
so the area is 49 square units. 

The area of the first triangle is ^-10 -10 = 50j 

The area of the second triangle is '^•l4«7 = 49. 

A leg of the first is 10, and a leg of the second 
is 1^/2 or approximately 9.90. One-tenth unit 
in length is too small to notice when cutting one 
triangle out and placing it on the other. 



Illustrative Test Items for Chapter 11 



A. Area Formulas . 

1. The perimeter of a square is 20. Find its area, 

2. The area of a square is n. Find its side. 

3. Find the area of the figure 
in terms of the lengths 
indicated. 




The base of a rectangle is three times as long as the 
altitude. The area is 14? square inches. Find the 
base and the altitude. 
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5. The area of a triangle is 72. If 
what is the altitude to that side? 

6. In the figure WY = XY 
and WZ = XZ. WX = 8 
and YZ = 12. Find the 
area of WZXY. 



7. RSTV is a parallelogram. 
If the small letters in 
the drawing represent 
lengths, give the area of: 

a. Parallelogram RSTV. 

b. ASTU. 

c . Quadrilateral VRUT. 

8. Show how a formula for the 
area of a trapezoid may be 
obtained from the formula 
A = -^h for the area of a 
triangle . 

9. In surveying field ABCD 
shown here a surveyor laid 
off north and south line 
NS through B and then 



located the east and west 
lines CE, DF and AG. 
He found that CE = 5 rods, 
AG = 10 rods, EG = 6 rods, 
BF = 9 rods and FE = ^ rods . 
Find the area of the field. 
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B. ftanqpaarlaon of Areas « 

1. Given: ABCD is a trapezoid. 
Diagonals AC and BD 
intersect at O. 

Prove: Area A AOD = Area A BOC. 

2. In tills ngure P(SS Is a 
parallelogran vlth FT = TO, 
and KS = SR. In a throu^ 
e^ belov conpare the areas 
of the two figures listed. 




Parallelograa 
AS(». 



SHOP and 



Parallelograa SBQJ? and 
A HZR. 



c. 
d. 

e. 



A PKS 

Asn 

AWCR 



and A ltXR« 
and A SPR. 
and A HQBT. 




Pythagorean deoren. 

1. Kov long oust a tent rope be to reach fron the top of a 
12 foot pole to a poliat an the ground vftilch In l6 
feet froa the foot of the pole? 

2. A boat travels soutti 2^ sdles^ titen east 6 nllesy 
and then north l6 Miles. How Tbt is it fran its 
staurting point? 

F G 

3- Criven the rectangular solid 
at the rlglit vlth AB 12, 
BC = l6 and £H ^ 15- 
Find AC and EC. 




For the figure at the rlg)fcit» 
find AB and CB. Zi 

45 
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Properties of Special Triangles 

1. a. What Is the length 

of CB? 

b. What Is the length 
of AC? 

2. The diagonal of a square Is Find Its side. 

3. The longest and shortest sides of a right triangle are 
10 and 20. What Is the measure of the smallest 
angle of the triangle? 

^. The measures of each of two angles of a triangle Is 45. 
What Is the ratio of the longest side to eitnair of the 
other sides? 

Miscellaneous Problems . 

1-. ABCD is a trapezoid. 
CD = 1 and AB = 5- 
What Is the area of 
the trapezoid? 





B 



2. 



3. 



What Is the area of 
ABCD? 



ABCD Is a rhombus with 
AC = 24 and AB = 20. 

a. Compute Its area. 

b . Compute the length 
of the altitude to 
DC. 
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4. Find the area of a triangle whose sides are 9'S 
and 15". 

5. ABCD is a parallelogram 
with altitude DE, ,Pind 
the area of the parallelo- 
gram if: 

a, AB = 2i and DE = 6^, 

b, AB = 10, AD = 4, and 
m/ A = 30, 

6. Find the area of an isosceles trian^e which has 
congruent sides of length 8 and base angles of 



12", 





Answers 



A. 



1. 
2. 
3. 
4. 



5. 

6. 



25. 

ab + a(c 



a) , or ac + a(b - a) , 



or ab + ac - a 
3a the 



Let a be the length of the altitude and 
length of the base. Then 

3a^ = 147 

a^ = 49 
a = 7. 

The altitude is 7. The length of the base is 
12. 



21. 



Consider the figure to be the \mion of triangular 
regions WYZ and XYZ. It can be proved that YZ is 
the perpendicular bisector of WX. Hence WP and XP 
are altitudes of triangle WYZ and XYZ respectively. 
The area of each of these triangles is 24. Hence the 
area of WZXY is 48. 
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8. 



B. 1. 



2- 




a. ad. 

b. |d(a - c). 

c. ^(a + c). 

Separate tte rigure into 
tirianoilar seglcms by 

areas of tte respective 
triangles are -|b^li and 
"Ib^. 9ie :siaB of tikeae 
t«o areas is + = |h(bj^ + b^) . 

Area ABCD ^ Area A(9D + Area WEC - Jrea MSB 
Area ABCD ^ I65 + 3% 30 
Area ABCD = 13^, 
The area of the field la 136^ square rods. 

Area A ADC = Area A BCD because tbe trlai^lea 
same base DC and equal altitudes. 
Area A DOC = Area A DOC. 

Therefore, by subtracting^ V9e have Area A MOD 
= Area A DOC. 

a. Area parallelograa SBiCff 
= 2 Area A SQBt. 

b- Area parallelograa SBQIP 
= Area A lOQB. 

c. Area A RB = ^ AreaA IBS. 

d. Area A STB = Area A SFR. 

e. Area A HXR = h Area A BflgP- 



41 
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20 fert. 
10 miles . 

(see figure at right.) 



24 



16 



AC = 20. 
EC = 23. 

AB = 25 and CB = 7. 

a . 6v^. 

1. 

30. 

y2" to 1. 
6c (see figure at right.) 



12. 



43. (AC = 13.) 

a. 334. (See figure at right) 

b. 19.2 (384 -r 20.) 



51^. (i-9-12. The triangle is a right 



49 
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5. a. 


b. 20. 


6. iSJT. (Prom 4v^.) 








4 


^---^ r 


n ^ — ^ 
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Chapter 12 
SIMILARITY 



In Chapter 5 we explored the concept of congruence, 
which encompassed the i.dea of a one-to-one correspondence 
between the vertices of two triangles such that corresponding 
sides and corresponding angles were congruent. In this 
chapter v/e talU of a correspondence between triangles such 
that corresponding angles are congruent and the ratios of 
corresponding sides are equal. This correspondence is 
called a similarity. After a discussion of proportions, 
there appears a proof of the fundamental proportionality 
theorem for triangles that is different from the usual one 
given. This proof is not new; quite the contrary. It was 
found in a text-book, published in l855, written by 
the noted French mathematician, A. M. Legendre . More will 
be said about it later. For the most part, this chapter 
presents a conventional treatment of similar triangles. 

360 The student is expected to call upon his algebra in 
working with proportionalities. We should need no statements 
about the algebraic properties of proportions. The four 
properties we do state, however, will provide a basis for 
practice and review. The quantities used in proportions 

are numbers, and the algebra of fractional equations will 
enable the student to do all that is required. 

361 The geometric mean of two positive numbers, a and c, 

a b 

is the positive number b, such that ^ = "S"- You may 
recognize that b is what has been called, in some text- 
books, the mean proportional between a and c. We speak 
of this as the geometric mean of a and c, and b =J~q!q.. 
Then "geometric mean" and "mean proportional" are names for 
the same thing, and we prefer to use "geometric mean" in 
• this text. In mathematics there are such things as harmonic 
and arithmetic means that do not arise from proportions, and 
we have usr-:,' "geometric mean" because it arose historically 
in a geometric ' construction . 

51. 



Problem Set 12-1 



= 3b . b . 4x = 3 . c . 6y = 20 . 

65 

c . 

A 33 
a . 

2 r.^A a X 

1 ? = f 

^ and 1 = ^. 
§ J = f. 

6bc 21bd 
■53"- °- a = -503-. 

22bd . 12cd 

b 4 ^ . a - b 2 

- = T and = ^. 

2 X + 3 ^ , y - 2 X - 3 
3— and ^L.^ = ^3—. 

a \ a - c -3 

7 and —3— = -y. . 



c 



8 ^ , b - a -2 

5 and -— = 



7 



The three new sequences 
4. are Identical, so each pair 

rj of the original three 

"J' . * sequences are propoi^tlonal . 
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7. 


a 


and 


d. 




a. 


1 


1 






a 


and 


i- 




b. 


1, 


2, 


3. 




d 


and 


i. 




c. 


1. 


i 

^' 




- 


b 


and 


r. 




d. 


1, 


7 
5' 


9 
5* 




b 


ajid 








1. 


7 


17 




f 


and 


h. 




r, 


1, 


2, 


3. 




c 


and 


e. 






1, 


7 

5' 


17 




c 


and 


E- 




h. 


1, 


2, 


3. 




e 


and 


g- 






1, 


7 

5 


9 
5 


Q 


V 


= 800; V : 


= 1000, 










9- 


X 


3. 


y = 


= 1; 












b 


and 


f are correct- 








11. 


P 


- 18; 


q 




t = 70. 








12. 


a. 


G, 




6, 


(6.000); 


A 


.H. 


= 6.5- 




b. 


G. 


M. = 


6^2; 


(8.m); 


A 


.M. 


= 9.O. 




c. 


G. 


K. = 






A 


.H. 


= 9.O. 




d. 


G,K. 




(6.92B); 


A 


.H. 


= 13.0 




e. 


G. 






(2.irt9); 


A.H. 


= 2.5. 



36* 5!he derinitlcffi of a alnHajriLty^ like ttae definl-fclim of 

a congruence, requlx^es tm> things. ¥txr slnllar' tarl angles we 
couald bave based our dennltion. on eittier oaie or tlie too 
condi1;lcxns, and proved the other. It seens best^ hOMever, 
to siBk:e a dennltlosi nALlch asay be ejeneraltrcsd Tor other 
polygoraaJ. flgiares. 

53 
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Notice that. the idea of a correspondence which matches 
vertices is employed for similar triangles as for congruent 
triangles: t±ie similarity indicates, without recourse to a 
figure, t:he corresponding sides and angles. 

Problem Set 12-2 



a . 



a. 



AB = 
BC = 
AC = 



AC -DE 

~W ' 

AB-EF 
BC-DF 



b, 

2 
7.5 



3 
3 

12 
1.6 



4 



6 



4 6 



6 



12 
IH- 



h 
The 

Yes . 
for 

(1) 
(2) 



d. 



AB = 
BC = 
AC = 



DE-BC 
AC-EF 
DF-AB 



= (7.5)(1.6) 

2 

= 6. 

height of the object in the enlargement is 6 inches 

If A ABC sAA'B'C, the conditions necessary^' 
a similarity are met. That is, 

Za=Za', /bs/b', /ca/c and 

A'B' 

AB 



A'C' 



B'C 



5 i 
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5. Given: A ABC; D, E, P 
the mid-points of the sides 
AB, BC, CA respectively. 
Prove: A EPD ^ A ABC. 
Proof: By Theorem 9-22, 

ED = i-AC, PE = ^AB, 

PD = -^CB, ' and ED || AC, 

PE II AB, PD II "CB. 
PDEC , ADEP , DBEP are 

parallelograms. By Theorem 9-l6, / PDE s ^ bCA, 
/ DEP S / CAB, / EPD / ABC; since we have also 

ED PE pn 

proved above that ^ = £^ = A EFD A ABC by 

definition of similarity. 



Conventional proofs of the Basic Proportionality Theorem 
contended with (l) a relatively unconvincing division of the 
sides of a triangle by a series of parallel lines, and (2) 
the problem of what to do when the ratio of the length of a 
segment to the length of a side containing that segment is 
not a rational number (the incommensurable case). It has 
often been the practice to give a proof of the theorem for 
the commensurable case and mention the other possibility. 
The proof in the text avoids this difficulty since it is 
based on the area postulates, which involve real numbers. 

In the proof of Theorem 12-2 we tacitly assume that E 
is between A and C» . It is obvious from a figure that 
betweenness is preserved under parallel projection, but 
we have not Justified it on the basis of our postulates. 
It is easily proved as follows: 



5o 
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(The Parallel Projection Theorem.) 
Given two transversals T^^ and T^ intersecting three 
parallel lines L^, L^, in points A., 3, and C 

and A», B» , and C» respectively, ir 5 is between 
A and C then B» is between A» and C» . 




Proof: Since || L^, then the segment AA» cannot 

intersect and hence A and A' are on the same side 

of L^. LiScewise, since \\ L^, then the segment ^C* 

cannot intersect and C and C« are on the same side 

of L^. Since B is between A and C by hypothesis, 
segment AC intersects at B; hence, A and C are 

on opposite sides of L^- Since A» and A are in the 
same half -plane determined by — and C and C are in 
the same half-plane and A and C are in opposite half- 
planes then it follows that A» and C are in opposite 
half- planes determined by L^. Hence A«C» meets in 

a point which must be B» , since B» is the intersection 
< — > 

of A»C» and L^. Therefore, B» is between A' and C» . 
370 We have assiimed that A >^ A* and C / C» . The argument 

above is easily modified to apply to the cases where A = A» 
or C = C* . 

Note that the application of this principle to Theorem 
12-2 involves the case A = A» . 
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Pro>^lem Set 12-3a 



370 



371 



372 



1. 


a + 
a 


b X + y 

- X 




a 


X 

" y* 






a + 


b X + y 




a_ 

X 


b 

y- 






a + 
X + 


b a 

V X * 


X 


■H 






2. 


PA 


_ FB ' TB _ 
FT FT 


HA 
Fn 










Pit 

m '- 


I4I Li TWTI 


w = 


rfTQ 

Ha- 








PH 


FT BT 

' TE- TOT 


BP 

IF 


ft 
TIT' 






3. 


a. 


AB = 5^^. 


b. 


BP 


= 5. 


c . 


U. 


a. 


BC = 24. 






d. 


BE = 7^. 




b. 


CE = 6|. 






e . 


AD = 10. 




c . 


AC = 11. 










5. 


No. 


20 / 30 










6. 


a, 


h, e . 










7. 


a . 


By Theorem 12-1, 


OA 
CD 


CB 
■ CP' 





BP = .1 



4. 



Then 

CA T _ CB T 

W ' - US? - 

or 

CA - CD CB - CP 
—515 = • 

Therefore 

DA EB 
^ " OT' 



57 
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8. 

9. 
10, 



Taking the reciprocals of both fractions of (a) 
vie ge t 

CD CP 
FB' 



Then 



or 



CD 

m 



DA 



+ 1 = 



CF 



+ 1 



CD + DA CF + FB 



DA 



Therefore, 



FB 



CA 

m 



By Theorem 12-1, 



- 5S 
FB' 

CA 

CD ^ 



CB 



Clearing of fractions, CA-CP = CD-CB, and 
dividing by CF-CB we have 



CA 
CB 



CD 
CF' 



w 



= TE is one . 
X must be 8 or 11. 



w - 171 



3, 
4, 







EF 


II AB. 


FG 


II BC. 


GH 


II DC. 


XA 


XB 


XE 


XF' 


XB 


XC 


Yf 




xc 


XD 






XA 


XD 


w 


" xii- 


HE 


II AD. 



1. Given. 



2. Theorem 12-1, 



3. From Step 2. 
^. Theorem 12-2. 



No, the figure does not have to be planar. 
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373 Proof: Draw transversal 

DC intersecting BE in 
G, In A CAD we have by 

Theorem 12-1, § = 



from which 



AB 
BC 



Similarly, in A 

DG _ M 
GC ~ EP* 
AB DE 
BC EF* 



DG 
GC 

DCP, we 



get 
Hence, 




A/ \l 






1 





(An alternate method of ^ 
proof might use an auxiliary 
line CW as shorn at the 
right, or a line DR || AC 



as shown here .) 




12. Lot I: 80 feet. Lot II: l60 feet. Lot III: 120 feet. 

13. smcs n § = §. 

Similarly, BC 1 1 YZ Implies 

OB _ OC 
OY ~ OZ* 

Henee, "SI = §§• ^^^^ implies || "xz" 

by Theorem 12-2. 
37^ l4. X will be the length of the folded cara, so 

I = -I and = 18. 
The wid-ih of the card should be •/T^ or S-ZT inches. 



[pages 373-37^] 

5.9 



ERIC 



302 



37^-378 In the proofs of Theorems 12-3, 12-4, and 12-5 we have 
dram), the figure with AB > DE and used this in each proof, 
except that in Theorem 12-3 the case AB = DE was discussed, 
(Notice here If AB = DE, A AE'P' and A ABC coincide, 
that is A AE'P' =A ABC.) In the case AB < DE a similar 
proof would be given with E' on DE and DE' = AB. 

It might be advisable to point out to the students the 
general plan of the proof of Theorem 12-5. First prove 
A ABC A AE'P' by the A .A ., Corollary, then prove 
A AE'P' a A DEP by the S .S .S . Theorem, and finally prove 
A ABC A DEP by the A. A. Corollary. 

Problem Set 12-3b 



379 !• Similarities are indicated in a, c. 

Notice that the wording 
of (e) permits 




and 




2. 
3. 

380 4. 



The 


A. A. A. and the A. A 


. Theorems 




a . 


No. 


c . No . 




b. 


Yes. 


d. Yes. 




a . 


The triangles are 


similar . 


S.S.S 


b. 


Not similar. 






c . 


The triangles are 


similar. 


A. A. A 


d. 


Similar. A. A. A. 






e . 


Similar. S .S.S . 






f . 


Similar. A. A. or 


S.A.S. 





60 
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3BO 5« a* / AIC or / BZC. 

e* A A2C, or A CZB. 
6. IC « or XG = No. 

b. A Maw A ais. ^ M ^ " 

e . A ABC IB not ^ A JSZ . 

^ A A «»T> AB AC BC 1 

A ABC A TSR. ^ = W = SR = 5^ 

e. A ABC ^ A TU. W " ^ " W " 

8. A ABC A C£iL since the vertical angles at L are 

congruent as veil as the given angles B and D. From 
' CD 4 

^be given Information = Since the triangles have 
been proved sliBillar ]^ = '"^^ ^ -^-^^ 

Since L is betvieen B and D, this can be written 
^ » or BD = 5BL- 



a. 


r B 


rx = 3, 




b. 


a X* 


X = nop. 




e. 


1 k 
E = x* 


x.k2 




d. 


t 1 
T = X' 


xt = 1, 




e. 


Part b 






f . 


Part a 








Ho. 
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382 10. Of the five. equal pairs of parts three must be angles, 

for if three ware sides the triangles would be congruent. 
Heroe the triangles are similar. Neither of the two 
pairs of equal sides can be corresponding sides or the 
triangles would be congruent by A.S.A, The remaining 
possibility can best be shown by an example. 




11. 1. A.OBX -v A 0-^B^X by A. A. A. 

2. Therefore ^ = 

• 3. A ODX -v A O^D^X by A. A. A. 

4. Therefore ^ = 

5. From Statements 2 and 3, = TTTT- 

*12. a. ABSC-vABTD, A DSC -v A DRB, A RSB -v A DST. 



b. 
c . 



z 



y p + q' 

X p + q' 



°- X ^ y p + q' 

^+1=1. 
X y 

X y z 



()2 
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e. Construct perpendiculars- 6 and 3 units long at 
^opposite ends (but on the same side) of any segment 
BD. Join the ends of these perpendiculars to the 
opposite ends of the segment, and where these lines 
Intersect, draw a perpendicular to BD. Measure 
this perpendicular. It should be 2 units long. 
Therefore the task would require 2 hours . 



6 



13. 



B'^ " 





1. 


ABRQ is a parallelo- 
gram. 


1. 


Given . 


2. 


/ QHA = / BHP. 


2. 


Vertical angles . 


3. 


AQ II ^. 


3. ;• 


Definition of a 
parallelogram. 


4. 


/ AQB = / FBH . 


h. 


Alternate interior 
angles . 


5. 


A AHQ -^. A FHB. 


5. 


A. A. 


6. 


AH HQ 
FH " W- 


6. 


Definition of similar 
triangles . 


7. 


AH-HB = PH-HQ. 


7. 


Clearing of fractions. 



1^. a. and b. Let a, 2a, 4a 



stand for the lengths 
as shown in the figure. 
Then it can easily be 
shown for each pair of 
triangles mentioned that 
the S.A.S. Similarity 




Theorem applies. 
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15. 



/ ADQ and / QAD cire complementai'y angles . 
/ QAD « / QDC, since they are corresponding 
angles of similar triangles. Therefore /ADQ 
and / QDC are complementary and m/ ADC = 90. 

BE be parallel to AD, meeting AC in E. 
/ ABE = / DAB (alt. int. / s) and / AEB S / CAD 
(corr. / s) . Also, / DAB = / CAD (given) . Therefore 
/ AEB = / ABE. Therefore AE = AB. Since 

m = ^^^^ by substitution. 



Let 



38^ ^l6. From the previous 



problem ^ = 

similar proof you can show that 

CD' CD 
D»B DB* 

^17. a. Let E be the point 

on the ray opposite to 
AB such that AE = y. 
^Then A AEC is equi- 
lateral, EC = y. In 
the similar triangles 
ECB and ADB, 
EC 



OA 

AB' 
CD^ 
D'B 



By an exactly 

Therefore 




AD 

Z 

z 



Dividing by yj 

1 

z 



or 



- EB 
~ AB' 

- ^ y 

X ' 



^^^e get 

y X 



Yes, place the s traight-^edge against R-^ on the 



middle scale and 
Then read off R 



R. 



on one of the outer scales 



on the other outer scale, 



G 4 
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385 18 , 



19. 



1. 

2. 


RW WS RT 
AE ~ ~ AM* 

RT 2 RS 


1. 
2. 


Given. 

Given WS and Yq 
are medians , 


3. 


RW WS RS 

to: ~ ~ A^- 


3. 


Steps 1 and 2, and 
substitution . 


4. 


A RSW ~ A AQL. 


4. 


S.S.S. Similarity. 


5. 


/ R S / A. 


5. 


Definition of similar 
triangles . 


6. 


A RWT ~ A ALM. 


6. 


Step 1 and Theorem 12-4 


1. 
2. 


/ y is the comple- 
ment of / X. 
/ y is the comple- 
ment of / R. 


1. 

o 

1— • 


r7l _L AB, and defin- 
ition of complementary 

angles . 

Given RH J[ AF, and 
Corollary 9-13-2. 


3. 


Z X = Z R. 


3. 


Complements of the same 



4 

5. 
6, 

7. 

386 20. a. 

b. 



/ B a ^ RHA. 
A HRA ~ A BAP. 



HR 
BA 



HA 
BP* 



HR-BP = BA-HA 
No . 

Bisect PA"^, 
mid-points . 



PB. 



4. RH _L AP and FB _[ AB. 

5. A. A. Corollary. 

6. Definition of similar 
triangles . 

7. Clearing of fractions 
in Step 6. 



etc., and connect the resulting 



PA, 



PB, 



^ 2 

TTT" ^ because both equal 2. ^ ^i^^i 

common to triangles A^PB^ and A^PB^. These 

triangles are therefore similar by the S.A.S. 
Similarity Theorem; and as a result of their being 
similar the sides A^B^ and A-^B^ have the same 

ratio as the other corresponding sides. 
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386 d. Not only AgB^ and A^B^, but other corresponding 

sides of triangles A^BgDg and A-j^B^D^ are in 
the ratio 2:1 by a proof like that in part c, 
A A^BgDg ^A^l S.S.S. Similarity 

Theorem. 

e. Yes, the method could be used for any point P; 

but in some instances the enlargement would inter- 
sect the given figure. 

387 •*21. / SRX s / QTX and / RSX » ^ TQX (alternate interior 

^ ), so A SRX ~A QTX by A. A. Therefore 

H = so ^ = Since A QXR ~ A TXS (given) , 

1^ = Therefore ^ = (QX)^ =' (TX)^, and 

OX = TX, since both QX and TX are positive. 

/ XQR = / XTS and / RXQ « / SXT (definition of similar 

triangles), so A QXR a A TXS by A.S.A. Therefore 

QR = TS. 

Alternate proof: If TS > OR, then TX > QX and 

XS > XR, from A QXR ~ A TXS . In A QXT, 

m/ XQT > m/ XTQ, by Theorem 7-^, and in A RXS, 

m/ SRX > m/ RSX. But m/ XTQ « m/ SRX, by alternate 

interior /s , and m^ XQT = m^ RSX. Cont3?adiction . 

Similarly if QR > TS . 
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387 22. 



23 



24. 



2. 
3. 

4. 

5. 

6. 
7. 

8. 



■ AW 2 MW. 
BPRQ is a square . 
/ ABQ S ^ w ^ / MFR . 

Let m/ A = a and 
m/ M = m. 
Thus, m/ PRM = a 
and m/ AQB = m. 
Also, m/ WQR = a 
and m/ WRQ = m. 

A ABQ ^ A RFM A QWR, 
AB _ BQ AB BQ 

AB-WR = QW-BQ and 
AB-PM = RF.BQ. 



1 . Given . 



2. Definitions of per- 
pendicular and square, 

3. Angle Measurement 
Postulate • 

4. Corollary 9-13-2. 



5- The suni of the measures 
of the angles at Q is 
180 and the s\im of the 
measurer, of the angles 
at R is IBO. 

6. A. A. A, 

7. Definition of similar 
triangles . 

8. Clearing of fractions 
in Step 7. 



Since A ABP ^ A HRQ we know / p a / Q and 

1, 



AP _ AB _ BP PB 
HQ HR ~ r5' W 



™ = Then 



^ " OH 



AAWP -v. A HXQ by S.A.S. Similarity, and then 
AW ^ AP FB AB 
Hi HQ ~ OR - liR' 

It Is possible to continue In the same way for the other 
medians . 

Since A ABP ~ A XWR then / x S ^ A and 

aF " Al " Sp ■ "^Z = "^Z and so A XQR ~ A AHF 

by A. A. Then |§ = 

A similar proof can be followed for each of the altitudes 
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388 25. As shovm In the two figures the two triangles are 

similar by A, A, 

' 26, Since the base angles are congruent^ AE = BE and by 
subtraction EC = ED, Hence A CED ^ A AEB by the 
S-A,S, Similarity Theorem, 

Therefore / ECD » ^ EAB and CD || AB by corresponding 
angles . 

389 27- False e Let A AB-j^C and A AB^C be such that AC = AC, 

Z A s / A, CB^ = CBg, as in the diagram, but the tri- 
angles are not congruent. Construct A A'B'C ~A AB^C, 
The triangles A'B»C» and AB^C satisfy the statements 
of the hypothesis, but these triangles are not similar. 



*28, 



a, 1. AABC'^-AADE; = ^ = 

2, A ABC and A ADF are not similar even though 
AB 

= ^ since m/_B / ml PDA. 

b. False. The diagram shows a covinter-example . The 
hypothesis is true if X is either E or P. 
The conclusion is false if X is P. 

390 *29. In similar A ABC and EDO, = |. Prom the similar 

A ACG and AEP, ^ " i' 

^ a = ^' 

b 4 
a = IT' 

a _ 3 
b ~ T' 

X _ 3 

X = I . 39 = 29^ 

Answer. The ball hits the ground at least 29' 3" from 
the net . ,-, 

bo 
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A CEii -x. A AEF since Z x s ^ y (alternate interior 
dnf.;lec of parallel lines BC and "ad) and 



EF 



PA 
BC 



/ FKA ^ / BBC (vertical angles); therefore ™- 
=■■ Also, A CEG A AEB since / ABE S ^ CGE 

(alternate interior angles) and / CEG AEB (vertical 

Since in each case we 



an^^les); we get = 



CE 



EB 
EG* 



h^xvij ~~ as one of the fractions, we also have |^ = ||. 



DA 
DB 



AX 

BY' 



EC 



SLr:ce AX || BY, A DAX 'v A DBY and 

olmllar'ly, since CZ || BY, A CEZ -n. A BEY and ™ 

But AX = C2, since opposite sides of a parallelogram 

DA pr* 

are congruent, and so ^ = -gg. Now 1 



CZ 
BY' 



DA 



EB 



EC 



AB RP 

and ^ = Ig.. Therefore AC 



DB ~ EB 
Thoorom 12-2. And now AC || DE || XZ 

a. In right AXE and 
CXF, PXC S / EXA, 
h^nico / XAE S ^ XCP (/ a) 
/ a Ic'. a complement of 
iL * L ^ comple- 

:n^:*nt of / ^ • Hence 
/ :i s ^ b s ^ XAE. Hence 
A BF'^G A ADC and 



DB "* EB' 



TuT 



AD 
A(T' 




SIriao AR occurs in each denoml nator, one only 
n'M.'do to show that 

BK CD ^-BC . 

r. BF'^ ^ PE BP 

- CD -f BP 
^)nt» ^nily M»^M)ds to show that 

Th!;; I;; t>:ir,ot)t La lly what waci nhown In pr\rt a. 
i' pr'oblom. 



tpngca 3QO-3Q1) 

61) 



by 
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391 In Theorem 12-6 we have assumed the following theorem: 

Ta any right triangle the altitude from the vertex of the 
right angle intersects the hypotenuse in a point between 
the end-points of the hypotenuse. 

Proof: Let D be the foot of the perpendicular from 
C to AB. 

391 There are 5 possible cases: 

(1) D A. 

(2) D - B. 

(3) A is between D and B, 
(^0 B is between D and A, 
(5) D is between A and B , 

We would li'rce to show that cases (l), (2), (3), and (4) 
are Impossible which leaves case (5) as the required result. 

Case (l) is impossible because A BDC then would have 
two right angles, one at C and one at D, 

Case (2) is impossible for a similar reason as in 
Case ( 1) . 

Proof that case (3) In impossible: 




Suppose that 'A is between D and B. Then / CDA is a 
right angle of A CDA, Moreover / CAB is an exterior 
angle of A CDA and so is obtuse. But this is impossible, 
since ^ CAB is an acute angle of A ABC. 

A similar proof shows that Case (H) is impossible, 
hence, Ca:.5e (5) hoUls as was to be proved and the altitude 
fr'o-n 0 :r,ust Intersect the hypotenuse at some point D, 
such that D Is between A and B. 

7 0 
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Once we have proved Theorem it is nov/ possible to 

prove the Pythagorean Theorem using similar triangles. This 
has not been done in the text, hov/ever, since the theorem 
has been proved once by areas, if time permits, it might be 
illuminating to the class to let them see the following 
proof, reminding them that there is more th.;ii one way to 
attack a mathematical problem. 

Theorem: Given a right triangle, with legs of length a and 
b and hypotenuse of length c. Then a^ + b^ = c^. 



C 




Proof: Let CD be the altitude from C to AB, as in 
Theorem 12-6. Let x = AD and let y = DB, as in the 
figure. The scheme of the proof is simple. (1) First we 
calculate x in terms of b and c, using similar tri- 
angles. (2) Then we calculate y in terms of a and c, 
using similar triangles. (3) Then we add x and y, and 
simplify the resulting equation, using the fact that 
c = x + y. 

(1) Since A ACD ABC, we have $ = 

.2 ^ ^ 

Therefore x = — . 

c 

(2) Since A CBD 'v A ABC, we have ^ = 1. 

2 a c 

Therefore y n= 

(3) Thus we have x ■^ y ^ 2 — 

But c = X + y. 

2 ' 2 

Therefore c ^ — i-^. 

c 

2 2? 
and a -i- b ^ c^, which was to be proved. 
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Mote to the teacher: At this point in the text you 
may wish to proceed directly to Chapter 17, Plane Coordinate 
Geometry , and later return to the remaining chapters. 

Problem Set 12-4 

1. X = 2yT. 

z = 6. 
y = 3^. 

2. X = l6. 




X - 25x -f iMl = 0. 
(x - 9)(x - l6) = 0, The segments oT the hypotonuj:te are 
9 and l6. If a is the length of the r.hortor l^'ifr, 
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b 



a = 15. 
b = 20. 

39^ 5. a. CD = 4; AC = •/20 = 2v^ CB = ^80 = 4 ^/5". 

b. DB = 2T; AC = vTgo = 3 vTo; CB = yHo = 9 v/10. 

c. Let DB = X, then x(x + 10) = l44. 

x^ + lOx = 144. 
x^ + lOx - l44 = 0. 
(x + l8)(x - 8) = 0. 

X = 8. 

DB = 8. 

CA = ^lOb = 6 

CD = y8o"= 4y^ 

d. Let AD = X, then x(x + 12) = 64. 

x^ + 12x - 64 = 0. 
(x - 4)(x + 16)= 0. 

X = 4. 

AD = 4. 

CB = Q^/T. 

CD = 748"= 4^37 
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Problem Set 12-5 



396 1. 

2. 
3. 
4. 

5. 



6. 
7. 

397 . 8. 
9. 



10, 



9 . 

IF' 

_6_ 
25* 

4; 



y 



15 



3. 

20^ 



^ on' 



36 _ f 6s2 _ ,2s2 



b 



2 

5' 



b 



= 8, 



The base of the smaller is 8 inches 
9 

Since DE || AB, A ABC -v A DEC. 

CA 



a . 



= 3 
2. 



„v,^ Area A A BC ^ 

^° Area a DEC ^ ^ 



,2 



2 

1 ' 



S' 



2 

T- 



S'' = 100-2, 

s = 10 yF. 



2x 



The sides will be 10^2". 

.2 4 




11. If the length of the wire Is called 

1, 



the side of the 
square is -j^ and that of the triangles Is 



Then 



the area of the square is and that of the triangle 



IE 



Then, 



Area of the triangle _ 1G 
krea of the square ~ ^'d 

'/ i JE 
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397 12, 



13 



The area of A ABC = 140-120 = 8^00. 

The area of the required lot must then be 4200, By the 
Pythagorean Theorem, AD = 90, , and area of 

A ADC = ^"90.120 = 5400. Then, by Theorem 12-7. 

/ X n2 4200 ^ ^r. n=r 

^ $400 ^ ^ ^ ^ 30 v7. The required distance 

is approximately 79.4 feet, 

/ C a right angle, and N the 



Given: Right A ABC, 
mid-point of AB, 
Prove: MA = MB =: MC. 

Proof: Let be the perpendicular from M to 

meeting BC in K. Then 'm. || AC, so CK = KB. 
Therefore is the perpendicular bisector of CB. 

Hence MC = MB. Since MB = MA (given), then 
MA = MB = MC. 

398 l4. By Problem 13, KC = ^, where AB = c . Therefore 

m/ KCB = m/ KBC = 60, so m/ BKC = 60. Therefore 

BC = KB = -|. 

15. Since AR = RC, A = rr^/ ACR. 

Also, since RC = RB, 

B = m/ BCR. Let 
m/ A « m/ ACR = y and 
m/ B = m/ BCR « x. 
Then in A ACB, 2x + 2y = I80, 

,2 



BC, 




^16. HC - ^ AH-HB, (HC)' 



AH 



and X + y = 90, 
CH 



AH-HB, 

Also / AHC ^ / CHB. Hence A AHC A CHB by S.A.S 
Similarity Theorem. Therefore ^ HCB u k. Since 
/ HCB and ^ B are complementary, then / A and 



ZB 



are com, smentary, and A ACB Is a right triangle. By 

the preceding problem MC = AM, and MC = -^AB 

= ^(AH + HE) . But HC < MC, except when M = H 

(i.e., when AH = HB) . Therefore, VaH -KB 

= HC < -^(AH + HB) . If AH = HB, the last inequality 
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becomes the equality -J (AH)^ = "ICah + AH), that is 
AH = AH. 

Alternate solution . Let u and v be positive numbers, 
u / V . Then 

0 < -v^)^= u - 2v^uy^r+ V. 

2y^^uv < u + V, 
u + V 



2 



398 17. Outline of proof. A PXR A PYA, therefore || = ||, 

A PRS A PAB, therefore |S = £|. 
A RST ~ A ABC, therefore 



Prom the above: 



Area A RST ^ cRSn2 
Area A ABC ^a5^ ' 



Area a ABC " ' 



A 

399*18. 1. Area Addition Postulate (Postulate 19) 

2. Division. 

3 . Theorem 12-6. 

4. Theorem 12-7 and Step 2. 

5. Multiplication. 

'^00 ^19. =: h^ + h^ -f- (c - x)^. 

- (h^ + x^) + c^ - 2cx. 

2 2 
= b + c - 2cx. 

In the similar Lty A ADC ~ A RST, 

^ ~ ^ - ir 

X = bk. 



Therefore 



2 2 2 
a"^ - b"^ + c"^ - 2bck:, 
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400 ^-20, 



a" = -h - Yr + (x + c)2. 

- (h^ -I- x^) -I- + 2cx. 

o o 
^ b"" -f- c " + 2cx . 

In the similarity A ADC A RST, 

^ = 1 - l^, 



The re Tore 



2 P P 





(This Is the case in which / C is acute. If ^ c is 
obtuse or a riglit angle, the proof is similar.) 
Let A RST have /R«/C, /S a right angle, 
hypotenuse = 1, RS k: . By the result of Problem 19, 
applied to A ACT, 



+ (|)2 _ 2b(|)lc, 



(1) m.,'- = u + -jj. 

Applying the sairiG result to A ACB, 
(3) - -1- - 2abk. 

Mult Inlying both aidor. of Equation (2) by and 
::-ubtrric.fcLnn from the correjjponding sides of Equation (l) 



1.2 „ b^- 
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^00 (b) Prom part (a) m^^ -^b^ + - 

2 1^2 _^ 12 1. 2 



2 1^2 . lv.2 1^2 

c 



m^^ = + -^b - 7f<^ 



Adding and collecting like terms, 

2 . 2 . 2 3/^2 . ^2 



+ ^) + % = + b^ 4- c^) 



Review Problems 



^01 1. a. ^ = hence FB = 22. 
11 FB 

b. = ^> hence FQ = 1. 

c. ^ = 1^, hence FQ = 

d. f - -il^ hence QB = 8. 

2. a. Yes . b. AP = 8. 

3. a. G.M. is H -/s", A.M. is 9- 

b . G.M . is 6, A.M. is ^^^2. 

4. Sketches might be of two rhombuses; a rhombus and a 
square; two parallelograms; a parallelogram and a 
rectangle . 

5. 12 ^ TC^ hence FC = 6. i| = hence AC = 6^5". 

= hence BC = 3v^. 

'♦02 6. If DE||AB, 3x +" I " F+~5 ' X = 7. 



78 
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^02 7. AABE ^ A CDE (A. A.)- Corresponding sides are there- 
fore proportional and DE = 4BE. Hence BD = 5BE. 

8. Let e be the length of the side-of the original tri- 
angle. Then the length of the side of the second tri- 

angle is —>/3 and the ratio of the areas is -j. 

9. I = '^0^- X ' - 20x + 64 = 0; x = l6 or x = 4. 
(i) If X = 16: a^ = 16^ + a = BTsj 

y = 20-x = 4; b=' 4^5". 
(ii) If X = 4: a^ = 4^ + 8^} a = 4 ; 

y = 16; b = 8 
Hence there are two possibilities: x = l6, y = 4, 
a = 8 ^/5, b = 4 75" and x =-- 4, y = l6, a = 4^5", 

b = 8 ysT 

AB AC BC 

10. A ABC ~ A DEP, hence ^ = W' 
AACB 'V A DEP, hence ^ = ^ = if ■ 

AB AC 

. Since, above, the last ratios are the same, ^ ^ dE 
and hence AB = AC . 

11. a. A AFQ A WAX (A. A.)- Hence ^ = ^ and 

therefore AP-XW = AW-QA. 

OP OA 

b. A AW -vA PQA (A. A.) and so ^ = ~; 

hence QF-XW = AX-QA. 

AW AX 

c. Since A AXW A PQA, "pj = hence 
AW-PQ = FA -AX. 



7i) 
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^•03 12 



13 



15 



9 



■:2 c: o 
330, 




520 



27 

V/ 



+ y 

V/ 



hence 



y.24. 1 



X 

2^' 



hence x = 6^2*. 



hence w - 18^2". 



m/ XYR - m/ ABR, m/ RYZ = m/ RBC 
(corresponding angles.) By 
addition, m/ XYZ = ABC. 
Since XY |j AB, A RXY ^ A RAB, 

= Since 
YZ II BC, A RYZ A RBC, 



XY YZ 

AB " BC' f'^Sfce A XYZ A ABC (S.A.S.) 
Mo', V/e can be .sure that 
it If; when the plane of 
tht: t:r!.ar.gle and the plane 
■ r.-he tMl;ri are parallel. 

Pfoof: AoGi-'inlns that the 

planes of A ABC and 0 

A D E 1 a r o par a 1 lei, 

b~; li .^B, EF II BC, DP II AC. 

. ' . A ODE -V A OAB , 

A OEP -v A OBC , A OPD ^ A OCA 

E? . OB iiD _ OD DP 
BC ' OrT " BA OA '"AC 





EP 
BC 



ED 
BA 



that is , 
A DEP by 3.S.S. Similarity 



DP 

i^c- 



8 0 
[page ^103 J 



ERIC 



323 



Illustrative Test Items for Chapter 12 



In A ABC, if AD « 5, 
AB =7, AE = 7^, 
EC = 3, is DE II BC? 
Explain . 

In A ABC, if AD = I5, 
AB =: 25, AC = 33, and 
AE = 21, is DE II BC? 
Explain . 




Given two similar triangles in which the ratio of 

2 

^, what is the 



a pair of corresponding sides is 
ratio of the areas? 



If the ratio of the areas of two similar triangles 
1 



is 



what is the ratio of a pair of correspond- 



ing altitudes? 

If 2, 5, 6 are the lengths of the sides of one tri- 
angle and 7^, 9> 3 are the lengths of the sides of 
another triangle, are the triangles similar? If so, 
write ratios to show the correspondence of the ^ides. 

If ABCD is a trapezoid 
with AB II DC* and lengths 
of segments as shown, give 
numerical answers below: 



=: 9 



AB 

Area A AE B 
Area A CETJ 

Area A ACD 
Area A BDC 



= 9 



= 9 




9 ^ 

1. ) i 
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5. In the n^^.;re, ABCD is a 
parailej,ograni with FG || DC 
D? - 11,^ DE 6, AB = 12, 
KB - 2'h:H. Find AF, BC, 
DH, KF ana LF. 

In quadrilateral K'iRS in 
the figure, s.egment3 have 
•lengths as shovm . Find 

v-~ In tei-^ms of n , 



^1 the figure, AB J_ BC, 
DH I AC , and the lengths ^ 
of the segments are as 
shovm. Find y, and g 



vn.th AC J[ CB and 
CFI J[ AB and with lengths 
'^s indicated in the 
iM.gure, find x, y, and 



In this figure A ACB ir> 
i right triangle v;ith 
altitude HC drawn to the 
hypotenuse Ab". Find 
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C . 1 . and DQ nru medians 

or A ABH, as shown in 
the figure . Prove 
A ABK A PQK. V/rite 
three equal ration show- 
ing the proportionality 
of the sides of these 
trianr^les, and give the 
numerical value of the 
ratios , 

2. In this figure, BP = |hB 
and BQ =: ^AB. Prove 

the two triangles are 
similar and write three 
equal ratios showing 
the proportionality of 
the sides . 

3. HF II AB as shown in 
the f igiire . Prove 
AB-F'Q = AO, -PH. 



Answers 





■ 5 7| 

A. 1. f Yes, since d = — ^ (Theorem 12-2) 

' loi 



b. Mo, since jit -jj, 

4 ^" , 72" 1 



Yes 
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'2 



5 • 


a . 

AP 


2 

1- 

= 8. 


BC 


b. 

= 12. 


4 

T 

DH 


= h. 


c. 1. 


LF = 4 


6 , 


KS 


5n 


,- ^ 


_ 15 


KS 
SIT 


n 

^ 1- 
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^ = |, hence x = 2/5". |- = hence z = 6. 
I = |, hence y = 3 ^5". 



X 



16. y = kJ^. z = 8^^. 



F X + 4 ^ X = 5. I = ^, hence y = 2^/J. 

~ y> hence z = 3^3". 

^ AKB s / FKQ (vertical angles) and 

^ BQJP s / QBA (alternate interior angles), 

hence A AKB ^ A PKQ (A. A.) ^ = |§ = ^ = "I- 

Since II =. I = |g and / IfflP s / aBQ, A HBP ~ A ABQ 

A ^ flnH HE _ BP HP 
IS.A.S.) and = 5^ = 

AABQ-^.APHQ (A. A.) and |§ = ^r|, hence 
AB-PQ = AQ-PH. 
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Chapter 13 
CIRCLES AND SPHERES 

This chapter falls into two parts: the first studies 
common properties of circles and spheres relative to inter- 
section with lines and planes, the second deals with degree 
measure of circular arcs and related properties of angles 
and arcs, chords, secants and tangents. The first part is 
unusual since it treats circles and spheres by uniform 
methods and states and proves the fundamental theorems on 
the intersection of line and circle (and sphere and planr.) 
with great precision. You will note that following the 
fundamental theorems on circles, there is a corresponding 
section concerning spheres, and probably nowhere else is 
the analogy between plane and space geometry so strong as 
it is here. Essentially the same proofs work for the sphere 
as Jbhe circle, as relates to tangent and secant lines and 
planes . The theorems and methods of proof in the second 
part are, in the main, conventional but the basic ideas of 
types of circular arc, angles inscribed in an arc, and arc 
intercepted by an angle are defined with unusual care. 

The convention of letting circle P mean the circle 
with center P is followed in many of the problems for 
convenience, where no ambiguity results. The text, however, 
follows the more precise notation, where a separate letter 
denotes the circle.' We can then talk concisely about 
concentric circles C and C or about line L inter- 
secting circle C. 

Use concrete situations to illustrate the idea of circle 
and sphere. For example, ask students to describe the 
figure composed of all" points which are six inches from a 
given point of the blackboard - but don^t say "points of the 
blackboard". Use models, cut a ball in half to indicate 
its center and radius, and so on. Refer to the earth and 



the equator' (or- ;aerlci Laru; ) '--x:^:!!:'* l.v/: 
great circle. Contr'aj:^t "great cirr-:le" ^ 
such a-Ti the equator v;lth .:) parallel u*.m'^ 



i 



Problem 3. 



i . 


a . 


Falc:e . 


. 






b. 


True . 




Tr-i'-' . 




c , 


B'aise . 




True . 




d. 


Palf', e . 


h . 


Tri'e . 


2. 


a . 


False . 


o . 


Fa I::.:-; . 




b . 


True . 


f . 


Fa l; :e . 




c . 


True . 




Tri.:e , 




d. 


Fal5.;e . 


11 . 


Fa 


3. 


a . 


All point.' lie on c 


I c 1 rc 


le vi.It:,:: -err^ 



given Intersection, and -r'adLur: 20-^ y:)r'do . 

b. Ther*e are eight such polnt?^: :'^:ur' Lie 

at tne vertices or' a :wii.t:}re, -a,: ^ii,-;. mi^j 

pointo or' the Ides ^.^r Lhi:: ^euMi-.:: . -i.;: shovr^ on 
the dla/;ram. (O l:- r.}-ie : u"-;a;v,-,:a Ion . ) 







1^.... i 








^^—4 








— 1 


1 , , 












. ^ 


- 


0 

r 
























i 
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Let c be the length of any chord not a diameter. 
Draw radii to its end-points. Then 2r > c, by 
Theorem 7-7, The Triangle. Inequality. But 2r is 
the len 'th of the diameter. Hence the diameter is 
larger than any other chor^d. 



We have not adopted the convention that the d.-'.stance 
from a point to itself shall be zero - that is, the distance 
between points is always a positive number. For this reason, 
in defining the interior of a circle (or sphere), we must 
include the center in addition to points whose distance to 
the center is less than the radius . 

Cases (i) and (2) of Theorem 13-2 should be easy for 
students to grasp. In Case (2), the answer to "Why?" Is 
Theorem 7-6 (The perpendicular segment is the shortest 
distance from a point to a line) . 

Case (3), (see below) is more difficult and may cause 
trouble for some students - also they may think it hair 
splitting to prove something so "obvious". If they learn 
and understand the theorem and omit the proof of Case (3), 
they still may be better off than in a conventional course 
in which the precise relation between lines and circles 
is not made explicit, let alone proved. Incidentally, 
Theorem 13-5 l^' an exact analog of Theorem 13-2, but is 
less familiar and less obvious. After working through the 
proof of Theorem 13-5 they may better "appreciate the proof 
of Theorem 13-2. 

Remark on Theorem 13-2, Case (3) ; Case (3) is essential- 
ly the same as an existence and uniqueness proof. Since we 
don't know that L and C have points in common, we assume 
they have a common point and try to find where it can 
possibly lie. Precisely we try to locate it relative to F 
which is a fixed point on L. 

88 
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Thus in the first part of the proof we show: 
. If a point is common to L and C its distance from 

P is - PP^. Since ^/r^ - PF^ is a definite positive 

number, we see that there are only two possible positions 
on L for a point common to L and C, namely the two 

points on L whose distance to F is V^r^ ^ PF^. 

In the second part we show a converse: if a point is 

on L and its distance from F is - then it is 

common to L and C. To show this we merely show that 
PQ = r , as follows : 

PQ = ypQ^ + PF^ = Vr^ PF^ + PF^ = = r. 

Thus the two points described above are common to L and 
C and constitute their intersection. 

If your students prefer to derive some of these 
corollaries by using congruent triangles and other earlier 
principles rather than Theorem 13-2, by all means periait 
them to do so. The fact that Theorem 13-2 is a powerful 
theorem may be seen better in retrospect by many students. 

In applying Theorem 13-2 (and Theorem 13-5) we generally 
show that since two of the cases do not hold in a particular 
situation the other one must hold. 



8^) 
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Proofs of 



Coi'ollarles 



4i6 



Corollary 13-2'-l . 
pendicular to the radivu 

L 



Any line tangent to C 
■ circiv/n to th^':j oo Int or 

C 



: per- 
itac t . 




Let L be a tangent to 
at point 3. Draw the rcidLu;; 
PS". Let Q be the Toot or th 
perpendicular from P to L. 
If Q / then L intersect, 

C in exactly 2 points and 
this contradicts the hypothesi; 
that L is tangent to C at 
S. Therefore the point Q mu: 
be the point hence the 

tangent L is perpendicular to 
the radius drawn to the point 
of contact. 

Corollary 13-2-2 . .Any line in E perpendicular to a 
radius at its outer end;, is-.tangent to the circle. 

Given a line in E, per- 
pendicular to a radius at its 
outer end, which is a point on 
circle C. This point is Q, 
the foot of the perpendicular 
from center P to L. Then, 
by Theorem 13-2, the line 
intersects the circle in Q 
alone and is therefore tangent 
to the circle. 




9 0 

[page ^U6] 



of 



Corollary 13-2-3 . Any perpendicular from the center- 
C to a chord bisects the chord. 




Consider a chord AB 
of circle C and the line L 
containing AB. The line L 
intersects C in two points 
A and B. Let Q be the 
foot of the perpendicular from 
P to L. The intersection 
cannot be Q alone. Hence, 
by Theorem 13-2, A and B 
are equidistant . from Q. 
Therefore the perpendicular 
from P to the chord bisects 
the chord. 

Corollary 13-2-4 . The segment Joining the center of 
a circle to the mid-point of a chord is perpendicular to the 
chord . 

Given chord AB of circle 
C and segment P3 where P 
is the center of circle C and 
S is the mid-]point of chord 
AB.. Let PQj^jAB with foot 
Q. By Corollaiy 13-2-3, Q is 
the mid-point of AB. Since 
the mid-point of AB is unique, 
(Q = S), PS is perpendicular 
to the chord AB. 

Alternate Proof: Let F be the mid-point of AB. 
Then P and F are equidistant from A and B in plane 
E and PF is the perpendicular bisector of AB in plane 
E by Theorem 6-2. 

This also can be done independently of Theorem 13-2 by 
using congruent triangles. 

[page 4i6] 
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Corollary 13-2- ^3 > In the plane oT a cli'cle, trie per- 
pendicular bisector of a chord pas:->es tfvrough the center of 
the circle, 

3y Corollary 13-2-^^ the segment Joir.lng the center of a 
circle to the mid-point of a chord is perpendicular to the 
chord, hence the line containing; the center of a circle and 
the mid-point of the chord a_ perpendicular bisector of 
the chord. Since there is only one perpendicular to the 
chord at its mid-point, the perpendicular bisector of a 
chord must pass through the center of the circle. 

Alternate Proof: The perpendicular bisector of the 
chord in the plane of the circle . contains all points of this 
plane which are equidistant from the end-points of the chord 
(Theorem 6-2) , Therefore the perpendicular bisector contains 
the center. 

Corollary 13-2-6 , If a line in the plane Ox a circle 
intersects the interior of the circle, then it intersects 
the circle in exactly two points. 

Consider line L in the 
plane E of circle C which 
contains a point S inside 
C, Let P be the foot of 
the peroendicular from P to 
L, By Theorem 7-6, PF < PS , 
Since S is in the interior 
of C, PS < r. Hence, 
PP < r, and so F is in 
the interior of C and 
Condition (3) holds , 



() 9 
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Note on Corollary 13-2-6. This corollary differs from 
Case (3) of Theorem 13-2 in that the point in the interior 
of C- does not have to be F, the foot of the perpendicular 
to the line. Probably most students v;ill consider this 
difference quite unimportant, and a proof of an obvious fact 
as very superfluous. While you may not care to bring it up, 
a significance of this corollary is that it indicates the 
precision of our treatment of circles using Theorem 13 2 
which allows us to give a formal proof of such an intuitively 
obvious result. 

The idea of congruent circles gives you an excellent 
opportunity to discuss the general idea of congruence. 
Point out that to say two figures are congruent means that 
they can be made to "fit" or that one is an exact copy of 
the other. But it is very difficult to give the student a 
precise mathematical definition of the idea until he knows 
a fair amount of geometry (see Appendix on Rigid Motion) . 
Therefore we define congrueroe piecemeal for segments, 
angles, triangles, circles, arcs of circles and so on. But 
in each case we frame the definition to ensure that the 
figures are congruent, tb-'t is, "can be made to fit". So 
in the present case, we ' ne circles to be congruent if 
they have congruent radii not because we consider this 
condition to be the basic idea, but because we are 
Intuitively certain that it guarantees that the circle can 
be made to fit. 

It might be well to remind the students of what is 
involved in the concept of the distance between a point and 
a line, including the case v/here the distance is zero. 

Note that in the proof of Theorem 13-3 we have assumed 
that the distance from each chord to the center is not zero. 
If it is zero, each chord is a diameter and the theorem 
still holds . 

• ' 0 3 
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Proofs of Theorems 13-3 and 13-4 

Theorem 13^, m the same circle or congruent circles", 
chords equidistant from the center are congruent. 

Given: Chords AB and CD", 
equidistant from P. 

To prove: AB ^ CD. 

Let PE AB and 

PF CD as in the fig re . 
Draw radii PB and P^. 
Then in right trianrles 
FEB and PPD we have: 




(1) 


PE 


= PP. 


(1) 


Given . 


(2) 


PB 


= PD. 


(2) 


Radii of same or congruent 


(3) 








circles are congruent. 


A 


PEB = A PPD. 


(3) 


Hypotenuse and Leg Theorem 


(^) 


EE 


= PD. 




Corresponding parts. 


(5) 


EB 


= "Iab. 


(5) 


Corollary 13-2-3. 




FD 


= -^D. 






(6) 


i» 


= "ICD. 


(6) 


Substitution . 


(7) 


AB 


= CD or AB = CD. 


(7) 


Algebra . 



Note that this proof still holds if AB intersects CD 
as shown below: 




Proof or Theorem 13-^^: Ir 
circles, any two congruent 
center . 

Given: Cliovdz AP = CD. 
P is center of the 

G Li'cie . 

To prove: PE = ?F where 
p5 AB a.nci PF _[ CD as 
in the figure. 

Drav; radii FB and 

■PD. 



the same circle or congruent 
s are equidistant from i:he 




(1) 


PR 


- PD. 


(1) 


Radii of same or congruent 






circles are congruent. 


(2) 


AB 


-CD. 


(2) 


Given. 




|ab 


- |CD. 


(3) 


Multiplication, Step 2. 


(•■0 


EB 


- -^AB. 


('0 


' Corollary 13-2-3. 




PD 








(5) 


EB' 


= FD. 


(5) 


Steps 3 and h . 


(6) 


A 


PEB ^ A PPD. 


(6) 


HypotenusL -Leg Theorem. 


(7) 


PE 


= PF or PE PF. 


(7) 


Corresponding parts. 




As 


In the conventional 


treatment v;e have implicitly 


ass 


lined 


that the distances, o 


f the 


chords from center P are 


not 


zero 


If both distances 


are 


zero^ the chords are 



diameters ■ and the theorem is correct. Could one distance 
be zero and the other not? The answer of course is no, and 
is Justified by the following minor theorem: A diameter is 
the long'-.;t chord of a circle. (See Problem Set 13-1, 
Pi'oblern -i . ) 

In this chapter there are very many interesting results 
of the th in the text proper. Many of these interest- 

ing facts ii-e to be found in the problem sets, accompanied 

[page ^17] 
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by problems providing numerical application of the fact. 
In assigning problems, teachers should be careful to watch 
for such sequences and select accordingly. 



Problem Set 13-2 



2, 
3, 
4. 



5. 



6. 



Theorem 13-3. 
Corollary 13-2-1 . 
Corollary 13-2-3. 
Theorem 13-4. 



a. Corollary 13-2-4. e, 

b. Corollary 13-2-2. f, 

c. Corollary 13-2-6. g. 

d. Corollary 13-2-5. h. 

(See Teacher's Commentary for proof of Corollary 13-2-3.) 

(See Teacher <s Commentary for proof of Corollary 13-2-5.) 

By Corollary 13-2-5, the perpendicular bisector of a 
chord passes through the center of the circle. Hence, 
to find the nenter draw any two chords in the circle 
and the perpendicular bisector of each. The inter- 
section of these bisectors will be the center of the 
circle . 

Draw a perpendicular from C to m, forming 'a 3-4-5 
right triangle. Then the distance from C to Iw is 
16. 



As in the figure, 
CB = 15 and DC = 12, 
Then DB = 9, and 
the chord is l8 
inches long. 




0(: 
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*10. 



a , 
b, 
c , 
d, 
e , 



D. 
C. 
C. 
A. 
C. 



f . 

g- 
h. 
i. 
i- 



A. 
B. 
D. 
C. 
D. 



Let PT Intersect AB 
at P. Then PB = 6. 
A BPP Is a 30 - 60 
right triangle. Hence 

PB = 4 yr. 

Since a tangent to a circle Is perpendicular to the 
radius drawn to the point of contact, the two tangents 




will 


be peiTpendlcular 


to the 


same line and are, there- 


fore 


, parallel. 






1. 


DO AC. 
< — > 

CD Is tajagent 
at C. 


1. 


Qlven . 


2. 


/AS/ BOD. 


2. 


Corresponding angles of 
parallels . 


3. 


OC = OA = OB. 


3. 


Definition of circle. 


4. 


/ A » / ACO. 




Theorem 5-2. 


5. 


/ ACO SS / COD. 


5. 


Alternate interior angles . 


6. 


/ COD » / BOD. 


6. 


Steps 2, 4, and 5. 


7. 


OD = OD. 


7. 


Identity. 


8. 


A OCD a A OBD. 


8. 


S.A.S. and Steps 37 6, and 


9. 


/ OCD K / OBD. 


9. 


Definition of congruent 
triangles . 


10. 


OCD = 90. 


10. 


Corollary 13-2-1. 


11. 


m/ OBD =■ 90. 


11. 


Steps 9 and 10. 


12. 


DB Is tangent 
at B. 


12. 


Corollary 13-2-2. 
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3^1 

Draw OR. OR _[ AB, by Corollary 13-2-1. AR = BR, 
by Corollary 13-2-3. 

Here are three arrangements. 




Let L be the^common tangent. Then in both cases, 
PT _L L and QT _[ L by Corollary 13-2-1. But there 
exists only one perpendicular to a line at a point on 
the line. Hence FT and QT are collinear. This 
means that P, Q, and T are collinear. 
AC = 14 - X +10 - X 
24 - 2x 
2x 

X 

BR =3, CP = 7, 
AQ = 11. 
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422 ^15. 
16. 



17. 



18, 



^19. 



(See Teacher^ s Commentary for proof of Theorem 13-3.) 

Given: / AEP S ^ DEP. 

Prove: AB S CD. 

Draw PG J[ AB and 
PH J[ CD. Then A PGE 
and PHE are right 
triangles with 
m/ GEP m/ HEP, and 
EP = EP . Hence^ 
A PGE « A PHE, making 
PG = PH. By Theorem 
13-3, AB S CD. 




Since RD = RE, 
1 



DA = ^B 
DA = EC. 



and 



AB = BC by Theorem 13-3. But 
EC = -^BC by Corollary 13-2-3. Hence, 



By Corollary 13-2-4 the segment joining a mid-point of 
a chord to the center is perpendicular to the chord. 
By Theorem 13-3 these segments all have equal lengths. 
By the definition of a circle, all points equidistant 
from a point lie on the circle having the point as 
center and its radius equal to the distance. By 
Corollary 13-2-2 the chords are all tangent to the 
inner circle. 



1. 

2. 


AO S OB. 


1. 
2. 


Definition of a circle. 
Corollary 13-2-1. 


3. 
4. 


AC j_ CD, BD J[ CD. 
lit)? II'^. 


3. 
4. 


Given . 

Theorem 9-2. 


5. 


CT S TD . 


5. 


Theorem 9-26. 


6. 


m/ CTO = m/ DTO 


6. 


Perpendicular lines form 
right angles. 


7. 


OT » or. 


7. 


Identity. 


8. 


' A CTO » A DTO . 


8. 


S .A.S . 


9. 


CO a DO . 9 i) 


9. 


Corresponding parts . 
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'.'.'I:. MOV/ ciijzely the basic theorem on secant and 
>...•:. t pLino:.;, Theorem 13-5^ follows the pattern of Theorem 
tno u^izic theorem on secant and tangent lines of a 
' rcl'i. A:: In the case of Theorem 13-2, the point Q plays 
:.vu.ior.' folo In Theorem 13-5 and its corollaries, 

■ li'.l'i th^.it to prove (3) we show that two sets are 
j /rit ^ c;.i 1. ; that Is, the intersection of E and S is the 
3oL -i:; the.cLr'cle with center F and . radius 

- x' . Tnl:^ is why there are two parts to prove: (l) 
is In the intersection then Q is in the circle; 
id converL:ely, (2) If Q is in the circle then Q is in 
10 Lntersoctlon. (Compare the discussion of the alleged 
entity of the Yale Mathematics Department and the Olympic 
•::koy Toa;n of the Commentary^ Chapter 10,) 

OL.r.erve that we establish (l) and (2) by showing: 
(P) If a point is common to E and S its distance 
orri p is - PP^, 

If a point is in E and its distance from F 




then it is conimon to E and S. 



with Case (3) of Theorem 13-2, 

Proofs of the Corollaries 

Cor- jlla ry 13-5"1 > Every plane tangent to S is per- 
uvi'cii.Lar to the radius drawn to the point of contact. 
: vori : Plane E tangent 
5] at point R, 



Plane E perpendicular 
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V/e will Vise the same method as in Corollary 13-2-1. 
Let F be the foot of the perpendicular from P to E. 
Since E is tangent to S and meets it in only one point. 
Cases (1) and (3) of Theorem 13-5 do not apply. Therefore 
(2) applies so that F is on S and E is tangent to S 
at F. Therefore PF is the radius drawn to the point of 
contact and E _[ PF. 

^i26 Corollary. 13-5-2 . Any plane perpendicular to a radius 

at its outer end is tangent to S . 

Given: Plane E is 
perpendicular to radius 3 
PR at R. ; _X . 



pendicular to plane E / / 

from P. By Theorem 13-5^ 
plane E intersects S 
only at R, hence, E 
is tangent to S . 

Corollaries 13-5-3 and 13-5-^ are actually not 
Gox-'ollaries to Theorem 13-5 since their proofs do not require 
the theorem. They are easily proved and are placed here 
simply for convenience. 

Corollary 13-5-3 . A perpendicular from P to a chord 
of S, bisects the chord. 

By Theorem 13-1, the plane determined by P and AB 
intersects S in a great circle. Then applying Corollary 
13-2-3 we get AQ - BQ. 

A proof using congruent triangles is also possible. 



To prove: Plane E is 
tangent to S . Then R 
is the foot of the per- 
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Corollary 13-5"^^ - The segment joining the center to 
the mid-point of a chord is perpendicular to the chord. 

Given: Sphere S with 
D the mid-point of chord AB. 
P is the center of S. 

To prove: PD J[ AB, 

As in Corollary 13-5-3, 
the plane PAB intersects 
S in a great circle. Then 
PD J[ AB by Corollary 13-2-4. 

Other proofs are possible. 




Problem Set 13-3 



427 1. 



'oA J[ RT . 

By Corollary 13-5-3, the perpendicular bisects the 
chord. By Pythagorean Theorem, one-half the chord 
is 8, so the length of the chord is l6. 

By the Pythagorean Theorem, 
QX = 4 inches. 




OQ and OP are perpendicular 
to the planes of the circles. 
Therefore OQ J[ QA and ^ 
OP J[ PB. OA = OB, by the 
definition of sphere, and 
OQ =: OP, by hypothesis. 
Then, by the Pythagorean 
Theorem, QA = PB. Hence 
circle Q s circle P, 

102 



by definition. 
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^27 *5. AP = BP since they are radii of the circle oi' inter- 
section, and OP = AP by hypothesis. AIgo, OF Af", 
OP J_ BP, and AP J_ ¥p . Hence, A AFii = A AFO = A DFO, 
and A AOB is equilateral. There foi-^e AO - 5, 
m/ AOB = 60, and OG, the altitude of A AOB, 

equals ^ /3. 

Call the three points A, B, C. To find the center of 
the circle, in the plane ABC construct the perpeiidicu- 
• lar bisectors of any two of the three segments AB, BC, 
AC. The bisectors intersect at the center, Q, of the 
circle. QA, QB, or QC is a radius of the circle. 
Construct the 'perpendicular to plane ABC at Q. This 
perpendicular meets the sphere in two points, X and 
Y. Determine the mid-point, P, of XY. P is the 
center of the sphere. PA, PB, or PC is. a radius 
of the sphere. 

^28 By Thecr<2m 13-5 we know that plane P intersects S in 

a circle. By Postulate 8, the two planes intersect in a 
line. Since both intersections contain T, the circle 
and line intersect at T. If they are not tangent at 
T, then they would intersect In some other point, R, 
also. Point R would then lie in plane E and in 
sphere S. But this is impossible, since E and S 
are tangent at T. Hence, the circle and the line are 
tangent, by definition. 

8. By definition, a great circle lies in a plane through 
the center of the sphere. The intersection of the two 
planes must contain the center of the sphere, so that 
the segment of the intersection which is a chord of the 
sphere is a diameter of the sphere, and also of each 
circle . 

1 U 3 
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*9. The plane of the perpendicular great circle is the 
plane perpendicular to the line of intersectl :>n of 
the thanes of the given two, at the center of the 
sphere. There is only one such plane, by Theorem 8-9. 
Any two meridians have the equator as their common 
perpendicular. 

*10. The intersection of the spheres is a circle. This can 
be shown as follows: Let M and W be any points of 
the intersection. Then A AMB = A AiM^B by S.S.S. If 
MO and M»0» are altitudes from M and' M' , 
A AMO S A AM'O' by A.A.S., so that AO = AO' and 
0=0'. Hence all points M lie on a plane perpendicu- 
lar to AB at 0 and on a circle with center 0 and 
radius OM. Since A and B are each equidistant 
from M and N, then all points on '^P^ are equi- 
distant from M and N, by Theorem 8-1, and 'ab' is 
perpendicular to the plane of the intersection, by the 
argLiment above. By Theorem 11-10, we have MO = 5 in 
A MOB. In A MOA, by Pythagorean Theorem, we get 
AO = 12. But OB = 5. Hence AB = 17. 



Caution the students that they will be finding the 
degree measure of arcs and not the length of arcs. 

If AC is a minor arc then the theorem follows from 
The Angle Addition Postulate. (Postulate 13) 

It may be noted that if AC is a semi-circle, the 
theorem follows immediately from The Supplement Postulate 
(Postulate 14). The proof of the general case, though more 
troublesorae, is made to depend upon these two cases. For a 
complete proof of Theorem 13-6 see Chapter 8 of Studies II. 



:iOi 
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In the definition of rri angle inscribed in an arc, it is 
important to get across to the student that we are talking 
about angles inscribed ir j.rcs of circles . Two points 
separate the circle into two arcs. The student should see 
that if an angle is inscribed in one of the arcs, the vertex 
is on that arc and the angle intercepts the other arc. In 
many geometry texts this is abbreviated to "an angle inscribed 
in a circle", but this can only mean "inscribed in an arc of 
a circle", since this is the way it has been defined in the 
text . 

Condition (2) for an intercepted arc says, "each side 
of the angle contains an end-point of the arc". Notice that 
in the 4th example, in the preceding figures if one side is 
tangent to the circle, the other side of the angle contains 
both end-points of the intercepted arc and the tangent 
contains one end-point. For a discussion of Theorem 13-7 
see Studies II. 

The "Why?" in the first case is the Angle Addition 
Postulate; in the second case it is Theorem 13-6. 
4^0 In Problem Set 13-4a, Problems 1 and 6 define two terms 
which you may want students to be familiar with. Also, 
Problems 6, 10, 11 and 12 point up interesting facts. 

Problem Set 13-4a 

1. The center is the intersection of the perpendicular 
bisectors of two or more chords of the arc. (See 
Problem k of Problem Set 13-2.) 

2. Since an inscribed angle is measured by half the arc it 

o 

intercepts, AB must contain 90 . Since the measure 
of a central angle is the measure of its intercepted 
arc, m/ P = 90 and BP J[ AP. 



1 0 ■ ) 
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^37 3 



^38 4 



a» m/ A = m/ B by Corollary 13-7-2. 

m/ AHK = m/ BHP since the intercepted arcs have 
equal measure. Therefore A AHK A BHF by the 
A. A. Corollary. 

b. A BPK, since m/ BPA = ^mAB = ^tSf = m/ BHF, and 
/ ftBF is common to the triangles , 

Draw RO. We kmow that AO is a diameter of the smaller 
circle and ther^ore that m/ ARO = 90, by Corollary 
13-7-1. Then kB is bisected by the smaller circle 
at point R, by Corollary 13-2-3. 

Draw AB and BC and 
draw the perpendicular 
bisector of each segment. 
Since the segments AB 




and BC are not parallel 
or collinear, the per- 
pendicular bisectors are 
not parallel and therefore 
intersect in a point P. 

This can be seen by using Theorem 9-12, Theorem 9-2, 
and the Parallel Postulate, in that order. AP = BP, 
and BP = CP by Theorem 6-2. Hence AP BP = CP. 
By definition of circle, A,B,C must lie on a circle 
with center P. 

|mDAB. 



m/ C 
m/ A = -^mDCB. 



Since the sum 


of these two arcs 


is the 


entire 


circle. 


m/ C + A = 


180, Similarly, 


m/_ B + 


m/ D = 


180. 


mST = 80, 










mR\? = 150, 










m/T = 95, 










m/y = 60, 


1 UU 








m/S = 120," 









[pages ^(37-^38] 



350 

^39 8- By problem 6, / C and / BXY are supplementary and 
/ D and / AXY are supplementary. But / AXY and 
/ BXY are supplementary. Therefore / D and / C 
are supplementary and so AD 1 1 BC . 

9. Draw radii PA and ~PB. Since CD 1 AB , AM = BM by 
Corollary 13-2-3. A APM = A BPM by S.S.S. (or S.A.S. 
or Hypotenuse-Leg), so that m/ APC = m/_ BPC . Also, 
m/_ APD = m/ BPD by supplements of congruent angles . 
Therefore mAC = mBC' and m^B = niBD, by the definition 
of measure of an arc. Hence CD bisects ^CB and 
ADB. 

10. A ACB is a right triangle with right angle at C, by 
Corollary 13-7-1. CD is the geometric mean of AD 
and BD, by Corollary 12-6-1. 

11. By Theorem 13-7, m/ A = -|n^DC . Since m/ A = 90, then 
n^DC = l80, and 'BUb is a semi-circle. Hence, by 
definition, BAC is a semi-circle. 

44o*12. By Problem 5 v;e know there is a circle through A,B,C. 

Let ^Cd" intersect this circle in D» . Then ABCD' is 
inscribed in the circle, and, by Problem 6, /_ BAD' is 
supplementary to / C. But / BAD is supplementary to 
/ C by hypothesis. Therefore, / BAD'S^/ BAD, since 
supplements of the same angle are congruent. Hence,' 
AD = AD^ and D = D' . 

*13. Since AC and BD are tangent at the end-points of a 
diameter, then AC || BD. Also, AC and BD are 
segments of chords in the larger circle which are 
congruent by Theorem 13-3. By Corollary 13-2-3, the 
radii OA and "OB bisect these chords, so that 
Ac" S BD. Therefore quadrilateral ADBC is a parallelo- 
gram, by Theorem 9-20. But the diagonals of a parallelo- 
gram bisect each other, so that ■ AE and CD bisect 
each other at some point, P. Now 0 is the mid-point 
of AB, so P = 0, and C, 0, D are collinear, 
making CD a diameter. 107 
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Other proofs are possible, 



44i 



Theorem 13-9 . In the same circle or in congruent 
circles, if tv/o arcs are congruent, then so also are -che 
corresponding chords. 

Using the figure in the text for Theorem 13-8 we see 

that: 

Given: AB = pTb^ . 
To prove: AB = A»B* . 

Since A^ =: A^> , Z ^ - Z and by S .A.S. Postulate we 

have A APB ^ A A»B'P^ . Therefore AB - A'B', by corre- 
sponding parts . If AB and aTb> are major arcs the same 
conclusion holds. If the arcs are semi-circles then the 
chords are diameters and are congruent. 

Theorem 13-10 is immediate if / SQR is a right angle, 
since then the intercepted arc is a semi-circle. 

Here is a proof for Theorem 13-10 in the case in which 
/ SQR is obtuse. 
Given: /SQR is obtuse. 

To prove: m/ SQR = -gniQXR. 

Let QT be the ray opposite 
to 0>S . Let X and y be 
the measures of SQR and 
/ TQR, as in the figure. 
















1. 


y 


= -ImQYR 




1 


Theorem 13-10, Case in 












text. 


2. 


X 


= i8o - 


y- 


2 


Supplement Postulate. 


3. 


:< 


= i8o - 


-^-mOYR. 


3 


Steps 1 and 2, 


't. 


X 


= 1(360 


- m®) . 


h 


Algebra. 


5. 


X 








Definition of measure of a 






.1 0 8 




major arc . 
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In Problem Set 13-4b, Problems 8, 9, 10, and l6 are 
interesting theorems in their owr '^-ht: - i are applicable 
to manv numerical problems . ' Ly grasped and 

proved. However, they are r. l / later deductive 

proof in the text. 

In the theorems on these pages we will be establishing 
relationships about the products of the lengths of segments 
by first establishing a proportion involving these segments 
using similar triangles. 



Problem Set l3-4b 

1. (See Teacher' s Commentary for proof of Theorem 13-9.) 

2. a. Since chords AP and BH are congruent, they cut 

off congruent minor arcs HAB and FBA. By 
Theorem 13-6, mHA + mAB" = mP^ + mAB, and so 
mHA - rriFB^. 

b. Prom rr^i^ = mPB we get HA = PB by Theorem 13-9 • 
m/ A = m/ B and m/ AHB = m/_ BPA by Corollary 
13-7-2. Then A AMH ^ A BMP by A.S.A. 

3. Since ABCD is a square, DA ^ AB « BC, and therefore, 

K A^ a by Theorem 13-8. Then m/ DEA = m/ AEB 
= m/ BEC since they are inscribed angles which inter- 



cept 


congruent arcs 


in the 


same circle. 


a . 


/ BAG. 


f . 


Z ADC. 


b. 




g. 


/ DCA, / DBA. 


c . 


/_ ADB, / BAP. 


h. 


Z DAP. 


d. 


/ DAP. 


i. 


Z ^AB. 


e . 


I DCB. 


J. 


Z DBC. 
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kk^ 5. Since mPB = 120, m/ BPC = 6o by Theorem 13-10. 

PQ J_ CP, so that m/_ BPQ = 30. A APQ is a 30 - 60 
right triangle. Hence, AP = 4-/T. 

*6. Draw the common tangent at H. Then thr- angle formed 
by the tangent at H and line u 1.. u, ared by the 
same arc as the angles formed by the ''".'^ u and the 
tangents at M and N. Then the tangents at M and 
N are parallel by corresponding angles in one case 
and by alternate interior angles in the other case. 

*7. Draw PB. By Theorem 13-7, m/ BPR = ^mBR. By Theorem 

13-10, m/ BPT = |mP§. But m^R = m^B, so m/ BPR 
= m/ BPT. BF J_T^ and BE by definition of 

distance from a point to a line. PB = PB, so 
A PBE a A PBP by A.A.S. Therefore, BE = BP, which 
was to be proved. 

8. Draw BC, forming A BCE. Then, m/_ DEB = m/ C + m/ B 
= -ImSB + -IfuAC = -ICmDB + mAC) . 

9. Draw BC, forming A BCE. Then, m/ E = m/ ABC - m/ C 
= ^nvkd - ■|niS5) = - rnSi)) . 

10. The proof is the same as for Problem 9, except that 
Theorem 13-10 is used to get the measure of one angle 
in each case. 

11. rnSS = 30. m/ BAD = 30. 
mCD =30. m/ AGE = 70. 
m/K =25. m/ DGE = 110. 
m/E = 30. m/ ADK = I^IO. 



.( 11) 
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Ml6 12. rriDA = 88 and msB = 122, 



EDC - 


m/ DEC 


= 31. 


CMD = 


ra/ AMB 


= m/ ABC 


DMA = 


m/ CMB 


= 105. 


fa/ FDB = 


m/ DCB 


= 88. 


m/ ACB = 


m/ ACD 


OBA 


CAB = 


ra/ CD^ 




m/ DCE = 


m/ BL. 


C) 


m/ DEC ^. 


57. 




m/ DFA = 


48. 




m/ CAP = 


119. 




m/ CDF = 


1^9. 




m/ ACE = 


136. 





13. a. By Corollary 13-7-2, m/ ADP = tn/ BCP and 

ml DAP = ml CBP. Hence A APD -v. A BPC by A. A. 
b. Since similar triangles have corresponding sides 
proportional, || = |g. Clearing of fractions we 
have AP • ^C = PB • PD. 

14. a. By Theorem 13-10, m/ DAC = ^mA^, and by Theorem 

13-7, B = ^C. Therefore m/ DAC = m/ B. 

Since ^ d is common to the triangles, 
A ABD ^ A CAD by A. A. 

b. Since similar triangles have corresponding sides 
proportional, |g = ^D^ Clearing of fractions we 
have BD • CD = AD^. 



1 1 1 
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44? *15. m/ a = |(mAV - mDU) = ^{m^ - mUC) , so 

m^V' + muS = mV^ + n6l?. Similarly, working with / b, 
m5B + rnf?' = lilts' + rr^ . 

Now m/ PRQ = |(mU^ + mS^) = |(mu5 + mCT + mS' + m^V) 
= ^{m\JC + mAV') + ^{mCT + mAS) 
= + mDU) + ^(mSD + nfflT) 

+ m^) + ^(m^ + mDU) 
= -ICrnVT + mSl?) = m/ QRV. 

Therefore / PRQ Is a right angle, by definition. 

♦16. Case I: Draw the diameter from P. Since the diameter 
Is perpendicular to the tangent It Is per- 
pendicular to Ab", By Theorem 9-12. There- 
fore, mAP = mBP. 

Case II: Draw the diameter perpendicular to the secants. 
By Case I, mA? = nffl? and mC? = By 
subtraction, mA? = niSB. 

Case III The diameter from P will have L as Its 

other end-point, by Theorem 9-12 e-^d Theorem 
13-2. Then the two arcs are semi- .- "-les 
having equal measures, by deflnltlr . 
Alternate proofs Involve drawing radii to form congruent 
triangles, or drawing chords which are transversals and 
using alternate Interior angles. 



) ■) 

L -1 
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' r-,-l,j :;: :;,n;i..ti:nen Stated, "Given a tangent and 

- ■•■^••M iin Gxternal point, the length of 

•.^ii-v =;/..-;.-a.-u-!c mean of the length of the secant 
!. l;:; oxLernal aegment." The reasons in the 
' ' ( ■•'.) Theorem 13-7; (2) Theorem 13-10; 

■ ' (■•) .:-....rcllary 12-3-1 (/ Q == / Q, Identity); 
rroa pond 3 Ides of similar triangles are proportional; 
: : i.y both Mer, by QR • QT . 

:;'';re:ii .1.3-],-'f nf-i '.:■■■] . words is, "if two chords inter- 
: Lt. a cLrel-;,, . , „• product of the lengths of the 
t;: <:t' one oqu.'iio the product of the lengths of the 
o t' the (jthei' . " 
the lab...i;ii^ or' the figures for Theorems 13-12, 13-13, 
ko:.'., ccn:iL;;tont as Illustrated below 



or th-; 
■ '■ t::e 
;ind 

:e T . 
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A SQU 'V A TOR 
-Theorem 13-1^ 
QR • OS = QU • QT 



OR • OS = QU • QT 

Since R = S and T = U 

we get QR • OR = QT • QT 

2 2 
OR = QT . 

Since QR and QT are 
positive numbers we have 
Theorem 13-11, QR = QT. 



QR • OS - QU • QT. 
Since Q = R = U then 
QR = 0 and QU = 0, hence 
0 • OS = 0 • QT 

0=0 c 
and this is a trivial 
result, but the pattern 
QR • 03 = QU • QT still 
holds . 
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Problem Set 13-5 



^52 1. 



^53 



2. 



3. 



2. 



3. 



AC, CE and EH 
are tangents at 
B, D, and P 
respectively. 
CB = CD. 
EP = ED. 

CB + EP = CD + DE 
= CE. 



Given. 



2. 
3. 



Theorem 13-11 
Addition. 



By Theorem 13-12, x(x + 13) = 4 . 12. 

+ I3x = 48. 

+ I3x - 48 = 0. 
(x + l6)(x - 3) = 0. 

X = 3. 

Let BK = a. Then by Theorem 13-13, 

a(a + 5) = 36. 

+ 5a - 36 = 0. 
(a + 9) (a - 4) = 0. 

a = 4. 

BK = 4. 
By Theorem 13-14, we have 

x(l9 - x) =6-8. 

x^ - 19x + 48 = 0. 

(x - 3)(x - 16) = 0. 

X = 3. 
w = 19 - X = 16. 
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< — > < — > 

•\B and BC are 


1. 


Given . 


taiu'/'^nt at A and 






0 res DOC t Lve Iv . 






A AOB and A COB 


2. 


Corollary 1?-^ ' 


ar- i'l.[:^ht trl- 






[;V -vBO - :ri/ CBO 


3. 


m/ ABC = 120, and 






Theorem 13-11 . 






Theorem 11-9* 








;.ai + CB - OB. 


5. 


Addition . 


^ oarif^ents to a c lpc 


le 


from an external point are 


IV.: - 


SP, 
FiM , 
CP, 
DM, 




and f^:rouping, 






; >:h) -r (CL -t- DL) 


(SP 


^- CP) 4- (Ri^ + DM) , or 



DO the radius . 
:y Thoorem 13-1^1-, 
) (r - 8) ^6-6, 

36, r - 10. 




I 3" 12, y • AR - 6 • 1^[, 

AF? 6-2 - 12, 

Alf. = 12-7-5. 

.iMio or til'- olrcle be r. Then by Theorem 

o ^ 

^0 - (I'-)'"- Hence r = ID. 

1 1(3 
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^5^ 10. Since all angles of the triangle have a measure cr 6o 
the minor arc has a measure of 120. This leave.; 'IfO 
for the measure of the 'najor arc. 

II. If m is the length of the shortest of the four segments, 

the rest of its chord would have to be the longest of the 

segments. Otherwise the product of the stents of this 

chord would certainly be les-s than the product of the 

segments of the other. Hence, if it were -possible to 

have consecutive integers for the lengths they would be 

labeled as shown. But in this case, by Theorem 13-1^^, 

it would be necessary that: 

m(m + 3) = (m + l)(m + 2) 

2 P 
or m + 3m = m*^ + 3m + 2 

or 0=2. 
Since this is impossible, the lengths of the segnents - - 
cannot be consecutive integers . 

*12. Applying Theorem 13-13, we have AM^ = MR • MS and 

MB^=MR-MS. Hence, AM^ = MP^ and AM = MB. 
Similarly CN = ND. 

^55 13. a. Pour; two internal, two external. 

b. One internal, two external. 

c. Two external only. 

d. One external only. 

e . None . 



1 1 .'■ 
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^55 Draw radii RA ana .et AB intersect RQ at P, 

m/ A = m/ B = 90, and m/ APR = m/ BPQ by vertical 
angles. Therefore A APR ~ A BPQ by A. A. This gives 

^ ^ Now suppose DC meets RQ at point P» . 

RP ' RA 

Then, by a similar argument, we arrive at = -q^. 

RP ' RP 

Hence - ^ both between 

R and Q. Therefore P' = P. 

♦15. Problem l4 assures us that AB and CD meet RQ at 
the same point P. Therefore, by Theorem 13-11, 
PA = PC and PB = PD. Adding, we have 
PA + PB = PC + PD, or AB = CD. 

16. Draw QRlAP". In A PQR, RQ = ^/(PQ)^ - (PR)^. Hence 
RQ = ^8. But AB = FQ, since RQBA is a rectangle. 
Therefore, AB - if8. 

17. As in the previous problem^ draw a perpendicular from 
the center of the smaller circle to a radius of the 
larger circle. By the Pythagorean Theorem, the 
distance between the centers is 39 inches. 

18. Draw ^ J_^. Since PQ = 20 and PE = 7 + 9 16, 
then QE = 12 " AB. 

♦19. Let d be the required distance. By Theorem 13-13 

^ 2 

Now since h is very sroaZl compared to 5280, ( ^^^^ ) 
is exceedingly small, and is not significant. So 
approximately, d = -/1.515h = 1.23 -/h. 
Hence, d is roughly ^ -/h. 
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Review Problems 



457 1, 



2. 
3. 



^58 4, 



5. 

^59 6, 



chord . f . minor arc . 

diameter . (also chox^d . ) 
secant. g. major arc. 

radius. h. inscribed anpjle. 

tangent. i. centrai angle, 

and 70 . 

AXB = 90, because' it is inscribed in a semi^circle. 
m/ AXY = 45. mAY = 90 since / AXY is inscribed. 
Hence the measure of central angle ACY is 90 making 
CY _[ AB. 



a . 
b , 
c . 
d. 

e , 



err: 



a . True . 

b . True . 

c. False. 

d. True. 

e. False, 
m^ C = 65. 
Let miS = r 



h, 
i. 
J. 



True . 
False , 
True . 
True . 
True . 



m/ ABX = 65. 

Then m/ PGR =r. 90 ^ 
m/ NHC = 180 - (90 - r) or 90 -f- r. Then 
m/ NHR - m/ NHC - 90 (90 v v) - 90 r. 
Hence, mhS m/ NHR. 

Th"^ figure shows a cross- 
sect I.on with X the 
depth to be found. 



2- 



20^ -f- (25 - x)^ 



22s ^ (25 - x)" 
I? 25 - X 
IC - X- The depth 




10 i iich<.\: 
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^59 8, 



*10, 



^6o 11, 



9f + 12^ 




25 inches 



By the Pythagorean Theorem, 
AD = 9. If r is the 
radius , then OD = r - 9 
and OC = r. Hence, in 
A DOC, 

2 / 
r = (r 

r^ = r^ - l8r + Bl + iW, 
l8r = 225, 

r = 12.5. The diameter of the wheel is 

long. 

Consider the distance 
BX to any other point 
X on the circle, and 
the radius CX. 
BC + PlB = AC = CX, By 
Theorem 7-7, 
BC + BX > CX. Hence, 
BC + BX > BC + AB and 

BX > BA- 
Also BX < BC + CX, 
or BX < BC + CD = BD. 

(ifOOO)^ = (100)^ + (4000- x)' 

{kooo - x)^ - 15,990,000. 

kOOO - X = 3,998-75. 
X « 1.25, approx. 
The shaft will be about 

1^ miles deep. 

AY = AP and AX = AP, because tangent segments to a 
circle from an external point are congruent. Therefore, 
AY « AX. 

120 










100 / 


4000- X 






4000 

V 
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*12. = 1(8 + 1) = 9, by 

AP = PX = XY = 3, so 
3 • AX = 2 • 6, by Theorem 
AX = 4. 

*13. The angle measures can 
be determined as shown. 
Hence, A PAR and 
A QCR are equilateral 
triangles and PRQB is 
a parallelogram, 
PC = PR + RC = AR + RQ. 
But AR = AP and 
RQ = PB. Hence, 
PC = AP + PB. 



Theorem 13-13 . 




i 
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Illustrative Te:j t Items for C hapt er 13 



A. Indicate whether each oi' tho following statements is true or 
false . 

1. ir a diameter of a ::ircle bisects a chord of that circle 
which is not a diametei^ then the diameter is perpendicu- 
lar to the chord. 

2. If a line bisects both the major and minor arcs of a 
given chord, then it also bisects that chord. 

3. If two chords of a cix^cle are not congruent, then the 
shorter chord is nearer the center of the circle, 

4. If the measure" of an angle inscribed in a circle is 90, 
then the measure of its intercepted arc is k^. 

5. Any two angles v/hici". intercept the same arc of the same 
circle are congruent. 

6. Two concentric circles have at least one point in common. 

7. An angle inscribed in a semi-circle is a rigl'it angle. 

8. If the interiors of two spheres each contain the same 
given point, then the spheres intersect in a circle. 

9. If two circles are tangent -.Internally, then the segment 
Joining their centers is shorter than the radius of 
either circle . 

10, If two arcs, each of a different circle, have the same 
measure, then their chords are congruent. 



B. 1. Given: AB || CD as 

shown, with nxkd = 100 
and mCD - ^^0. 
Find: a. m/ B. 

b. m/ C. 

c . m/ DAB , 




40 



c . 



a. 



In the figure, XY Is 
tangent to circle 0 
at B. Find 



m/ RBS. 
m/ S. 




Y 



The mid-point of a chord 10 inches in length is 12 
inches from the center of a circle. Find the length of 
the diameter. 

Two parallel chords of a circle each have length l6. 
The distance between them is 12 J Find the radius of 
the circle. 

Two concentric circles have radii of 6 and 2 
respectively. Find the length of a chord of the larger 
circle which is tangent to the smaller circle. 

The distance from the mid-point of a chord 12 inches 
long to the mid-point of its minor arc is h inches. 
Find the radius of the circle. 

In a circle, chords AB and CD intersect at E. 
AE = 18/ EB « 8 and CE = Find ED. 

Given: Chord BP 

bisects chord AC at ' ^ ^ 



H. DE is a tangent. 
FH « 3, BH « 12 and 
CD = 3. 

Find : AC and DE . 
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D. 1. Given: CA Is tangent 
to circle 0 at A. 
Prove: BAG = in/ 0 




2. 



3. 
if. 



Given: mAC = mBD. 
Prove: AB || CD. 




Prove that a parallelogram inscribed In a circle Is a 
rectangle . 

Given: Circle P with A B 

AB, BD, and DE 
tangent to the circle 
as shown. 

Prove: AB + ED = BD. 
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Given: Two circles are tangent at A and the smaller 
circle, P, passes through 0, the center of the 
larger circle. The line of centers contains A. 

Prove: The smaller circl*^ bisects any chord of the 
larger circle that has A as an end-point. 

NO is a radius of 
sphere 0. At 0, 
plane P J_ TlO. At 
P between N and 0, 
plane E J_ NO . PY 
and OX are coplanar 
radii of the circles 
in which E and P 
intersect sphere 0. 

If mNY = -jniNJ?, 
explain why PY = i OX. 




Answers 



C. 



3. 
^, 
5- 

1. 
2. 

1. 
2. 
3. 



True . 
True . 
•False 
Palse , 
False . 

a . 
a . 



70. 
60. 



b. 
b. 



110 
100 



26 inches . 
10. 

8 72 (from 2v^) 



6. 

?• 

8. 

9. 
10. 



c 

c , 



Palse , 
True . 
Palse . 
Palse . 
Palse. 

50. 



20. (Use auxiliary 
segment RS or OB. ) 
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4. Let r her- the radius 
36 = ^- Zr - ^) . 

52 - £:.. 

6 . ^ = - radius 

Is 6, ir les long. 

5. 36. 

6. AC = 12, OE = 3^/5■. 

D. 1. m/ BAG = v^n^. 

n\/ 0 = mAB. 
Hence m/ BAG = 0. 

2. Draw AD. Then m/ BAD = m/ GDA since they Intercept 
congruent arcs. AB || CD, because of the congruent 
alternate Interior angles formed. 

3. Given: ABGD Is a 
parallelogram Inscribed 
In circle 0. □ 
Prove: ABGD Is a / 
rectangle. I 

A 



Opposite angles of a 
parallelogram are congruent 

Arcs Intercepted by con- 
gruent Inscribed angles. 

An angle Inscribed In a 
seml-clrcle Is a right 
angle . 

Definition of rectangle 
and Theorem 9-23. 





1. / D 3 / B, . 1. 

2. ADC s ^ic, and 2. 
ffi Is a seml-clrcle . 

3. / D Is a right angle. . 3. 

4. ABGD Is a rectangle. 4. 
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5. 



Since - ^3 r a circle from an exter:::^! point are 
congru:n"^< ^^^-^ AB « BC and DE = DC By addition, 
AB + DE -G. 

Let AX b a *^w^^^d of 

circle 0 %»fh5 -.^ liter- / \ 

sects cir: i X X. I 0 \ 

Prove: <.^(. I /^^^^^^\ 

Consider TfO \ I / 

is a rigl- jecause / 

It is insc: Vn a semi- 

circle, ^' oecause a line perpendicular to a 

chord and ^^.t.-.:.xxng the center of the circle bisects 
the chord. (S j:me OA and PA are perpendicular to a 
common tar. : en-: at A, P must lie on "OA.) 



Since NO _ at P, 
NO J[ Py", snc? ^ OPY 
is a righ± tai^iangle. 
Since NO at 0, 

m/ NOX = 90, axd 




From proper1:l£ir i:Z a 
30 - 6o righr rm^gle 

PY -|oY. But :r = OX. 

Therefore, ?Y = -5OX. 



12 V 



Chapter 14 

CPIARACTERIZATION OF SETS. CONSTROCTIONS . 

This chE^ter could be entitled Loci and Constructionr 
It deals with the traditional material of loci and ruler 
and compass constructions, and the treatment is mostly aon 
ventional. The only real innovation is the use of the tarr 
"characterization of a set'' rather than "locus'' as explci.- .c: 
below . 

The teacher may notice with relief or chagrin that t::- 
word locus does not occur in this chapter of the text. Ir:: 
omission is deliberate. Conventional texts generally 
contain the phrase "locus of points" or "locus of a point". 
The phrase arose historically to mean (l) a description of 
the "location" of all points which satisfy a given condition 
or (2) the path of a point which "moves" so as to satisfy 
the condition. In each case the locus is a figure, that is, 
a set of points. Since we are already familiar with the 
term set, it seems undesirable to introduce a superfluous 
term which students often find confusLig. 

A more significant advantage, however, is that it allows 
us to concentrate on and develop the essential issue: to 
define each set by a common, or characteristic, property of 
its elements. We are concerned with defining, or character- 
izing, a set of points by means of a property which each 
point of the set must satisfy. Note that this point arises 
in Dther branches of mathematics. For example, in algebra 
we define the set of even integers by specifying a character- 
istic property (namely, divisibility by 2) satisfied by every 
even integer and by no other integer. 
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ia:.'ize: 



We charac erlze by specifyinr^ z. 



:uondI.t v/r. vh is saTicTied -r all -n:;s of the se~, 

bi.it no -n-: ••- iements ; we cal^ -he c ' Lon a 
charac: :rl2:-7..Qn of the set. Tz she -rh^t a certain set :,r 
characL-riz-z by a given condition, we m~^t show (l) that 
each pc :_!it jI" the set satisfies the :aven condition; and 
(2) eac/. point satisfying the condition l3 a point of the 
set. T.ius; v/e must prove (l) theorem and (2) its converse. 
Sometinies it: is convenient to prove (2) by the indirect 
method. 

V/e mentioned above that in order to characterize a 
figure, we must prove a theorem and its converse. Ccnsid~r 
the following example: Identify the set of points equi- 
distant from two intersecting lines. Having drawn two 
interse :: ting lines L-^ and as below, a student migh-t 

proceec to use the property that each, point of the bisector 
of an a::gle is equidistant from the sides of the angle and 
conclude that is the required sei; of points. 



His solution, however, is not correct, i ince he has found 
only a pa-t .f the required set. If he said that every 
point Ln this set was eq;_ldistant from the two intersecting 
lines, would be cc:rr-r--:u, t:..Tt if he were to try to 
establLsr. that every r:— :t that satisfied i:he given condition 
was in tnis r:e-3, he woulcii readllr see his error. For "chere 
is a poir.: as in the fig-re below^ that is equidlrtan- 

from L.^ an- L^, but which idoes not Z_e in . Isi. facr 
there ar^- many points which ha^e this irroperty, and v/e see 
that the set defined is not Just one line, but two lines 
determined by the bisectors of the angles . 




L, 
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In Prrbler. Set 1^-1, the te~ cylindrical surface is 
usee. The .T.sar,.^.g shculd be intuz:iively clear to students 
and may be used accordingly. 

Problem Set l4-l 

The set: of points is a sphere with center C and radius 
3 inches , 

The 3Go of points is a circle in E with center C 
and -r-Blius 3 inr^ies . 

The 3^t of points is the l±ne in the plane E which is 
pa rp TTel to each of the rrLven lines and equidistanf: 
fr-TTT: them. 

^Hven I., int. 
<— > 

ScQution S^c 



Ler zz^ the pcf:i!n: cr E which is the foot of the 

par5>er-l±iiuLlar f-cn C co E (i.e. oc" is 3 inches 

lon:^\ - 

a. Trie set of points is a rr^pcle with center 0 and 
rarlus k inches . 

b. Thre set consists of the .single point 0 

[page ^63] 
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h63 1. 
2. 
3, 



3 ^ 
4c 3 



a , 



There are no point ir: - 2 inches from C. Hence, 
the required ser Iz zhe empty set. 

There are four mc: oo' . 




AB II L; CD L; AD || M; BC i] M. Trie 
required set -^nsists of the paints of th£rr 
□arallelogram AECD together witn all irrterlcr 
pc:int:s . 

6. a. The set consis: ; ::f two points, the third "^/erlrlces 

cf the two ^q^i^ U^reral t™'*.angles wfaiiizh hsr^ie ^ 
one sir 

b. rne s-zJ^r : cn: se is trre intersection of tne two 

cxrcuiar -gior:.. with centers A and B respec- 
tively an:, racll leet. 




1 ;3 1 
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c. The mid-point of A3 is the only pcint of the set. 

Q. The empty set. 

7. The set is the union of a pair of line ::;egmeni:s parallel 
to and having the same length as AB ::::r.c two semi- 
circles with radius 1 Incxi and center;- A and B 
respectively, as shown. 




Problem Set 1-— 2a 



1. a. The sphere whose cen:rj£;.- Is the ^glr^^ point axui. 
whose radius is the g±r=^ distance,. 

b. The cylindrical surfa.:j:e with the given line as 
axis and the given distance as racius . 

c. The two planes parallel to the 2;lri2n plane and at 
the given distance rrcnn it. 

d. The four lines wh-l^rr. a. the in":eir^^^:::ri.ons of the 
following sets of r.u^nes : trwo at :;7ie given dlr-- 
tance from one of irns given planer:,, two at the 
given distance from the other gl.-^^^ ^ilLane . 



1 ^ 
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The intersection, of the two spheres having the 
given points as centers and the given distances as 
radii. This intersection may be a circle, one 
point, or the empty set. 

r. A cylindrical surface (see b above) capped by 
tv/o hemispheres. 

a. The line which is the perpendicular bisector of the 
segment Joining the two given points. 

o. The line parallel to the given lines and midway 
between them. 

c. The two lines which bisect the angles made by the 
given lines . 

c . One point - the intersection of the perpendicular 
bisectors of two of the sides of the triangle 
determined by the given points . 

a. The perpendicular bisecting plane of the segment 
joining the given points. 

b. The perpendicular bisecting plane of a segment 
which is perpendicular at its end-points to the 
given lines . 

c . The plane which is parallel to the given planes 
and midway between them. 

d. Two planes which bisect the dihedral angles made 
by the given planes . 

e. A conical surface composed of lines through the 
foot of the perpendicular and making 45° angles 
with the given line. 

a. 1 . true . 2. false . 

b. 1. true. 2. false. 

The pole should be placed at the point where the per- 
pendicular bisectors of two sides of the triangle 
intersect. 
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^65 6. 
^66 7. 

8. 



The perpendicular bisecting plane of AB, minus the 
mid-point of AB, 

The point is the intersection of the perpendicular 
bisectors of two of the segments joining the pairs of 
points. If the points are collinear the two per- 
pendicular bisectors will, of course, be parallel. 

Points equidistant from two given points lie in a plane 
r^ . Points equidistant from two given parallel planes 
also lie in a plane r^. In general, the intersection 
of two planes is a line, but if the two planes should 
be parallel, the intersection is the empty set or if 
the two planes should be equal the required set is a 
plane. In summary the set may be a line, a plane, or 
the empty set. 



Given points A, B 
and parallel planes 
m and n , 




The union of the interiors 
of two circles with 4 cm, 
radii and centers at the 
given points . 




1 3 4 
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\ 




^12. 



d >i 




d= I (Center of 
square is part 
the set ) 



d < 



\^ 

Two pins are put in a 
drawing board, at P 
and G, and a loop of 
string of length 9 
is placed around them 
and pulled taut by a 
pencil at P. As the 
pencil moves, always 
keeping the string 
taut, it describes a 
figure called an 
"ellipse**. 




r 



3 b 
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To J-.^tify Statement 1 we are assuming from the diagram 
that sine D is in tine Interior of ^ BAG so is P. 
(D is in the interior or ^ EAr since AD is the bisector 
of BAG.) This can be prove^d formally by using Theorem 
6-5 and the definition of the inferior of an angle. 

In order to iliustrrrte the precision with which we must 
define a set of points, tns following problem might be 
presented to the class: 

Given two points .4. and what is the set of 

points G such tfcHT A ABG is a right triangle? 

At first thought, cne might consider that the angle 
inscribed in a semi-circle is a right angle and give the 
following as a pictirrs ci: the set; q 

Note that points rL 
and 3 are not ±n zhe 
set 

However, the problem ciLd not say, "What is the set of points 
C such that A ABG Is a right triangle with right angle at 

The right angle aigrit equally -well be at A or at B, 
and we have to draw the set like this: 




The set consists of aZI points on a circle with diameter AB 
and also all points on the lines perpendicular to this 
diameter at A and B excluding the points A and B. 

Fpage ^67] 




In Theorem l4-2 we are referring, of course, to the 
perpendicular bisectors of the sides in the plane of the 
triangle . 

Theorem 14-2 will be used later to circumscribe a circle 
about a triangle. The construction is a direct consequence 
of the theorem. Since the point of concurrency is the center 
Of the circumscribed circle, it is called the circumcenter 
Of the triangle. 

In the proof of Theorem 14-2 we can answer the question 
"Why?", as follows. Suppose || L^. We know Ab"! 

and AC J_ Lg. Hence AB J_ Lg. Thus the two lines AB, 
are perpendicular to Lg, and must be parallel. 

Proofs of the Corollaries 

Corollary 14-2-1 . There is one and only one circle 
through three non-collinear points . 

Since the existence and uniqueness of a point equidistant 
from the three vertices of a triangle is proved in Theorem 
14-2, the center and radius of a circle containing any three 
non-collinear points are uniquely determined. 

Corollary 14-2-1 . Two distinct circles can intersect in 
at most two points. 

Theorem 13-2 rules out the possibility of more than two 
collinear points and Corollary 14-2-1 rules out the possibility 
of three, or more, non-collinear points. 

< > I" ■the proof ^ Theorem l4-3, L^^ is perpendicular to 
DE because L-^ J_ BC and BC || "d^. 

The point of concurrency of the altitudes of a triangle 
is called the orthocenter. 

We have shown in Theorem 9-27 that the medians of a 
triangle are concurrent at a point, called the centroid of 
the triangle. 

I 3 7 
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It is interesting to note that in a given triangle, the 
orthocenter, circumcenter and the centroid are collinear. 
This leads to an interesting problem, if we draw the segment 
betv/een the orthocenter and the circiimcenter and find its 
mid-point, then using this point as center and the distance 
from this point to the mid-points of the sides of the tri- 
angle as a radius and draw the circle defined by these 
conditions, we get what is called the Nine - point Circle . 
This circle has the following properties: It passes through 
the mid-points of the sides, it passes through the feet of 
the three altitudes of the triangle, and it passes through 
the mid-points of the segments Joining the orthocenter (point 
of intersection of the altitudes) to the vertices. 

For complete rigor in the proof of Theorem l4-4, one 

should first prove that AD and BE really do intersect. 

The proof is as follows: Since m/ A 4- m/ B 4- m/ C = l80, 

and m/ ABE < m/ B, and--- m/ BAD < / A, then we have 

m/ ABE -h m/ BAD < iBO. 
< — > <— > 

Mow BE and AD are not parallel, since otherwise we would 
have m/ ABE m^ BAD = l80. (We are using the fact that E 
and D are on the same side of ^A!^ to ensure that / ABE 
and / BAD are a pair of interior angles on the same side 

AB . ) Thus BE and AD intersect . 



of the transversal 
Let BE' and AD' be the rays 



opposite to BE and AD. 



Then 



one of the four cases must hold: 



(1) BE^ * intersects AD» . This 
Ls impossible since if their 
point of intersection were T, 
the triangle TAB would have 
two angles the sum of whose 
measures was more than iBO. 





(2) BE' intersects AD. 
lie on opposite sides of 

(3) BE intersects AD» . 
reason as (2) . 



^ Th is is impossible, since the rays 
AB. 

This is impossible for the same 
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(U) BE intersects AD. Being the only possibility left, 
this must be true. 

Notice that we have used no special property of bisectors, 
merely the fact that BE and AD (excluding B and A) 
are in the interiors of ^ B and / A, 

Theorem 14-4 will be used to inscribe a circle in a 
triangle. We can see that the point of intersection is 
equidistant from the sides of the triangle, and a circle 
with this point as center and the distance from this point 
to a side as radius, will have the sides of the triangle as 
tangents. This point of concurrency is called the incenter 
of the triangle. 



Problem Set l4'-2b 

1. The point is the intersection of ^PQ and the bisector 
of / B. 

2. The fountain should be placed at the intersection of the 
bisector of / B and the perpendicular bisector of DC. 

3. The proof is almost 

identical with that of 

Theorem l4-4: If the 

bisectors of ^ BAG 

and / DBG meet at P, 

P is equidistant from 
< — > < — > 
AB and AG, and also 

from BD and Bc! ^ 

But A]f^r=^, hence, c 

P is equidistant from 
< — > <— > 
GE and BG and lies 

on the bisector of /bGE. 
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^72 4. This follows by applying Theorem Ih-k and Problem 3 to 
the bisectors of the interior and exterior angles of 
the triangle as shown. 




^73 5. Let m be the radius of any circle with center M and 
n be the radius of any circle with center N. Then 
the situations are: 

a, m + n < MN. 

b, m > MN + n or n > MN -f m. 

6. The angle bisectors are not necessarily concurrent. 
They are concurrent for a square or a rhombus. In 
general, they are concurrent if and only if there exists 
a circle tangent to each of the sides of the quadrilater- 
al. 

7. Each of the six segments is a chord of the circle. 
Hence > each perpendicular bisector passes through the 
center of the circle. 



140 
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^73 8. 



474 1, 



The required set is the circle with the segment as 
diameter, but with the end-points of the segment omitted. 

If P is in this set, then / APB Is a right 
triangle by Corollary 13-7-1. 

If / APB is a right 
angle, let jf^ intersect 
the circle in Q. Then 
/ AQB is a right angle by 
Corollary 13-7-1, and hence, 
Q = P by Theorem 6-3. 
Therefore P lies on the 
circle, but P / A and 
P / B. 




Problem Set l4-3 

There will be two points P, the intersections of the 
circle with center A and radius 4, and the circle 
with center B and radius 5. 

The two points P, P» , 
are the intersections 
of the perpendicular 
bisector of AB and 
the circle whose center 
is C and whose radius 
is 5. 



i 4 1 
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ji , m, n are the _[ 
bisectors of AB, AC, 
and BC respectively . 
Each passes through the 
center 0 of the circle. 
Thus the points interior 
to the circle and to the 
left of Ji (shaded 
horizontally) are nearer 
to A than to B. 
Similarly the points in- 
side the semi-circular 

region shaded vertically are nearer to A than to C. 
The required set is the intersection of the interii^rs 
of these two semi-circular regions (the interior or tSJ+xe. 
sector ODAE) . 

a. Tvro points, the 
Intersections of 
the circle with 
center B and 
radius 4, and 
the circle with 
center C and 
radius 3 . 

b. Two points, the 
intersections of 
circles with 
centers B and 
C and radius 10. 
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Two points, the 
Intersections of 
the circle with 
center B and 
radius 10, and 
the perpendicular 
bisector of BC . 



One point, tr-e 
intersection of 
30 and the circle 
^'ith center B ijad 
radius 2, and trie 
circle with center 
C and radius 4 . 
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The inclusion of some compass and straight-edge con- 
structions in the text Is a luxury, a concession to the 
Interest this traditional topic has always generated In 
geometry classes. Under ruler and protractor postulates the 
restriction to compass and unmarked straight-edge Is quite 
artificial, por example, to divide a segment Into seven 
congruent segments we need only to divide Its length by seven 
and plot the appropriate points on the segment. An angle can 
be divided up by a similar process using a protractor 
Certainly one of the quickest ways to construct a perpendicu- 
lar to a line Is to use a protractor to construct an angle 
of 90° . «iitiJ-B 

The mam reason for this bow to tradition, then, is to 
attempt to capture the Interest which arises from the challenge 
that constructions provide. Historically, compass and straight 
edge constructions have been tremendously Important in stimu- 
lating Significant advances in mathematics, as in the theory 
of higher degree equations or in proving that tt is a trans- 
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cendental number. We hope that your students will likewise 
enjoy and benefit from the many challenges found in the 
theorems and problems of these sections. 

The absence of Theorem l4-5 in Euclid's Elements is one 
of the reasons why present-day geometers state that the 

jstulat'r system of Euclid is incomplete. For a more complete 
discussion of the need for tnls theorem see Studies II • 

Notice that for every construction, the text gives a 
proof. When the students do some of the constructions for 
themselves, some of these steuld be accompanied by a proof 
that the construction is correct. A careful analysis of a 
construc±lon problem will yis-ld a proof with Just a ll.ttle 
more work: ^hari doing the constmaction , 

Notice how the Two-Circle-Theorem is used to establish 
that the two circles in this construction theorem do actually 
intersect . 

Problem Set l4-5a 



1. Part d is not possible. 




4. a. If the length of the given segment AB is c, 
draw the circles with center A and radius c, 
center B and radius c. Since c + c > c, these 
circles intersect at C and C> , say, and A ABC 
and A ABC are equilateral. 



[pages ^76-480] 

1 4 1 



ir c is thb length or the given base AB and r 
is the length of the side, then the two circles 
with centers A and B and radius r v;ill inter- 
sect at C, , say, if and only if, r > |., 
and A ABC and A ABC will be isosceles with 
base AB. 



In Construction l^t-8, the condition that r should 
satisfy to insure the intersection of the circular arcs in 
two points, is that r must be greater than ^ the length 
of the given segment, in this particular problem, r > ^AB 
A value of r that is sure to work: is r equal to the 
length of the given segment; in this problem r = AB will 
always work. 

Notice that Construction l4-9 works Just as well if P 
is on L . 



Problem Set 1^^ 



Construct BC AC. 
Make BC ^ Ac". 
A ABC is the required 
triangle . 



2. Construct the perpendicu- 
lar bisector jl of Ac", 
meeting AC in M . Mark 
off MB, MD on J2 , 
each congruent to AM. 
ABCD is the required 
s quare . 

1 4 
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^83 3. Make FH s AB. Construct 
the perpendicular bisect 
of PH. Make EQ « CD". 



Bisect EQ. 



Make 



XR = XW = ^EQ. PWR is 
the required rhombus . 




On AF as a "working line", make XV = d and XQ = e 
QW is the base of our triangle. Construct XR _[ 
and on it make XF = h. 




PQ =• AB, OR = CD. ■ 

M is the mid-point 

of 7r. qt'j^'pr. 

QT meets semi-circle 

at S. OS is the 
geometric mean of ^ 

AB and CD . 
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Other ways to construct a line parallel to a given line 
through an extemal point are (l) construct corresponding 
angles con^-ruent and (2) construct a line perpendicular to 
a line through the given point perpendicular to the given 
line, 

^85 On the basis of a construction very similar to 14-11 it 

Is possible to divide the length of a given segment In a 
given ratio. Given a segment AB, we want to divide AB 
Into two segments such that the lengths of these segments 
will be In some given ratio, say p The construc^^.lon is 
as follows: 

Startlii^ at A draw any ray A^, and a ray not 
colllnear with ray AD. On AD mark off AB and on Tc^ 
mark off AE = a and EE = b. Draw "bF, and through E 
construct a line L parallel to BF Intersecting A^ at 




Proof: Since we^ have In A ABP, EG • parallel to BP and 
Intersecting AP and "WB, then It follows from Theox^em 12-1 

... AG AE , AG a 

that ^ = ]Ejr, hence, 735 = ^. 



1 1 7 
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Problem Set 14-- 5c 

485 1 . Make ci" a AB . Make 
/ D a / Q and 
MC a FH • Using E 
as center and the 
length PH as radiiis, 
strike an arc and with 
K as center and length 
AB as radltis, strike 
another arc Intersect-y 
Ing the first at X q 
on the opposite side 
of KE from D. DEXK Is the required parallelogram. 
(If both pairs of opposite sides of a quadrilateral are 
congruent. It Is a parallelogram.) 

2. Using OA as radius and 0 as center, construct an 
arc as shovm. Count the nxomber of small arcs (9 In 
this example) and draw a radius from 0 to the Inter- 
section of the arc and the (n + l)th line (lOth In 
this case) . The radius OB congruent to the original 
segment, will be divided by the lines of the paper into 
congruent segments, which may ba marked off on OA. We 
assume that the lines of the paper are parallel and 
that they intercept congruent segments on one trans- 
versal (the margin of the sheet of paper). See 
Theorem 9-26. 
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^87 ^. 



5. 



6. 



7. 



Corresponding segments on BD, AC are parallel and of 
equal length. q 




Hence, the segments PN, QM, RL, 
BP 



Hence, ^ 
XY = YZ = ZA. 



= 1 and BX = XY, 



SA are parallel. 
Similarly, 



Divide AB into three congruent segments. Construct an 
equilateral triangle with one of these segments as side. 

Divide AB into five congruent segments. Use one of 
them as the base . 

In effect we have here, "If the diagonals of a quadri- 
lateral bisect each other, then the quadrilateral is a 
parallelogram", and we know that the opposite sides of 
a parallelogram are parallel. 

Alternate proof: Use S.A.S. and alternate interior 
angles . 

On an arbitrary ray 

through A lay-off 

segments AC and CD, 

with C between A 

and D, of lengths a 

and b Through C 

draw C3r II A ACX / 

and A ADB are similar 

AX a 




(A.A. ) and have 
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487 Construct a triangle ARC with AC = b, CR = c, 

AR - 2in. 




Bisect AR at T. On take B so that CT = TB. ' 

Then A ABC is the required triangle for A ABT S A RCT 
by S.A.S., so AB = CR = c. Clearly, AT is the median 
and AT = m by construction. 

488 *9. Construct AB = x and divide it into three congruent 
segments. At E (one of the trisection points) 
construct CE AB. Make EX = AE, CE = BE. A 



DBC 



is the required triangle. 
To prove that BA and CX 
are medians, draw AX, 
Now, A EAX and ECB 
are isosceles triangles 
with congruent vertex 
angles and so angles s 
are all congruent. 
Then AX 1 1 "CB and 
A EAX. 'v A EBC with 




AX 

and 



1 

DA 
15? 



Also A DAX -v A DCB 
A is 



1 



so 



the mid-point. If CA and BX were parallel, AX 
would have to equal ^CB. This we have shown is not 
true, so and BX must intersect. 
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Analysis of problem: The common tangent LN meets m 
at L, and LK « LN « W, so L Is the mld-polnt of 
KM. PN LN and PM m. Now proceed as follows: 
Bisect raT; let L be the mld-polnt. With center L 
and radius LK construct an arc Intersecting circle C 
at N. Construct m and NR LN, intersecting 

In P. Then PM « PN and the required circle has 
center P and radius PM. 



C 




The problem will be solved If we can find Q, the 
Intersection of the common external tangent and the 
line determined by the centers. In the figure, 

^ QDB and QCA are similar, being right triangles 
with a common acute angle. 
Therefore, 

AQ AC r 

s3 " " s • 

We can find Q by drawing a ray Ai? making a con- 
venient angle with AB, then drawing the ray BG 
parallel to and on the same side of AB. Q is 

determined as the intersection of PcT and PJ^, since 
triangles AFQ and BOQ are similar, and 




as desired. 
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^89 *12, 




Let AQC be an arc of 120°. Then m/ AQC = 120 for 
any position of Q on the arc. Similarly, let BRC 
be an arc of 120°. Hence, If P Is the point of 
intersection (other than C) of the two arcs, we have 
m/ APC = m/ BPC = i20. It follows that m/ APB = 120, 
(a complete analysis of this problem, Including the case 
in which one angle has measure > 120, Is very 
complicated • ) 



By A. A., 


A 


BPM 


-v. A 


DPN 


and 


A MFC ~A NPA 


so 


that 






MB 

ND " 


MP 
NP 


and 


MC 

iTa 


MP 
~ NP* 






Hence , 




MB 

W ~ 


MC 
NA 


or 


MB 
MS" 


ND 
~ NA* 






By A. A., 


A 


QBM 


-u A 


QAN 


and 


A QCM ~ A QDN 


so 


that 






MB 

NA " 


MQ 


and 


MC 
ND 


MQ 
~ NQ* 






Hence , 




MB 

NA ~ 


MC 
W 


or 


MC 
ME 


ND 
~ NA* 






Thus the 


ratios 


MB 
MC 


and 


MC 
MB 


are each equal 


to 


ND 
M' 


There fore 






MB 
MC" 


MC 


MC 


2 2 
= MB'^, 






and 






MC 


= MB. 
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489 *'^^- If k = 1, the required set is the line parallel to 
and n and at a distance S from each. 



m 



i i 



T 

d 

1 



-> m 



If k < 1, the required set is the union of two lines, 
one such that 



•2 



1 kd 

^ j = k, or r^ = T~TT^' other such that 

= k, or r^ = YiriE' 

If k > 1, interchange the roles of m and n. 



^96 To construct the number in the text requires 15 steps. 

To verify this, we must know what we mean by a step. A step 

is one operation of addition, subtraction, multiplication or 

division. In this example we start with the integers 1,2, 

3,4,5,7,9,10,17,37, and 47. We construct | by one step, 

divide 5 by 2. In like manner, to construct ij, ^, X, 
139 37 or^o 

7' 3' jb ^^Q^i^^s one step each; hence, to get 

these numbers we require 8 steps. To construct the numbers 

requires h steps, two additions and 2 subtractions. We 
have now used 12 steps "and have arrived at four numbers, 
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a, b, c, and d. Now perform two divisions (2 steps) 

a c 

and get the numbers ^ and Now we have used up 1^ 

steps. Finally make one division (l step) ^ 4- and we 

have now constructed the number given in the text in 15 

steps. The number is %§|i^962^ 

dO( ,o99 

In the figure for the trisection problem, it is inter- 
esting to see that as m/ ABC increases the marked point P 
moves in a very limited range on the ray opposite to BA^. 

This range is >/2r < PB < 2r. If C coincides with A 
then PB = 2r and we do not have an angle to trisect. As 
m/ ABC increases C and Q approach coincidence. When 
they coincide the ruler cuts the circle in only one point Q, 

and BQ PQ and BP = y2r. The largest angle we can 
trisect by this method is a 135^ angle. The trisection 
of any obtuse angle can be reduced to the trisection of an 
acute angle , 



Problem Set 1^-7 

1. Since for each parallelo- 
gram ^ A and / B are 
supplementary, 

m/ -^A + m/ -^B = 90. 

This means that the 
bisectors must be perpendicular to each other. Then 
the required set will be the circle whose diameter is 
AB, except for points A and B. 

2. a. Bisect a 90^ angle. 

b. Bisect a 6o^ angle (one angle of an equilateral 
triangle) . 

c. Binect a angle. (See a.) 

[pages ^'97-^99] 
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499 



500 3 



d. 
e . 
f . 

g- 
h. 



90° + 45°, 



60° + 60°, 
30° + 45°, 
60° + 45°, 



1° 
22^ 



or 180° 
or 18G° 
or 90° - 15" 
or 90° + 15°. 
is half of 45°, and 



45°. 
60°. 

-O 



6?!° = 45° + 22^°. 




In the discussion that follows, each figure is merely a 
sketch of the completed figure. 

a . Construct ^ B 
congruent to the 
given angle. Make 
BC = a. Find the 
mid-point D of 
BC. Use D as 

center and m^ as 

a 

radius to inter- 
sect BA at A. 

There are cases in which the construction is 
impossible and cases in which there are two 
solutions . 

b. Construct ^ ACR « ^ X. 
rhen / ACB is the 
third angle of the 
triangle . Make 
CA = b and CB = a. 




• 15;') 
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R 

y 




•4-^- 





Construct a segment B 
RB' perpendicular to 
^a forking line", 
XW, at any con- 
venient point and 

make RB = . 

b 

Using B as center XA T C 

D 

and a as radius, 
construct an arc 

intersecting "xvT at C. Using C as center and 
b as radius construct an arc intersecting XIV at 
A. (Tv/o solutions in general, depending upon where 
A is taken, on the ray CR or on the opposite 
ray.) 

Construct ^ WAB 
congruent to /A, 
Cons true t its bi- 
sector, AX. Make 
AB = c . Connect 
B with X. The 
point at which 
meets AW is C. 
(There may be no 
solution, in case 
BX II AvT.) 

Since we are given 
/ B and since 
m/ AXB =90, we 
can construct 
/ XAB. Then con- 
struct A ABX by 
constructing ax" 
(of length h^) 1 BC, 
and / XAB. Using 
A as center and m 

a 

as radius, find M, then make KC = m. 
[ page 5C0 ] 
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h. 



Start by constructing 
AX (of length h ) 

3. 

perpendicular to a 
"working line", BC. 
Since we are given 
/ B and since 
m/ BXA = 90, 
m/ BAX can be 
easily constructed. 
Similarly / CAX 
can be constructed. 
Construct these two 
angles at A. 

Construct CX (of 
length h^) per-, 
pendicul&r to 
Use C as center 
and t^ as radius 




to cut AB at Y. 
Now since CY is 
the bisector of 
/ C, construct 
on each side of 
CY and angle 
whose measure is 




i m/ C. 



Construct an angle 
congruent to /A 
and make AC = b. 
Using C as center 
and t^ as radius , q 
find X. We now 
have / XCA of measure 
/ XCB S / XCA. 

[ page 500] 
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|m/ C. 



Construct 
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A BPM -v A DPA,; 



501 5. 



by A. A. A. , and so 

BP BM 1 



DA 



BP = ^ BD, 



BM ~ • 



Hence, 

A similar argument shows DQ = ^ DB, so that P and Q 
are the trisection points of BD. 
In the right triangle ABM, the ratio 

If m/ BAM =: 30, this ratio would have to^ be* ^T, and 
hence, BAM ^ ^ •90°, 

Hence the trisection of the segment BD would not lead 
to trisecting ^ BAD. 

a. Definition of isosceles 
triangle . 

b* D and E will be 
inside the circle, 
because AD and 
AE are each less 
than the radius . 
This dan be shown 
by considering a 

segment Joining A to the mid-point M of BC. 
AM BC and D and E are nearer M than B 
and C are. 

If RE is drawn, area A BRD = area A EDR, hence, 
area DRSE > area A BRD, and, by addition, 
area A ARS > area A ARB, But if / BAG were 




Let 



trisected, we would have area A ARS .= area A ARB, 
QD meet BA at G, and drop AH £ Qp". Then 



A QHA S A QGA « A QGB, 
from which the desired result follows 
and QG are trisectors of ^ PQR. 



Notice that QA 
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Review Problems 
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505 1. 3, 4, 5, 6, 7, 8, 9. 

2, Divide AB into 4 congruent segments. Bisect a 90 
angle. Construct the rhombus using a 45^ angle and 

^ AB for each side of the rhombus. 

3, a. Construct the circle on AB as diameter. The 

circle minus A and B is the set of points P, 

b. See the solution of Problem 8 of Problem Set l4-2b, 

4, The set is the intersection of two parallel lines (each 
at distance d from L) and a circle (with radius r 
and center P) , This intersection may be the empty set 
or 1, 2, 3 or 4 points , 

5, Examples of such quadrilaterals are rectangles and 
isosceles trapezoids. More generally, if a quadrilateral 
has this property, then the point of concurrency is 
equidistant from each vertex, hence, the circle with the 
point of concurrency as center and the distance to each 
vertex as radius passes through each vertex. Conversely, 
any quadrilateral whose vertices lie on some circle has 
the property that the perpendicular bisectors of the 
sides are concurrent, so that a quadrilateral has this 
property if and only if, there is a circle on which all 
four vertices lie, 

6, The perpendicular bisectors of any two chords of the arc 
will intersect at the center of the circle. 



[ page 505 ] 



k03 




Let d be the length of the given segment. Using any 

square find d^ , the difference between the diagonal 

and side. . In the proportion ~ = — , s will be the 

ci s 

length of the side of the required square. 

No, not ifa>b + ABorb>a + AB. 

Consider a circle with center P and radius PA. A, 
B, C and D will lie on this circle. Since parallel 
lines intercept congruent arcs, mAB = mCD and 
mBC = iriA^. Hence, mA^ + rri^ = mCD + mA$. Hence, AC 
is a semi-circle and m/ B = 90 so the parallelogram 
is a rectangle. 

Consider a circle with center P and radius PA. The 
parallel chords AB and CD intercept congruent arcs 
AD and These arcs have congruent chords so that 

the trapezoid is isosceles. Conversely, only one such 
point P exists for a given isosceles trapezoid. 
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504 11. Let 



9.. 



m, \je the given 



m <r 



parallel lines, and n 
the transversal. Any 
point equidistant from 
m and n must lie on 
one of the bisectors 

of the angles 
determined by m, n. 
Similarly, any point 
equidistant from ^ 
and n must lie on 
one of the bisectors 
r, s of the angles 
determined hy ^ n. 
Thus, any point equi- 
distant from J2 , m, 
n, must lie on the 

intersection of the set A, consisting of lines 
and q, and set B, consisting of lines r and 
Since these lines are parallel in pairs (easily proved) 
the intersection of sets A and B consists of tv/o 
points only. In the diagram these are the points X 
and Y where q intersects s and r intersects p. 




P 
s . 
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Illustrative Test Items for Chapter Ik 



A. 1. Given AB and points 

K and Q in plane E. 

Tell how to locate a ^ ^ ~ " ' 

point on which is 

0 

equidistant from K 

and Q. ^ 



2. Consider all circles in one plane tangent to AB at A. 
Describe the set of points which are centers of the 
circles . 

3. Describe the set of centers of circles in one plane 
with radius 3 which are tangent to AB. 

4. Describe the set of points in the plane which are equi- 
distant from the sides of / ABC and at distance x 
■from B . 

5. If two parallel planes are d units apart ^ what will be 
the length of the radii of spheres tangent to both 
planes? Describe the set of centers of spheres tangent 
to both planes . 

6. Describe the set of points which are at distance 5 
from A and at distance 6 from B. 

7. Given right A ABC with AB" as hypotenuse. Describe 
the set of points c in the plane of the triangle; in 
space . 

8. Describe the set of mid-points of parallel chords in a 
circle . 

9. Under what conditions will the centers of circles 
inscribed in and circumscribed about a triangle be the 
same point? 

10. Describe the set of centers of circles tangent to the 
sides of an angle . 
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11, Under v/hat conditions will one vertex of a triangle be 
the intersection point of the altitudes of the triangle? 

12, Under what conditions will the points of concurrency of 
altitudes, medians and angle bisectors of a triangle be 
the same point? 

1 ^ ^ 
1- I 1 



Construct an isosceles triangle in which the base is 
half the length of one of the congruent sides and for 
which AB is the length of the perimeter. 



I 1 



Construct a rhombus in which the lengths of the diagonals 
are a and b. 

Construct an isosceles 

triangle with base AB a B 

and base angles each . ' ' * 

measuring 75. 



If problems are chosen from this section, we suggest giving 
each student a mimeographed sheet on which the problems are 
arranged and on which the student does the constructions. 
This will make the papers easier to check. 

1. By construction locate 
points at distance d 
I rom and at 

distance h from Q, 
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2. By construction locate 
points which are equi- 
distant from AB and 



EC and equidistant 
from X and K, as 
shown. 



and intersect 
at some inaccessible 
point C. 

By construction determine 
the bisector of / ACF. 



Given line and 
circle C, as shown. 
Construct a circle of 
radius x tangent to 
and C. 
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Answers 



1. The intersection of AB and the perpendicular bisector 
of KQ is the point in question, if KQ J^^a^" there 
will either be no such or an infinite number. 

2. The line perpendicular to "ab" at A except point a. 

3. Tvio lines parallel to "ab" and at the distance 3 from 
AB. 

'I. The Intersection of the bisector of / ABC, and the 
circle with center B and radius x. There is one 
point . 

5. ^ d. The plane parallel to both given planes and midway 
between them. 

6. The intersection of the sphere with center a and 
radius 5, and the sphere with center B and radius 
6. If AB < 11, this intersection will be a circle. 
If AB = 11, the intersection will be one point. If 
AB > 11 there will be no Intersection. 

7. The circle whose diameter ia AB minus A and B. 
The sphere whose diameter is AB minus A and 3. 

8. The diameter perpendicular to one of the chords, minus 
the end-points of the diameter. 

9. If and only If the triangle is equilateral. 

10. The bisector of the angle minus the vertex of the angle. 

11. If and only if the triangle is a right triangle. 

12. If and only if the txrlangle is equilateral. 
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B. 1. Divide AB into 5 congruent segments (Theorem l4-ll). 

1 2 
Use AB as base and then using -| AB as radius and 

A and B as centers construct intersecting arcs to 

locate a third vertex of the triangle. 

2. Let AB = a. Let M be the mid-point of AB. On the 
perpendicular bisector of "ab" make QM = = ^ b. 
Then AXBQ is the required rhombus . 

3. Construct an angle whose measure is 6o. By bisecting 
get angles with measures 30 and 15, hence 

75 = 6o + 15. At A and B construct angles with* 
measure 75. 



1. Construct lines parallel to AB at distance d. 
Construct the circle Q with radius h. The points 
required are the intersections of the parallels and 
the circle. 

2. One point, the intersection of the bisector of / ABC 
and the perjiendicular bisector of XK. 

3. Construct lines and ^ , parallel to AB and "PH 
at the same distance from and "PH. If ^ and 

^ intersect at Q, the bisector of / Q will be 
the required bisector since each of its points is 
equidistant from AB and PH. 

4. Construct parallels to ^ at distance x from it. 
With C as center construct the circle whose radius 
is r X. The intersections of this circle and 
either parallel will be centers of circles of radius 
X tangent to ^ and C. 



Chapter 15 
AREAS OF CIRCLES AND SECTORS 

In this chapter we study the length and area of a circle, 
the length of a circular arc and the area of a circular 
sector, deriving the familiar formulas. The necessary treat- 
ment of limits Is left at an Intuitive level. We study the 
measurement of a circle In the familiar way by means of 
Inscribed regular polygons and so the chapter begins by 
discussing the Idea of polygon. This has not been needed 
earlier since the Idea of polygonal region (Chapter 11) was 
sufficient for our purposes, 

506 We want a polygon to be a simple "path" that doesn't 
cross Itself, Property (l) takes care of this, since. It 
prevents two segments from crossing. Property (2) Is 
Included for simplicity of treatment. For example, suppose 
?2> ^if were permitted to be colllnear. Then, In the 
face of Property (l), P^Pg and P^Pi^ would be colllnear 
segments having only P^ In common so that the union of 
PgPg and PgPi^ would simply be the segment P^P^^ and there 
would be no need to Introduce P^ In the definition at all. 

As we Indicated In Chapter 11, there Is a close 
connection between the Ideas of polygon and polygonal region: 
The union of any polygon and Its Interior Is a polygonal 
region. Although this seems quite obvious Intuitively, It 
Is very difficult to prove since there is no simple way to 

507 define interior of a polygon. However, for a convex polygon 
it is relatively easy to define interior and to see what is 
involved in a proof of the principle stated above, (See 

508 Problem 3 of Problem Set 15-1,) 
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Problem Set 15-1 



It has 6 sides, but only 5 vertices. 

Yes. 12. 12. All sides have the same length. AID. 
angles are right angles . 

a. By definition of a convex polygon, given any side 

of the polygon, the entire polygon, except for that 
one side, lies entirely in one of the half -planes 
determined by that side. The intersection of all 
. such half-planes is the interior of the polygon. 

Alternatively: 

The intersection of the interiors of all the angles 
of the polygon is the interior of the polygon. 



b. 




indicate ways in which any convex polygon and its 
interior can be cut into triangular regions . 

a. 0, 2, 5, 9, 5150, "^^"^g" (A diagonal of an 

n-gon can be drawn from each vertex to all but 
three other vertices. In doing this, each diagonal 
is counted twice.) 
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509 5. Since the polygon is convex its diagonals lie in the 
interior of each angle, so that the Angle Addition 
Postulate can be applied to show the sum of the angles of 
the polygon equals the sum of the angles of the triangles. 
Consider the point from which the diagonals are drawn, 
the vertex of each triangle and the opposite side the 
base. An n-gon then has n-2 such bases, and therefore 
there are n-2 triangles. Since the sum of the angles 
of each is l80, the sum of the angles of the polygon 
is (n ^ 2) • 180. 
6, The number of triangles formed with vertex Q is the 
same as the number of sides of the n-gon, so that 
the sum of the angles of the triangle is l80n. The 
sum of the angles at Q is 36o. Hence, the sum of 
the angles of the polygon is iBOn - 360 = l8o(n - 2). 



510 We indicate how a circle can be divided into n congruent 

arcs end to end. Let Q be the center of the circle and 

a given radius. Let ^be^ a half-plane lying in the 

By the Angle Con- 



1 



plane of the circle with edge QP^, 
cjti-^uction Postulate there is a point 

^ -I n 
By the Point Plotting Theorem, 
there Is a point P. 



X in H, 



juch that 



fuich that QP^ 



1 



^^2 



on Q,X 
. Then 
has measure 



the minor arc 

Mow repeat the process 



n 



pop lac Iri'g 
olane H 



1 



by 



by and half- 

H^, the half- 
P, , with 




nlane onposlte to l., 

QPo- This yields a minor 

of measure -—^ which intersects 



1 vn 



P 

3 



only in 

'ontlnuing in this way we get a sequence of points 



P, 



3' 



■ n 



P P 



such that successive minor 

360 

-pp and 



have meaaure 
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have in common only an end-point. Then the major arc Pn P 

k — 1 Yi 

n 1 

has measure — ^ — -SSO and the measure of the minor arc 
"P^^ must be i-*360. Thus the points P^, p^, 

^n - I'^n ^ivi^® circle into n congruent arcs, end 
to end. 

511 An inscribed polygon v/hose sides are congruent and whose 
angles are congruent can be proved to be convex, and so is 
regular in accordance with our definition. We do not prove 
this because we do not need it for our application of regular 
p\!>lygons to circles. 

512 We speak of the regular n-gon inscribed in a given 
circle. Obviously there are many such regular n-gons for 
a given n, but they all are congruent and have congruent 
sides, congruent angles, and equal apothems, perimeters and 
areas . 

The apothem of a regular polygon can also be described 
as the distance from the center to a side, or the radius of 
the inscribed circle of the polygon. 

We write subscript n" here to emphasize that the - 

area of the regular n-gon depends on the value assigned to 
n and to distinguish it from the area of the circle 
(circular region) which is denoted by A (see Section 15-4). 
Of courae a, the apothem of the regular n-gon, and p. 
Its perimeter, also depend on n and could be written a^^ 
and p^. 
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Problem Set 15-2 



1 



512 1, 

2. a. ^ • 360 = 45- 

b. Draw a circle and construct eight 45° central 
angles. Join in order the points where the sides 
of the angles intersect the circle. 

c. Draw a circle and construct two perpendicular 
diameters. Bisect the four right angles formed. 
Join in order the points where the sides of the 
resulting angles intersect the circle. 

3. Draw a circle and construct five 72° central angles. 
Join in order the points where the sides of the angles 
intersect the circle.. 

4. (n - 2)180 ^ 

5. No. It is a 12-sided polygon all of whose sides are 
congruent and all of whose angles are congruent, but 
It is not convex. 

515 6. 



3. 


120. 


30. 


60. 


h. 


90. 


45. 


90. 


5. 


72. 




108. 


6. 


60. 


60. 


120. 


8. 


't5. 


67i 


135. 


9. 


40. 


70. 


140. 


10. 


36. 


72. 


144. 


12. 


30. 


75. 


150. 


15. 


24. 


rr 


156. 


18. 


20. 


80. 


160. 


20. 


18. 


81. 


162. 


2h. 


15. 


82|. 


165. 
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514 7. 



8. 



a. 6. 

b. Regular hexagonal regions. 3. 

c. Two pentagons and a decagon. 

Two 12-gons and an equilateral triangle. 
Two octagons and a square. 

d. Three polygons with different numbers of sides may 
be used: 4, 6, 12j 4, 5, 20j 3, 7, 42j 3, 8, 24; 
3> 9, 27j 3, 10, 15. 

The measure of each exterior angle is 18O less the 
measure of an interior angle. 
Adding n of these we get 

n . 180 - sum of the measures of the interior angles, 
n • 180 - (n - 2) 180 = 360. 



or 
a . 



n 



- 1 or 



n 



- 1) • 360 = (n 



2)180 



515 10. 



n = 4, 

S = 2 • ISO = (n - 2)180. 




n = 8, 

S - 6 . 180 = (n -2)180, 



n = 10, 

S = 8 • 180 = (n - 2)180. 



^2 
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11. The angle sum is increased by l80 while the number of 
sides is increased by one. 

12. The radius is also 2. The apothem is the altitude of 

an equilateral triangle with side 2, or -/X. 

B 

^13. In the figure, side AB 

of a regular inscribed 

octagon is 1 unit long. 

Since A ADO is a right 

isosceles triangle , 

AD - DO = 

V 



BD = r 



J2 



In right 




triangle ABD, AD + BD = AB or 

r> 2 ^2 
( £) + (r - ^) =1, from which r = 

or approximately 1.3. 



2 -^/2 



Beginning in Section 15-3 the text introduces the notion 
of a limit . It is not intended that the students be given a 
formal treatment of limits, but rather that they develop an 
intuitive idea of what a limit is. A discussion like the 
following may be helpful. 

When we write p — >C, we have in mind that C is a 
fixed number, the length (or circumference) of the circle, 
but that there are many successive values for p, depending 
on which inscribed regular n-gon we are considering. So it 
is desirable to write p^^ instead of p for the perimeter 

of the inscribed regular n-gon.. Then we say p^^ >C, 

meaning that the successive numbers p^ approach C as a 
limit. Observe that we have an infinite sequence or 
progresnlon of numbers which are the perimeters of regular 
inscribed polygons for successive values of nj we begin 
with n 3, giving us an inscribed equilateral triangle. 
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then n = 4 yields an inscribed square and so on. We re- 
present the Infinite sequence as P3, p^^, p , 
... and we think of these numbers as being approximations 
to C v/hich get better and better as we run down the 
sequence. As a simple analog consider the infinite sequence 

.3, .33, .333, .3333, .33333, ... 
which arises when we divide i by 3 and take the successive 
decimal quotients. These numbers are approximations to ^ 
which get better and better as we travel down the sequence 
and we may say that this sequence approaches -j as a limit. 
Other examples are the tv/o sequences 

n 1 1 1 

X, 1^. ... , — , ... 

2 

1 J l^j Itj-j . . . 

Which have limits 0 and 2. The essential point in all 
four cases is that each sequence has a uniquely determined 
"boundary" or "limit number" and that we can reason about the 
limit of a sequence if we know the sequence, that is, if its 
successive numbers are determined. However, we can not assume 
that every sequence has a limit. For example, the following 
sequence has no limit: 1, -2, 4, -8, 16, ... 

We need three basic properties of sequences: 

(I) If a sequence has a limit it has a unique limit. 

(II) If sequence a^ >Si, then sequence Ka^^ > Ka for 

any fixed number K. 

(III) If sequence a^ >a and sequence b^ >b then 

sequence ■ a^b^ >ab. 

Property (l) says in effect that if the terms of a 
sequence are getting closer and closer to a number a, they 
can't, at the same time, be getting closer and closer to 
anothe." number b. As an Illustration of (ll) observe that 

.3, .33, .333, ... 

a.nd that the sequence of "doubles" has double the limit: 

■ .6, .66, .666, ... 

To lllu;:; trate (III) consider 

6, 5.1, 5.01, 5.001, ... >5, 

[page 516] 1^ 'I j 
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^, 3.1, 3.01, 3.001, 



You will easily convince yourself that the sequence of 
products of corresponding terms approaches 15 = 5 • 3. 

Notice that in the discussions concerning limits, no 
mention of "infinity" is made. 

The concept of a limit does not involve any notion of 
infinity. While the word and the symbol (oo) for it are 
convenient in certain branches of higher mathematics, they 
should be avoided in introductozT discussions where they are 
neither useful nor enlightening. 

517 The properties of limits used here are easily clarified. 

Let us write p^ for p and p^» for p» to emphasize 

that we have two sequences of perimeters, one for each circle. 

Further, we have o >C and p ' >CS and 

" n '^n ' 

r "r^ ■ 

Nov/ v/e apply Property (ll) above to p >C taking K = i 

and get ^ — >£. Similarly, p^' >C» yields 

To summarize, we have sequences 

Pl P2 Pn C 
r ' r ' 

whose corresponding terms ai'.:;' the same numbers. That is, 

the sequences are the same . Thus, by Property (l) they must 

have the same limit. Therefore 

C ^ C 
r r^' 

518 por a treatment of irrational numbers, see the forth- 
corning book, Irrat Lonal Nvmi ters , by Ivan Niven to be publish- 
ed by Random House and th-^: Wesleyan University Press. 
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Problem Set 15-3 

518 1. a. The radius of the circle. 

b. 0. 

c. l8o. 

d. The circumference of the circle. 

2. C = 2Trr, 

628 = 6.28r, 
100 = r. 

The radius of the pond is approximately 100 yards. 
22 

519 3. -y is the closer approximation. 

= 3.1429-, 
TT = 3.1416-, 
3.14= 3.1400. 

4. C = 2Trr = 48o,OOOTr. The circumference is approximately 
1,500,000 miles. 

5. The formula gives 2Trr = 6.28 x 93 • 10^ = 584 • 10^ or 
584 million miles, approximately. 

Our speed is about 67,000 miles per hour, 
o. The radius of the inscribed circle is 6 so that its 

circumference is I27r. The radius of the circumscribed 
circle is 6v^ so that its circumference is 12Tr Ti". 

"^7. The perimeter of pqrs is greater than the circumference 
of the circle, 

AD = 2 and XV/ = ^2". Hence PS = ^{2 + 7^). 
The perimeter of the square is 2(2 + ^A2) . 
The circumference of the circle is 2ir. But 2 -n v/2 > tt. 
B. The Increase in circumference is 2Tr in each case. 
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520 Justification of limit properties used in Theorem 15-2: 

We have, writing a^ for a and p^^ for p, a^ >r and 

p^ — ^C. By Property III (see above) a^p^ >rC, and by 

Property II, ^ a^p^ — >| rC. Since ^ a^p^, by 



substitution we get 



But we have A^^ >A. Since by Property I sequence A^^ 

can have only one limit, A = ^ rC. 



Problem Set 15-4 



522 1- 


a . 


C = IOtt, 


A = 257r. 






b. 


C = 207r, 


A = IOOtt. 




2. 


a. 


C = 27m, 


2 

A = Trn . 






b. 


C = 207m, 


A = 1007m^. 




. 3. 


a . 


47r - TT = 37r. The area 


would be approximately 






square cm. 








b. 


No. 






4. 


The 


area of the 


first is 9 


times 'the area of the 




second . 






5. 




C = 27rr 


- 20. 








r 


- 10 










TT ' 






Area 


of circle 


^ 100 

TT 





= 32 approx. 
P = 4s =n 20 
s « 5. 

Area of square = 25, 

The area of the circle is greater by about 7 square 
inches . 
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The area Is 257r square Inches. 



5 



Radius = ifVT Inches . 
Circumference = 8 ^/Tir 
Inches . 

Area = ^Stt square Inches. 




It Is only necessary to find the square of the radius of 

the circle. If a radius Is drawn to a vertex of the 

cross It Is seen to be the hypotenuse of a right triangle 

of sides 2 and 6. The square of the radius Is there- 
2 2 

fore 2 +6 =40. The area of the circle Is therefore 
40f, 125.6 approximately. The required area Is there- 
fore 125.6 - 8o = 40.6. 

Draw PB and PC. The area of the annulus Is 
2 ? 

Tr(PC) - f(PB) , the difference of the areas of the 
two circles. This can also be written f(pC^ - PB^) . 
By Pythagorean Theorem, PC^ •- PB^ = BC^. Therefore 
the area of the annulus is fBC^. 

The section nearer the center of the sphere will be the 
larger. 



r2 = (10)2 _ ^^j2_ 
r^2 = (10)2 _ (3j2_ 



Therefore, r. > r. 



2 




i 7 8 
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524 ^13, 



14. 



Note that 



= OA = OR = BP 



and 



= OS = CP, 



By successive use of the Pythagorean Theorem we 



get 



V2, 



r^ = r >/4 . 



Now, using the area formula for a circle, we have 
a = TTV ; 



= 7r(r>/2)^ - a := ttp^.; 



c = 7^(r^/3)' 
d - 7r(2r)^ . 



(a + b) = 3ttt' 



(a + b + c) 



47rr' 



2 P 
2Trr'^ = irr ; 

2 2 
- Sirr = irr , 



Prom the second figure, 
(4)2 - (2)2 = 12, and 
so the altitude of the 
trapezoid ij 
In the first figure, 
since the bases are 
parallel and tangent 
to the circle we see 
that PH (altitude 
of the trapezoid) must 
be a diameter, and so 
the radius iB 
Area of the circle is, 
then, Stt. Area of 
the trapezoid is S-s/s. 
The area outside the 
circle is (8%/3" - Sir) 
square inches . This 
is approximately 4 
square inches. 
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525 h'otice the common procedure in treating length of circle 
^.md length of arc. In each case v/e "approximate" by means 

of chords of the same length. 

526 The agreement to consider a circle as an "ai^c", enables 
us to' include :ln Theorem 15-3 the case of the whole circle 
a3 an arc of measure 360. 

To illustrate the application of Theorems 15-3 and 15--^ 
assign Problems 1, 3, 6 and 7. 

527 One concrete illustration of a sector of a circle is a 
lady's fan, with the ribs of the fan standing for the 
segments QP . The arc AB, of course, need not.be a minor 
arc. Observe that the definition can also be phrased: If 
AB is an arc of a circle with center Q then the set of 
all points X each of which lies in a segment Joining Q 
to a point of /S is a sector. 



Problem Set 15-5 

527 1. 5Tr, 7.5Tr, 6ir, 3ir, 

2. g-rr, .iTT. 
3 

3 . in each case . 

528 The measure of the arc is 90. The length of the arc 

is TT . 

1 p 

5. a. Area of sector ^ r- .12 = . 

?g2 

Area of triangle = -••~^/3 = 36^3". 
Area of segment - 2^lir - 36^3* or 13.04. 
b. Area of sector = ^ tt • 6^ = 127r. 

Area of triangle ^ ^ • • 3 = 9%/!^. 

Area of segment = 127r - 9-/T or 22.11. 



1 8 1) 
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527 c. Area of sector = ^ tt • 8 = Sir. 

Area of triangle := ^ . n /2 ^ l6>/2. 

Area of segment = Sir - I6 ^2 or 2.51. 

6. a. 27r. b. TT. 

529 7. Draw BG J_ AC. Then ■. GC 6, AG = 2k. In the right 

triangle A AGB, the length of the hypotenuse is twice 
the length of one leg, so m/ ABG =30, BAG = 60, 

and CE GB = 2^f-/T. The major arc 'CD has the length 
^(27r • 30) = HOtt and the minor arc EP has the length 

^(27r. 6) = kv. Thus, the total length of the belt is 

The belt is approximately 221 inches long. 

8. To find one small shaded 
area subtract the area of 
a 90° sector whose radius 
is 2^/2 from the area of 
a square whose side is 2^f2. 
(272)2 _ 7(2 72)2 ^ 8 - 27r. 




The area of the shaded area Is 4(8 
approximately 6.87 square Inches. 



27r) 



ThlE 



IS 



Review Problems 



550 1 



3, 
'I, 



Thfe first and third are polygons 
The third is a convex polygon. 



a . Yes . 

b . Yes . 

108, 120, 135, 144 
12. 



c . 



No, 



18 1. 
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530 5. 



7 

531 8, 
9. 
10. 
11. 

12. 
13. 

14. 

15. 
16. 



a . 
b. 



The regular octagon in each case. 

The square has the greater 



The apothems are equal 
perimeter. 



Prom the formula A ^ ap for the area of a regular 
polygon. 



27r. 

1 

a . 
2. 
a . 
b. 

5, 



and 2. 
72. 

10 to 1 
10 to 1, 



360 
n • 



100 to 1. 



57r 



A = Trr . r = 

Hence, A = Tr(-|<i)^ = -^d^. 

IStt inches, a distance equal to ^ 
2 



of its circuinference, 



^TT and 



^ TT. 



There are several methods 
of show.ing that the four 
small triangles are con- 
gruent to each other. 
For example, each of the 
angles marked with an arc 
will have a measure of 6o. 
In this case the congruence 
is by A.S.A. Hence, each 
of the four small triangles 
has the same area, and then 
the circumscribed triangle 
has an area four times that 
of the inscribed triangle. 
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^17. 



18. 



The woodchuck^s burrow will be in the region bounded 
by XOY and XPY. 
The area of each of the 
equilateral triangles 



is 



The area of 



IT' 

each segment is 

1 2 y — 

^ Trr - . Then 

the area in which the 

woodchuck can settle is 
2 




2(^ . V3) 4. Trr^ ^ VT) ( 
any woodchuck knows. 



I- 



as 



Let a and p be the apothem and perimeter of the 
smaller polygon and a' and p» be the apothem and 
perimeter of the larger polygon. The ratio of the areas 



is 



is 



a7p» 



But 



a 
a? 



so that, the rntio of the areas 



-4- 



Hence; 
have the ratio 



2 



The sides also 



2 

1' 



Illustrative Test Items for Chapter 15 

Indicate whether each of the following is true or false . 

1. The ratio of circumference to radius is the same number 
for all circles . 

2. If the number of aides of a regular polygon inscribed in 
a given circle is increased indefinitely, its apothem 
approaches the radius of the circle as a limit. 

3. Any polygon inscribed in a circle is a regular polygon. 

4. A polygon is a polygonal region. 
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If the radius of one circle is three times that of a 
second, then the circumference of the first is three 
times that of the second. 

The area of a square inscribed in a given circle is half 
the area of one circumscribed about the circle. 

In the same circle, the areas of two sectors are pro- 
portional uO the squares of the measures of their arcs. 

The ratio of the area of a circle to the square of its 
radius is tt. 

The length of an arc of a circle can be obtained by 
dividing its angle measure by ir. 

Doubling the radius of a circle doubles its area. 

Find the measure of an angle of a, regular nine-sided 
polygon. 

Into how many triangular regions would a convex polygon- 
al z^egion with 100 sides be separated by drawing all 
possible diagonals from a single vertex? 

If the circumference of a circle is a number between 
16 and 24 and the radius is an integer, find the 
radius . 

If the number of sides of a regular polygon inscribed 
in a circle is increasocl , without limit, what is the 
limit of the length of one side? of its perimeter? 

Write a formula for the^'^l^ea of a circle in terms of 
its circumference . 

If the area of a circle is 27r, find its radius. 

The area of one circle is 100 times the area of a 
second. What is the ratio of the diameter of the first 
to that of the second? 
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The angle of one sector of a circle is 50°. The angle 
..;f a second sector of the same circle is 100°, Find 
the ratio of the length of the arc of the first sector 
to that of the Geconcl, and the rat^'.o of the area of the 
:.*Lr:.;t sector to that of the second. 

A circular i'lke is 2 miles in diameter. If you walk 
at 3 miles per hour, about how many hours v/ill it take 
to walk around it? (Give the answer to the nearest 
v/hole n'.irriber . ) 

An angle is Inscribed in a semi-circle of radius 6. 
'//Ivat is the least possible value of the sum of the areas 
of the two cii'cular segments that are formed? 

In circle 0, chord XY 
is the perpendicular bi- 
sector of radius OA. 
OA - 6. 

Find mXAY", the length 
of XAY, the area of 
sector XOY, and the 
area of the region 
boimded by XY and XAY. 

ABCDEF is a reg-ilar hexagon 
circumscribed about circle 
0. If its perimeter is 12, 
find the cir uimference and 
the area of the circle. 



On an aerial photograph the surface of a reservoir is a 

7 

circle with diameter inch. If the scale of the photo- 
graph is 2 allies to 1 inch, find the area of the 

22 

-rj- for 7r. Give the 
ro.-:ult to the nearest one-half square mile.) 




\ u r f a c e o f the res e rvoi r . ( Us e 



h30 



Ansv/ers 



A. 



1. 


True , 


6 




2. 


True . 


7 


p a±s 6 


3. 


False . 


8. 






False . 


9. 


-False 


5- 


True . 


10. 


False 


1. 


IhO. 






2. 


98. 






3.. 


3. 






^. 


0. The circumference of 


the 


circle 


5. 


Sit.oe C = 2Trr, 







Since A = Trr^, a =: ir(^) ^ 
6. VT. 



7. 10 to 1. 

8. 1 to 2 in each case. 
9. 

10. The sum of the areas of 
the segments v;ill be 
least when the area of 
A ABC is greatest. In 
this case the altitude 
to AC is the radius of 
the circle. The sum of 
the areas of the segments 
is found by subtracting 
the area of the triangle 
from that of the semi- 
circle. The result Is 
IStt - 36. 

1 rri 
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c . 



1. mXAY 120. The length of XA^ = ^tt. 



Area sector XOY = 12Tr. Area segment XAY = 127r - 9'/2. 

2. The radius of the circle is the altitude of equilateral 
triangle A OAB, so that, r - v^. Hence C = 27rN/T 
and A = Stt. 

3. The diameter of the reservoir in miles is ^ • 2 ^ -^^ 
30 that its radius is X. The area is 



22 . 7 . 7 ^ 77 



The area of the reservoir is about 2- 



square miles . 



Chapter l6 
VOLUMES OF SOLIDS 



In this chapter we study mensuration properties of 
familiar solids: prisma., pyramids, cylinders, cones and the 
sphere. Our proofs are conventional in spirit, although 
our derivation of the formula for surface area of a sphere, 
based on an assumed approximation to the volume of a 
spherical shell, is quite unusual in an elementary text. We 
assume Cavalieri^s Principle (Postulate 22) in order to 
avoid coming to grips with fundamental difficulties of a 
type occurring in Integral Calculus. We emphasize strongly 
analogies between prisms and cylinders, between pyramids 
and cones. In fact our definitions of prism and pyramid 
are fonnulated so as to be applicable to cylinder and cone. 
These figures are defined, quite precisely, as solids 
(spatial regions) rather than surfaces, since our basic 
concern is for volumes of solids rather than for areas of 
surfaces . 

53^ Notice that we define a prism directly as a solid 

(region of space) rather than as a surface (prismatic 
surface) . This is quite natural since our main object of 
study in this chapter is volumes of regions ^ rather thr:^ 
areas of surfaces. This is analogous to our earlier 
emphasis on polygonal regions rather than polygons. Note 
hov; simply our definition generates the whole solid from 
the base polygonal region K, and how easily it enables 
us to pick: out the "bounding surface", (see the definitions 
of lateral surface, and total surface in the text) . If we 
used the alternative approach and defined a prism as a 
surface we still would have the problem of defining the 
interior of this surface in order to get the corresponding 
solid. Similar observations hold for our treatment of 
pyramids , cylinders and cones . 



Note that in our use of the word "cross -section'^ the 
intersecting plane must be parallel to the base. It is 
possible to have sections formed by a plane which is not 
parallel to the base, but such sections would not possess 
all the properties of a cross -section . Note that since a 
prism in our treatment is a solid, its cross-section is a 
polygonal region, not a polygon. 

In Theorem 16-I, the text states that the cross-sections 
of a triangular prism are congruent to the base. Up to this 
point no mention has been made of congruence of triangular 
regions , but only of congruence of triangles . It is 
intuitively apparent that if two triangles are congruent, 
then their associated triangular regions also are congruent. 
This can be proved formally using the ideas of Appendix 
VIII. We will not speak of the congruence of polygonal 
regions other than* triangular regions, since any polygonal 
region can always be divided into triangular regions. 

Corollary 16-I-I is a direct consequence of Theorem 16-I, 
since the upper base is a cross-section of the prism. A 
similar observation applies to Corollary 16-2-1. 

A "parallelogram region" is def ed formally as the 

union or a parallelogram and its in :r. The interior 

of parallelogram ABCD consists of all points X which 

< — > 

are on the^^same side of AB as C and D, on the same 
side of BC as D and A, on the same side of CD as 
A and B and on the same side of DA as B and C. An 
alternative definition which is suggested by the text 
definition of prism is the following: Let ABCD be a 
parallelogram. Then the union of 
all segments" PP« where P is 
In AB, P' is in CD and 
FT' ! I ad" or Tp^ M "BC is a 
parallelogram region. 



A P B 
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Theorem 16^3 is easy to grasp intuitively, but tedious 
to prove formally. Here is an outline of a proof. 



Let and 



Eg be the 



planes of the bases, L 
be the transversal and 
AB a side of the base. 
We want to show that the 
lateral face P which 
is the union of all segments 
PP' , where P is in AB, 
is a parallelogram region. 
Remember that by definition 
of a prism, PP^ 1 1 L and 



AA' 
AA' 



is in Eg. 
and BB» 
II L, BB» 



Cons ider 
where 
1 1 L and 




B» are in E. 



^ Then ABB'A' is a parallelogram 
and the lateral face F is the corresponding parallelogram 
region. To prove this, first show that every point ?! is 
, and in fact that A»B» is the set of all such 
P' . Then show that every point of PP» 



on A^ 
points 

ABB»A» or is in its interior 



is on 

Finally show that every 
point on ABB»A' or in its interior lies in some segment 
PP» . Thus, the segmer.ts PP» constitute the parallelogram 
region composed of ABB»A» and its interior. 
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Problem Set 16.-1 

FH II BA (Definition of prism). Hence, PH and "ba 
determine a plane (Theorer. 9-1). By definition the 
i;pper and lower bases of a prism are parallel, hence, 

II HA (Theorem 10-1). Hence> ABFH is a 
parallelogram. 

30 + ^0 + 50 + 70 -f 20 = 210. 
3 X 8 X 10 'f- 8 X 4^/J = 2^0 -f 32 

The total surface area is 2h0 + 32 -/S square inches. 

Since each lateral face is a rectangle, its area is the 
product of base and altitude. If e is the length of 
a lateral edge and S^, S^, S3, ... are lengths of 

the sides the prism base, then A^ = S^e, A^ = S^e, 

= Syjy ... . Adding these areas to get the lateral 

area, A = S^e + S^e + . . . = (s^ + + S3 + ...)e. 

But S^ -f S^ + "3 + . . . = p, the perimeter of the 

base. Therefore, A = p • e. 

3, 6, 3>/3l 30, 90, 60; " 

Let the required perimeter be y inches. Since 
52 = lOy, we have y = 5.2. The perimeter of the 
bane Is 5 . ?. inches . 
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Cross-section is defined for pyramid exactly as for 
prism. 

vmen we say in Theorem l6-4 that two triangular regions 
are similar, we mean of course that they are determined by 
sim'iTar triangles. 

In (1) of Theorem l6-4, to Justify AP i| A' note 
that E II E» and that plane VAP intersects E and E» 
in AP and IK'?'. Thus, AP || ^'?' by Theorem 10-1. 
Similarly in (2) we show A-B' jj AB. 

Our procedure in Theorem l6-5 is simply to split the 
pyramid in':o triangvilar pyramids and apply Theorem l6-4 
to each of these . 



Problem Set l6-2 



1. square; an equilateral triangle; 

2. 25 square inches. 

»• 

3. QA = QB, m/ VQA = m/ VQB = 90; 
A VQA s A VQB by S.A.S. 
Hence, VA = VB. Similarly, 
^/B = VC = VD - . . . , 
AB = BC = CD = . . . by 
definition, so 
A AVB S A DVC = A CVD «... 
by S .S .S . 

Let P, Q, R and S be 
the' mid-points of AB, AC, 
^/B and VC respectively . 
Then SR and PQ • are each 
parallel to BC and equal in 
length to BC. Therefore, 
SR and PQ are parallel, 
coplanar, and equal in length 
making PQRS a parallelogram. 
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5^^ 5. 



Let each edge of i;he base have length Each face 

s and altitude a. 
or 



is a triangle with base 

1 1 
Hence, A = -^a + -^a + 



A = 2^(s + s + 



5^5 6. By Theorem I6-5, 



X 



16 
16 



336 



T9" 



768 
"7" 



= 10^5 



Area PGHJK = 109^ square inches 



The altitude of each face is 
13 inches by the Theorem of 
Pythagoras . Hence, 

^{^ • 10 • 13) = 260. 

The lateral area is 
260 square inches. 

If X is the area of the cross-section 

9 




3 inches from 
the base then = (-^) = ^ and x = 56.25. 

Hence, its area is 56.25 square inches. 



Let PK = a and PB = b. Draw altitude PS. 
PS j_ JKLMN at R. PB and PS determine a plane 
which intersects JKLMN and ABODE in "Icr" and 
1b? respectively. Since JKLMN || ABODE, "kR || 'bS. 
In A PBS, by the Basic Proportionality Theorem, 

rPRsS 



|i = |§. By Theorem 16-5, ^^^a JKLWJ ^ (PRs2 
PB PS -" area ABODE ^PS' * 

Hence area JKLf4N ,PKs2 

' area Afedt)E " W = ' 



1)3 
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The text postulates the formulas for the volume of a 
rectangular parallelepiped and proceeds to prove the remain- 
ing formulas for the volumes of prisms, pyramids, cones, 
cylinders and spheres. This is analogous to the procedure 
followed in Chapter 11 when the formula for the area of a 
rectangle was postulated. 
5^7 Cavalieri's Principle is an extremely powerful postulate. 
It can be proved as a theorem by methods resting on the theory 
of limits as developed in integral calculus. It will be used 
throughout the chapter to prove theorems concerning the 
volumes of solids. 

A model for making Cavalieri^s Principle seem reasonable 
can be made using thin rectangular rods in an approach 
slightly different from that of the text. Consider the 
following statement; Given a plane containing two regions 
and a line. If for every line which intersects the regions 
and is parallel to the given line the two intersections have 
equal lengths, then the two regions have the same area. 

L 

< ^ > 




Here too, it should be pointed out that the approximations 
to the areas of the regions improve as the thickness of the 
rectangular rods becomes smaller and smaller. (Also, see 
Problem 8 of Problem Set l6-3.) 

iO 1: 
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5^^9 You may v/ish to point out that while the proofs of 

Theorems l6-7 and 16-8 require the solids to have their 
bases coplanar, in numerical application this is not 
necessary . 

550 In the proof of Theorem l6-9. to help the students 
visualize hov; three triangular pyramids are formed by 
cutting a triangular prism, some visual aid should be used. 
Disected solids can be purchased from an equipment supply 
company; or one could try to make them by cutting up a bar 
of laundry soap. The three pyramids are formed by cutting 
the triangular prism by the planes through the points S, 

R and the points Sj, P, U. 

551 Theorem 16-10 can be proved without recourse to 
Crivalieri's Principle by splitting the pj^ramid into tri- 
angular pyramids and applying Theorem l6-9. The proof in 
the text was chosen because it applies Just as well to 
cones as to pyramids, (see Theorem 16-15) . 



Problem Set l6-3 

552 1. 5 X 4 X 7^ = 15. 15 cubic feet of water in the 

tank. 

15 X 1728 

= 112 approx, 112 gallons approximately, 

2. 20 X 8 X 4.6 =: 736. The volume, is 736 cubic inches 

o 2 X 3 X 3x 12x 12x 12 2592 . 
^' 2x5x231 = -y^-=33.6. 

33 fish can be kept in the 
tank . 
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552 k. The base can be divided into six equilateral triangles 

with side 12. Therefore, altitude QF of A ABQ has 
length Syj. Since QC = 9, by Pythagorean Theorem 
CP = V189. Hence the lateral area is 

^ • 72 '^/l89 = 36 yiSg. Now, V = -^Ah, or 

V = ^(6 .i . 12. 6 73")- 9 = 648 v^. 

5. 1836 = ^ • (18)^- h. or h = 17. The height is 17 feet. 

6. The lateral edges will also be bisected and therefore 
corresponding sides of the section and base will be in 
the ratio -^^ and the areas of the section and base 
in the ratio The volume of the pyramid above the 
section will be ^ of that of the entire pyramid because 
its base has ^ the area of that of the pyramid and its 
height is half as great. The solid below the plane will 
then have ^ the volume of the entire pyramid and the 
ratio of the two volumes is 

553 ^7. The volume of the complete pyramid which is 60 feet tall 

is 320 cubic feet. The base of the smaller pyramid is 
30 feet above the gromd so the part, of the 60 foot 
pyramid to be included contains ^ -320 or 280 cubic 
feet (see Problem 6) . The small pyramid capping the 
monument has volume • 4 • 2 or about 2.7 cubic feet. 
Hence, the volume of the obelisk in cubic feet is 
approximate ly 282 . 7 . 

^8. Given a plane containing two regions and a line. If for 
every line which intersects the regions and is parallel 
to the given line the two intersections have equal 
lengths, then the two regions have the same area. 
Various examples are possible. Here is one: 

. 



< 
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Here is a formal definition of circular cylinder, and 

Ep be two parallel planes. 



associate terms. Let E-j^ and 
L a transversal, and K a 
circular region in E-j^, which 
does not intersect L, For 
each p.ol-nt P of K, let 
PP' be a segment parallel 
to L with P' in E^. 
The union of all such segments 
is called a circular cylinder . 
K is the lower base , or Just 
the base, of the cylinder. 
The set of all points P' 
that is, the part of the 
cylinder that lies in 

is called the upper base . Each segment PP' ig called an 
element of the cylinder. (Note we did not introduce the term 
element in defining prism.) The distance h between E-^ 
and Eg is the altitude of the cylinder. If l is per- 




pendicular to E-j^ and E 



2 the cylinder is a right cylinder, 



Let M be the boujiding circle of K and C the center of 
M. The union of all the elements PP' for which P belongs 
to M is called the lateral surface of the cylinder. The 
total surface is the union of the lateral surface and the 
bases. The element CC« determined by the center of M is 
the axis of the cylinder. Cross-sections are defined for 



cylinders exactly as for prisms . 



i ;) Y 
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55^ Here is a formal definition of circular cone, and 

associate terms. Let K be a circular region in a plane 

E, and V a point not in E. 

For each point "P in K there 

is a segment PV. The union of 

all such segments is called a 

circular cone with base K and 

vertex V. Each segment PV 

is an element of the cone* The 

union of all elements PV for 

which P belongs to the bounding 

circle of K is the lateral 

surface of the cone. The total 

surface is the union of the 

lateral surface and the base 

The distance h from V to E 

is the altitude of the cone. 

If the center of the base circle 

is the foot of the peiTpendicular 

from V to E, the cone is a 

right circular cone. 
555 A formal proof of Theorem 16-11 is somewhat involved - 




we present a basis for a formal proof, 
which bounds the base of the cylinder, 
of M and r its radius. 
Let E be the sectioning plane, 
and C-j^ its intersection with 
the element CC of the 
cylinder* Then the intersection 
of E with the lateral surface 
of the cylinder is the circle 



Let M be the circle 
Let C be the center 



M. 



in 



1 

radius 



E 
r , 



with center C-, and 
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555 To prove this we must show that: 

(a) Any point common to E and the lateral surface 
lies on M^. 

(b) Any point p^ of circle is common to the lateral 
surface and E, 

Proof of (a): Let P^ be common to the lateral surface 
and E. Then p^ lies on an element pp"' where P is on 
^circle (by definition of lateral surface). Then 

PP» I I CC S since any two elements of a cylinder are parallel 
And P^C^ II PC by Theorem 10-1. Thus, PP^C^C is a 
parallelogram and P^C^ = PC = r. That is P^ lies on 
circle M^. 

Proof of (b) : Let P^ be a point of circle M^. 
(Note^ p and P« are defined differently than in (a)). 

P jP parallel to C^C and meet the base plane in P,./ 
Then P-^C^ || Tc" by Theorem 10-1 and PP-j_C^C is a 
parallelogram as above. Thus PC = P^C^ =' so that p 
^lies on^ circle M. Then P determines an element PF and 
PP' II CC^. Since, tp^ || CC^, we see that tf^ and tf' 
coincide and P^ lies on . From the diagram P^ lies 

on PP» . Thus, P^ is on the lateral surface. Since 
is in E, the proof of (b) is complete." 

Since bounds the cross-section, we have shown that 

the cross-section is a circular region, it remains to show 
it is congruent to the base. This is a relatively simple 
matter as outlined in the text. 

555 Theorem 16-12 is Immediate from Theorem 16-11, since 

the cross-section and the base are congruent circular regions. 
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Vxj In Theorem 16-13 the proof that the cross -section is a 

circular region is somewhat similar to that of Theorem 16-11, 
Fir' t one would prove th?=>t the intersection of the plane and 
the lateral surface is a circle. 

In the diagram for Theorem 16-13, P is the center of 
the base circle and W is a point on it. Q and R are the 
intersections of the elements PV and WV with the section- 
ing plane. 

The reasons in the proof of Theorem 16-13 are: 

(1) The A. A. Similarity Theorem and the definition of 
similar triangles. 

(2) OR II PW so that A VQR ~ A VFW. Then 

QR VQ k 

area of circle Q _ ttQR^ _ (^\'^ - (^\^ 
^ area of circle P ~ " ^F^ • 

557 Just as in proving Theorem l6-7 on the volume of a prism, 

consider a rectangular parallelepiped with the same altitude 
and base area as the given cylinder, and with its base 
coplanar with the base of the cylinder. Apply Cavalieri's 
Principle . 

557 To prove Theorem I6-I5 proceed as in Theorem I6-IO. 

Take a triangular pyramid of the same altitude and base area 
as the cone and with its base coplanar with the base of the 
cone. Apply Cavalieri^s Principle. 
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Problem Set i6-4 

557 1. V = ^(9 . tt) . 4 = i2Tr. 

2. The number of gallons is '^^'.^^ - 22 • 1^ • 14 . 30 

3 • 231 - V . d . 3 . 7 . 11 

" T " ("^^^ factors of 231 are 3 • 7 . 11. By 

22 

using -J- the computation can be simplified by reducing 
fractions . ) 

3. Subtract the volume of the inner cylinder from that of 
the outer. This gives 

l6Tr(2.8)2 _ i6Tr(2.5)^ 
or l6Tr(2.8^ - 2.5^) = l6Tr(2.8 - 2.5)(2.8 + 2.5) 

= l6Tr( .3) (5.3) = 8o approximately. 
Approximately 80 cubic inches of clay will be needed. 

4. The ratio of the volumes is the cube of the ratio of the 
altitudes, so 

^2 2 8 

= (5) = = .064. 

Hence V2 = .064 x 27 = 1.73 approx. 

558 5. Let r be the radius of the base of the first can and 
h be its height. Then the radius of the second can is 
2r and its height is ^. Then 

VolujTLe of first can - Trr^h. 

Volume of second can = Tr(2r)^' = 2Trr^h. 

Since the volume of the' second can is twice that of the 
first, and the cost is twice the cost of the first, 
neither is the better buy. 



2 1 
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558 6. The volume of the pyramid is ^ = 4800 



The radius of the base of the cone is half the diagonal 
of the square, or 10 

The area of the base of the cone is 7r(lO\/2^)^ = 2007r, 

and the volume of the cone is ^QQ| ' 3^ = 24007r = 7,536 
approximate ly , 

7. Let the radius of the base of each cylinder be r and 

the altitude be h. Then the volume of the cone in 
2 

Figure 1 is — . The volume of the two cones in 

^ 2 2^ 

Figure 2 is 2(^ * 1^ = 



The voluiner. are the same. 

Mo, since the sum of altitudes would be the same as the 
altitude of cone in Figure 1. 

8. Trr^h - -jOT^^h = ^rrv'^h. 

559 ^9. The volume of the frustum is the difference of the 

volumes of two pyramids. Hence their heights must be 

found. If X represents the height of the upper pyramid 

X 4 
^ ^ jj = -g-, . from which 

X = 16 and X -f 8 = 24. 

1^62. 24 - ^-42. 16 

The volume is approximately 636 cubic inches. 
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559 To prove Theorem 16-I6 we show that the sphere and the 

solid bounded by the cylinder and the tv/o cones have the same 
volume by Cavalieri»s Principle. Then we can find the volume 
of the sphere by subtracting the volumes of the two cones 
from the volume of the cylinder. 

5bO The answer to the "Why?*' is as follows: 

Consider one of the cones. Since the altitude of the cylinder 
is 2r the altitude of the 

cone is r. Also the radius r 
of the base circle of the 
cone is r. Therefore, an 
isosceles right triangle is 
formed by the altitude, the 
radius, and a segment on the 
surface of the cone Joining V 
the vertex V to a point on 

the base. Any line parallel to the radius, intersecting the 

other two sides of this triangle, will form a triangle 

similar to the original one. Hence, the cross-section of 

the cone at a distance s from the vertex will be a circular 

region with radius s; and s will be the inner radius of 

the section of the solid. 

561 The argument of Theorem I6-I7 should not be considered 

a formal proof, but an interesting example of mathematical 

reasoning basod on a rather plausible assumption, namely, 

that S, the surface area of the inner sphere is the limit 
V 

of ^ as h approaches zero, where V is the volume of the 
spherical shell and h is its thickness. (We must either 
define the area of a surface or- introduce some postulate 
concerning it, if we want to reason about it mathematically.) 
To Justify intuitively that hS is approximately the volume 
of the spherical shell, we may consider it cut open and 
flattened out like a pie crust to form a thin, nearly flat. 
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cylinder. Then S becomes the area of the base of the 

cylinder and h its height, so that, its volume is hS . 

(Actually such a process would involve distortion and the 

volume of the shell would be slightly greater than hS • ) 

V 

In the course of reasoning when we say ^ — > S as h 
grov'S smaller and smaller (or h approaches zero) v/e mean 
precisely the following: Let h take as its successive 
values an endless sequence of positive numbers, 
h^, h^, ' > ' y h^^, ... which approach zero (for example, 
11 1 

i, J, —y ...)• Then'since V is determined by 

the value assigned to h, V will take on a corresponding 
sequence of values, V^, V^, ...^ V^^, We assert 

that the sequence of quotients t— , rr-y t— , ... 

^1 ^2 

will approach the fixed number S. 

You may better appreciate this method if we apply it in 
a simpler case to derive the formula for the circumference 
of a circle. Consider a 
circular ring with fixed 
inner radius r, outer 
radius r + h and inner 
circumference C. The area 
A of the ring is approxi- 
mately hC (it can be 
flattened out to approxi- " 
mately a thin rectangle) 

and ^ is approximately C. As the ring gets thinner and 

thjnner the approximation gets better and better, that is, 

A 2*22 
^ — >C as h >0. But A = 7r(r + h) - Trr = 27rrh + irh 

h 

so that ft 

^ 27rr + TTh. 

Now let h >0. Then ^ 5>2Trr. But C is the value which 




4 approaches. Therefore, C = 27rr. 
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A corresponding derivation for the area of the lateral 
surface of a cylinder is rv' • ' -.rq^r ' mdled (see Problem 11 
of Problem Set I6-5) . 

For the lateral . 1 ght circular cone it is 

somewhat more complicaL.. given in detail below. 

Derivation of Lateral Area of a Right Circular Cone. 

The figure shows a vertical 
section of a right circular cone 
of base radius R, altitude H, 
and slant height S. It is 
covered with a layer of paint 
of thickness t. Prom similar 
triangles we have 

b a 



t 
IT 



a 



and 



IT R' 



Hence , 




. Ha 
t = 



b = 



Ha 



The volume of the paint is 

V = ^^(R + a)^(H + b) - .^R^H 

= ^Tr(2RHa + Ha^ + R^b + 2Rab + a^b) 

= jTi-(2R}Ia + Ha^ + RHa + 2Ha^ + 

= -jTrORHa + 3Ha^ + ^'^) 

= irHa(R + a + ^) 
We assume that the lateral area A is the limit approached 



by 



Aa 



V 



t approaches zero 
2 



Prom above. 



TrS(R + a +3^) 



t gets very small so does a get very small, and so 



approaches the limit ttSR. 
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Problem Set l6-5 



Surface area; 
Volume : 



nrl6, 



Approximately 201 , 
Approximately 268, 



8 
1" 

22 . 7 



9. 



7 



7 

T 



27 
T' 

12 . 12 
3 . 11 



12 



10,752. 



The tank will hold approximately 10,752 gallons. 

The area of a hemisphere is one-half the area of a sphere, 

2 2 
or 2irr . Since the area of the floor is irr , tvfice 

as much paint is needed for the hemisphere, or 3h 

gallons . 



5. Volume of cylinder is 



ttR 



2R = 27rR" 



|(27rR^) = -^R^; 



which 



is the formula for the 
volume of the sphere. 




2R 



563 7. 



Since 



1, the volume of the ice cream is 



and 



the volume of the cone is -^ir. Therefore, the cone 
will not overflow. 



The voliime of a cube of edge s is s j the 
volume of a cube of edge 4s is ('is) or 64s 
Hence, the ratio of the volumes is 64 to 1. 



If R and 4r are radii of the moon and the earth 
the volumes have the ratio 



|.r3 



^Tr(4R)^ 



1 
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563 8. 



^10, 



The altitude of the cone is r plus the hypotenuse of 
a 30° - 60° right triangle with short side r. So 
the altitude is 3r. Using a right triangle determined 
by the altitude of the cone and a radius of the base, 
the radius of base of the cone is r-/J, so the area 



Of the base i - 2rr 
fore i • . 37rr 



The volume of the cone is there- 
3 



Let r be .adius of 

the tank in feet. 

r^ = l8^ + (r - 6)2. 

r^ = 32^-f r^ - 12r+ 36. 

12r =360. 

r = 30. The radius is 
30 feet. Using 

of the tank in cubic 
feet is 



the volume 
: in c 

^TT • 30^ 




3^ • 

Converting this to cubic inches, finding the number of 
gallons contained, and dividing by 10,000, the number 

Of hours a tank full will last is j ' 1^' aZP^^/^ HB- 

3 • 7 • 231 • 10000 . 

or about 85 hours. 

Let V 
radius , 



be the original volume and R the original 



Then 



Therefore, 



Hence, 
Since, 



the 


new 


V 


2 


V 


= T 




2 




= T 




R 


r 






is ) 



r the new radius 



4 3 
or 



r3 

7^- 



R ^ _ 
r 

VTr 
— ' 



1.6, 



r is approximately R. 
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563 Let V be the volume of a cylindrical shell, S the 

. lateral area of the cylinder, and h the thickness of 

the shell. Then ~ >S as h gets smaller and 

smaller. By Theorem 16-1^1 we know that 

V = 7r(r + h) a - Trr a 
2 

= 27rrha Trh a. 



. - ^-^ 27rra + irha . 

Since, h — >0, Trha — >0 and ^ >2Trra. 

Hence, S = 27rra. 



Review Problems 



56^ 1. a. rhombus, 120, 6o. 

b, 8, c'. 32^/3", 

li s s ^ ^ 

2. M approx. • • • - -jt • 1 • 1 - 

3 . • approx . -jtt • 25 • h = 500 . 

fin 

h = -:jp- = 19 approx, 

h. 48 square inches. -jB • 12 = 432. 

B = 108. 

If A is the area of the cross-sectj on, 

108 _ 144 

A = 48. 

5. 2;.e volume of the first is half the volume of the second. 
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56^1 6, 



7. 

565 



10. 



4872 
Tr(288o 



approx . 
4000 

1 



TT . 144 . 20 

4640 



^.10 



10 . 10 = 



V 



irr 



2r 



) = — T- TT = 4872.._.approximately . 



2 



The volume of the solid equals the volume of the large 
cone decreased by the sum of the cylinder and the small, 
upper cone. Let h be the altitude of the small cone. 
Then 15 - h ) the altitude of the cylinder. Since the 
cones are similar. 



Hence, V 



h 3 
iTr64 



:0v 



and 
15 - 
8lOTr 



h = 



45^ 



^ 687-5 approx. 



A di: uil 'ZZ a parallelogram divides it into congruent 
trianc. rs - Tnerefore, by Theorem 16-8 the pyramid is 
dividf'^ Irr.::. two pyramids of equal " volume . 

In the r'^- ^ai-gular 
parall elep:.p?d , diagonals 
AX sadi hB of rectangle 
ABXW are c aigruent and 
bisec earr: 'ither at 0. 

Ly, diagonals KP 
^vLseot each other 
3^/ considering 
>rr- It ion of KF and 



Simi::.. 
and H 
at C 
the ir 

at C 
that 
is tht 




WB, i ^- is evident that 
:r i^efore, all four diagonate bisect each other 
Blnce the diagonals are congruent, it follows 

equidistant from each of :::he vertices, and - 
er.f:^r of the required sphere. 
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Illustrative Test Items for Chapter l6 

Indicate whether each statement is true or false. 

1. A plane section of a triangular prism may be a region 
whose boundary is a parallelogram, 

2. A plane section of a triangular pyramid may be a region 
whose boundary is a parallelogram. 

3. The volume of a triangular prism is half the product of 
the area of its base and its altitude. 

4. In any pyramid a section made by a plane which bisects 
the altitude and is parallel to the base has half the 
area of the base. 

t 

5. Two pyramids with the same base area and the same volume 
have congruent altitudes. 

6. The volume of a pyramid with a square base is equal to 
one-third of its altitude multiplied by the square of a 
base edge. 

7. The area of the base of a cone can be found by dividing 
three times the volume by the altitude. 

8. The volume of a sphere is given by the formula -g^d"^ 
where d is its diameter. 

9. All cross-sections of a rectangular parallelepiped are. 
rectangles . 

10. A cross-section of a circular cone Is congruent to the 
base . 

11. Two prisms with congruent bases and congruent altitudes 
are equal In volume. 

12. In a sphere of radius 3, the volume and the surface 
area are expressed by the same number. 



2iO 



The area of the cross -section of a pyramid that bisects 
the altitude is one-fourth the area of the base. 

^he diagonal of a rectangular parallelepiped is 

the sum of the three dimensions of the parallelepiped. 

In a right circular cone the segment Joining the vertex 
with the center of the base is the altitude of the cone. 

A school I'oom is 22 feet wide, 26 feet long and 12 
feet high. If there should be an allowance of 200 
cubic feet of air space for each person in the room, 
and if there are to be two teachers in the room, how 
many pupils may there be in a class? 

A 24 inch length of wire is used to form a model of the 
edges Qf a cube. How long a wire is needed to form the 
edges of a second cube, if an edge of the second is 
double an edge of the first? What is the ratio of the 
surface areas of the two cubes? Of their volumes? 

A square 6 inches on a side is revolved about one 
diagonal. Give zne volume of the solid thus "generated". 

If a right circular cone is inscribed in a hemisphere 
such that both have the same base, find the ratio of 
the volume of the cone to the volume of the hemisphere. 

If a cone and a cylinder have the same base and the same 

altitude, the volume of the cylinder is times the 

volume of the cone. 

If the area of one base of a cylinder is 24 square 

inches, the area of the other base is square 

Inches . 

In a circular cylinder v/ith radius 5 and altitude 6, 
the area of a cross-section one-half inch from the base 

LS TT. 
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4. In a circular cone with radius 5 and altitude 6, the 
area of a cross-section at a distance 2 from the 
vertex is . 

5. The area of the base of a pyramid with altitude 12 

inches is times the area of a cross-noct 1 on 2 

inches from the base. 

6. If the area of a cross-section of a pyramid is ^ 

the area of the base, this cross -section of the pyramid 
divides the altitude of the pyramid into two segments 
whose ratio is to ^ 

7. The base of a pyramljd is an equilateral triangle whose 
perimeter is 12. If the altitude is 10, the volume 
of the pyramid is . 

8. The base of a prism is a parallelogram with sides 10 
and 8 determining a 30^ angle. If the altitude of 
the prism is l4, the volume is . 

9. If the dimensions cf a rectangular parallelepiped are 

3, 5, 6, the length of a diagonal is ; the 

total surface area is ; and the volume is . 

10. If the diameter of a sphere is 12, the volume of the 

sphere is , the area of a great circle is , 

and the area of the sphere is , 



<u 1 ,u 



Answers 

T, 6. T, 11. T, 

T, 7. 12. T, 

P» 8. T, 13. T, 

P. 9. T, U. p., 

T, 10. F, 15. T. 



32 pupils. 22_j<_26_xj^ ^ 3^^3_ 
48 Inches . ^. ^. 

367ry2T The solid consists of two right circular 
with a common base having r = h = 3^/~2. 

1 



6. 1, 1. 

7. —3 — . 

8 . 560 . 

9. y/lo, 126, 90. 

10. 2887r, 367r, 14%. 




3. 

24. 

257r. 

^. 
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Chap.^r 17 
PLANE COORDINATE GEOMETRY 

The inclusion of a chapter on analytic geometry In a 
tenth grade geometry course is a recent Innovation. We 
Introduced It at the end of the book for two reasons. 

First, for flexibility In using the text. Some teachers 
may prefer to teach analytic geometry In the eleventh grade 
(or later) In order to do Justice to this very Important 
Idea which shows the complete logical equivalence of 
synthetic geometry and high school algebra. They may feel 
that the tenth grade already Is crowded with many essential 
things, and that to crowd It further does not do a service 
to the understanding of synthetic geometry as a mathematical 
system or of the analytic approach. On the other hand, some 
teachers may feel a sense of excitement over the opportunity 
to introduce students to analytic geometry, and may be 
grateful for a chance to communicate this excitement to 
their students at the expense of omitting some more con- 
ventional material. 

Secondly, the analytic geometry was introduc^^d at the 
end in order to do Justice to both synthetic geometry and 
analytic geometry, if the student is to obtain a deep 
appreciation of the equivalence of Euclidean Geometry and 
classical algebra, he must understand these as separate 
disciplines. He already has spent much time in the study 
of algebra, and it does not seem desirable to fragment the 
treatment of synthetic geontstrry with the piecemeal intro- 
duction of analytic ideas - he may fail to grasp that there 
is an autonomous subject of geometry which is logically 
equivalent to the autonomous subject of algebra. 
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In fact, a surprising number of the concepts treated 
earlier in the book are necessary for analytic geometry. 
The most obvious of these concepts is i that of the number 
scale, but much more than this is involved. The idea of 
plane separation is involved in distinguishing the location 
of points with positive coordinates and points with negative 
coordinates. The theory of parallels Justifies the rect- 
angular network used for graphs. Similarity is used in 
establishing the constant slope of a line. The Pythagorean 
Theorem forms the basis for the distance formula. The 
notion of a set of points satisfying certain conditions, .-t^^^ 
which is basic 'in coordinate geometry, is treated sjmtheti- 
cally in Chapter 1^. These few examples will serve to 
illustrate the considerable background of concepts it is 
desirable for a student to have before beginning a careful 
treatment of analytic geometry. 
567 The history of geometry, like the history of all of 

mathematics, is a fascinating story. When one knows the 
history of a subject, he can better appreciate the years 
of development necessary to put it into the form we know 
it today. Since the development of analytic geometry was 
a major break-through in mathematical thought at the time 
Descartes discovered it, students might be interested in 
the history of its development and discovery. Just as they 
might be interested in the history of synthetic geometry. 
Suggest to them the title of an available book on the history 
of mathematics . (An excellent bibliography has recently 
been published by the National Council of Teachers of 
Mathematics . Write for the pamphlet "The High School 
Mathematics Library", by William L. Schaaf. Address: 
NCTM, 1201 Sixteenth Street, N.W., Washington 6, D.C.) 
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The idea of translating .between algebra and geometry 
^^can be used by the teacher as a means of organiiiing a 
"curaulative summary of the chapter. The students can be 

asked to keep a geometry-algebra dictionary like the 

following. 



Geometry 


Algebra 


A point P in a plane 


An ordered oair of numbers 
lx,y; • 


The end-points of a segment 


(x-^^,y-^^) and (x^^yg) . 


The slope of ^1^2' 


The number m = 

^2 ' ^1 


The distance ^1^2' 


The number 

y (x^ - x^)^ + (y^ - y^)^ 


The mid-point of P^^g' 


+ X2 y-L -f y2^ 
I ^ • > ^ )' 


A line. 


The set of ordered pairs of 
numbers that satisfy some 
linear equation 
Ax + By + C = 0. 


The intersection of two 
lines . 


The common solution of two 
linear equations. 


Two non-vertical lines 
are parallel . 




Two non-vertical lines 
are perpendicular . 


m-^^m^ = -1 . 



Notice that we now set up a coordinate system on each 
of two perpendicular lines, rather than on only one line, 
as we did in Chapter 2. This enables us to find the co- 
ordinates of the projections of any point on the two lines. 
We writa these coordinates as an ordered pair (x,y) . 
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We again have a one-to-one correspondence, this time 
between ordered pairs of real numbers and points in a plane. 
To each ordered pair of real numbers there corresponds one 
and only one point in the plane, and to each point in the 
plane there corresponds one and only one ordered pair of 
real numbers . 

Sections 17-2 and 17-3 cover material that is familiar 
to most students, and classes should move on as quickly as 
possible. If students already Icnov/ the terms abscissa and 
ordinate, there is no reason to object to their use of these 
words. The terms are superfluous, however, and need not be 
introduced by you. 



Problem Set 17-3 

1. "Cartesian" is used to honor the discoverer, Descartes, 

2. (0,0). 

3. -3. 

4. The origin, or (0,0) . 

5. (2,1) and (2,0) . 

6 . a . IV . c . I . 
b. II. d. III. 



7. 


One 


of the 


coordinates 


must 


be 0 


8. 


D, 


B, C, 


A. 






9. 


c. 


A, D, 


B. 






10. 


a . 


II. 




e . 


IV. 




b. 


I. 




f . 


I. 




c . 


IV. 




g- 


II. 




d. 


III. 




h. 


Ill 



2 1. •/ 
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575 *12. a. y-axis, x-axls, z-axls. 

b. xZ'-plane, yz-plane, xy-plane. 

c. h, 2, 3. 

576 When we define the slope of a line segment to be the 
quotient of the difference between pairs of coordinates, 
there is no need to introduce the notion of directed distance, 
but it is absolutely necessary to put the coordinates of the 
two points (x^,y^) and {x^^y^) in the proper position in 

the formula. That is m = cannot be used i^s 

x^ - 

^2 ^1 ^1 - y2 

m = — :nr~ although m = ^ is also correct. Notice 

2 1 ~ 2 

that in finding the slope of AB it doesn't matter which 

point is labeled and which one is labeled P^. 

578-579 It is important to note here that RP^ and P-^R are 

positive numbers and we have to prefix the minus sign to the 

RPg 

fraction -p-^ if the slope is negative. However, the 

formula defining the slope of a segment will give the slope 
m as positive or negative y/ithout prefixing any minus sign. 

For the Case (1) if m > 0, then m = y-^, 



RPg " ^2 " ^1 ^1"^ " ^2 ^1* ^^^^ 

RP^ 

m < 0, then m = - Rp^ = " and P^R = - 

Therefore Case (2) becomes m = - — which is 

^1 " ^2 

- yi 



X2 



equivalent to m = 
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Problem Set 17-4 



580 1. 


a . 


7. 


b. 


-1. 


c . 


yi- 


2. 


a. 


6. 


i 

b. 


-3. 


c . 




3. 


a. 


2. 


b. 


2. 


c . 


3. 



d. The two points in each part have the same 
y-coordinate . 

581 e. If two points in a plane have the same y-coordinate, 

then the distance between them is the absolute 
value of the difference of their x«-coordinates . 

f . No. 

^- a. 3. b. 2. 0. k. 

The two points in each part have the same 
x-coordinate . 

If two points in a plane have the same x-coordinate, 
the distance between them is the absolute value of 
the difference of their y-coordinates . 

(3,-1). 



d 



5. 


(2,3); 


(-1. 


-5); 


6. 


PA = 2, 


OA 


= 2. 




PB = 5, 


QB 


= 3. 




PC - 7, 


QC 


= 3. 


7. 




3 

7- 




8. 


1 

VS' 







2 .1 
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582 9 



10, 



12. 

583 13 . 
Ik. 



a . 
b. 
c . 
d. 



1 

1' 
-3. 

7 

IT- 

3 

6. 



e. 

f.. 

£• 
h. 
b. 



15 
8 

13- 
-1. ■ 

-3. 
4.5. 



First assume that 
PA, PB have the 
same slope m. 
Let P = (a,b) , 
R = (a + 1,0) . 
Let be per- 

pendicular to the 
X-axis , Neither 
PA nor PB is 
perpendicular to 
the X-axis, hence, 
neither PA nor 




PB is parallel to 

RS. Let PA, PB intersect RS in Q, Q» , 

respectively. Let Q (a + l,c), Q» = (a + l,c') 

Then = m " ^ 



1 T 
Whence, c = c» and hence Q =:= Q» . Hence, 
(by Postulate 2). ^ri... 
The converse has already been proved (Theorem 17-l). 
Hence, if PA, PB have different slopes, then P, 
A, B cannot be collinear. 



a. 
a. 



Yes 
-1. 



3 
96 



b. 

c . 



No. 

a - b 



Slope of ' AB is |g = 1. Slope of ^BC is ^ = i 



Point B is common. Therefore AB and BC coincide 
[pages 582-583] 
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15. Slope of Ab" is || = 1; slope of CD is ^ = ^- 

We are tempted to say that AB || CD, but we must 
make sure that they are actually two different lines. 
We test by finding the slope of which is 

101 <~> 

= 1. Hence, AB and AC must coincide so that 



C is on AB and the lines can't be parallel. It 
follows that AB and CD coincide. 

l6. Draw the segment which Joins (4,3) and the origin; 

any other segment through the origin lying on the line 
determined by this segment will also suffice. 



The information concerning slopes of parallel and 
perpendicular lines constitutes a very important principle 
for the solving of geometric problems analytically. For 
instance, if a student were asked to show that two non- 
vertical lines were parallel, he would have to show that 
their slopes were equal; to show that a pair of oblique 
lines were perpendicular would require that he establish 
the slopes to be negative reciprocals of each other. 
Note that to show two segments parallel it is not sufficient 
to show they have the same slope; it is necessary to show 
also that the segments are not collinear (see Problems 11 
and 15 of Problem Set 17-4) • 

To shov why A PQR s A PR» we first show that 
/ Q'PR' is complementary to ^ QPR. This follows from 
m/ Q'PR' + m/ Q» PQ + m/ QPR = l80 and m/ PQ = 90. 
Therefore / Q'PR' « / PQR and / PQ» R' = / QPR. Since 
PQ = PQ' , the triangles are congruent by A.S.A. 

In the converse we use S.A.S. to show A PQR = A Q»PR« 

By construction, R'P = RQ and / R and / R' are right 

RQ 

angles. We get R»Q' = PR as follows: 

R' 0» 1 0' PR 

m» = - bTT^' "^^^^ " m - " RQ^ 

since the denominators are equal we have R'Q»'= PR, 

[pages 583-585] 
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^167 

?ina.:.ly, we ge- _ a ri^nt angl- Vj,v using the 

facT -:,,. V ^ Q<PR it> m -erior cngle of ?Q 7?' and 
tha R 3 ^ PQiRt . 

,:>t. that Theorem 17— „^ and seme theorem ^ which follow^ 
ar*r r d after the procf rather than befc^-- In this 
way, full theorem seems to be a result . • zhe dis^rzassion 

pertin^ z to the topic being considered. 



Probl:^ Set 17-5 

1. Slope AB = -|j slope "cD = -|i hence, Ab" || ^ or 

'tB Slope AC = hence. A, B, C, are not 

collinear. (See Problems 11 and 15 of Problem Set 17-^.) 
Hence, AB / CDp so that AB || CD. 
Similarly, prove BC || AD. 

2. Slope of Ab"= - slope of ^ = - ^. 

Slope of BC = -3, slope of DA = -3. 
Therefore opposite sides are parallel and the 
quadrilateral is a parallelogram. 

3. L-^ J_ Lg and J_ L^, by Theorem 17-3. 

^. The second is a parallelogram, as can be shown from the 
slopes of PQ, RS, QR, and PS, which are 

respectively, |, |, . - The first is not a 

parallelogram since the slopes of AB, BC, "cD and 
AD are respectively, ^, 5, and- ^. 

5. a. Slope of AB = - ^ 



7- 



Slope of BC 
Slope of Ac" = 0, 
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b. .)r Ititude to ab = 



_ 7 



c .Ititude to BC = - 



9 
2' 

a^-; "c^wde to AC has no slope , it is a vertica 



Both .nd 3D have the same slop.:-, -1; AC has 

slope ^^r^fore AB || CD. AD uid BC have 

diffe: ... 'j-.::. Therefore the figure is a trapezoid. 

Diagor.-.. u horizontal since its slope is 0. 

Diagor.' Z3 vertical. A vertical and a horizontal 

line a. ^e:. v^^-idicular . 

The sic e : ^ach case is the same, - -j; the slope of 
line Jc -1: -' (3n,0) to (6n,0) is 0. Hence, the 
given 1 . - are parallel. 

The slODs o: the first line is — . The slope of the 

a ^ 

a h 
second Ir - ^. Since the negative reciprocal of ^ 

is - the lines are perpendicular. 

Application of the slope formula shows that the slope 

of XY Iz and tfet of "XZ is - |-. By 

Theorem 1^-:. XY _[ 3cz. Hence, /X is a right angle. 

/ PQR v;i: -r. a right angle if PQ J_^. 

PQ will De perpendicular to QR if their slopes are 

negative reciprocals; that is, if: 

-6-2 b - 5 
5 - 1 " ~ FT^ 

from which b = -17. 

Slope P^. ^ ^f~^; slope RS = ^"j; slope QS = 0. 



If PQ v/ere the same as RS these three slopes v/ould 
have to equal; but neither of the first two can be 
zero fo nny value of a or b. 



If p: II RS then ^"j; ^ = ^"^ ^ , whence, 
a = b - 1. 
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588 Notice that it would be impossible for us r develop 

the distance formula without the Pythagoreamhecrem, which 
in turn rests upon the theory of areas, paral leL: , and 
cor:gruence. 

It might be instructive with a good class c have zhem 

derive the distance formula with and P^ ' :* various 

1 t 

positions in the plane. In working with the dii! ranee 
formula, it does not matter in which order we P-^ and 

P^ in as much as we will be squaring the dlf;::^-:^rence betwasn 
coordinates. The distance formula holds even .^nen the 



segment 


P-,P2 
X c. 


is horizontal or vertical 






Problem Set 17-6 


1. a 


and b 


. AB = 1, AC = 3, AD = 


BD 


= 3.5, 


CD = 7.5. 


2. a. 




- x^l or ^ - x^)^. 


b. 




- y-^l or y - y^)^. 


3. a. 




e. 17. 


b. 


5. 


f . ■■/2T 


c. 


13. 


g. 89. 


d. 


25. 


h. 5^5". 


4. a. 




- y^)^ + (x-,^ - Xg)^. 


b. 


x2 + 


2 

y = 25. 



4.5, BC = 4, 



591 5. By the distance formula RS = 5,' RT = arid. ST = 5. 

Since ST = RS the triangle is isosceles. 



2 '> \ 

'V 
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8. 
9. 



^10. 



A DEP will be a -_ght triangle with D a zi-=nt 
-r:,cle only if DE" - DP^ - E?^. This is the za.^^ since 
ni~ = 5, DP^ = 45 and iZI^ = 50. 

.=3 = 78" = 2 v/i". BC = ■frk = 6 Ti". ac = Viis = S/F. 

Hence, AB + BC = AC, and the-efore, from the Triangle 

Inequality, A, B, C, ara coillnear. It now follows 

from the definition of "between" that B is between 
k and C . 



a 
a , 
b, 



7. 

(a,b). 



Y:(a,b 




W:{o,a) X:(a,0) 
WY = Via - 0)2 + (b - 0)2 = ^. b^. 



XZ = V (0 - a)2 + (b - 0)2 =ya2 + b^. 
Hence, 'hY = XZ. 

a. Let A = (2,0,0), B = ;2,3,0). From the meaning 

of the X, y, and z-cocr-dlnates , OA = 2, AB = 3, 

and BP = 6. By the Pythagorean Theorem applied 

to A Oi£, OB^ = 13, i;hen applied to A QBP. 

2 

OP = and OP = 7. (OP may also be considered 

a diai-_^l oz a rectangular block.) 
t.. Generalizing t.Ue procediire in part (a.) , ths 

/ ? P 2~ 
distance is x + y — ..z . 

c. P-^Pg = y (Xg - x^)2 + (y^ - y^)2 + (j,^ _ ,::^)2^ 
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59- Ic-point formula .1 prove to be very useful in 

the v-'Dp.. >..ich follows. 1::^. will be true, for example, 
when we speaking of tra- edians cf a triangle. If we 

too;< r:::- ordinates of ur.. -^rtices of a triangle, and 
appl: r::.: -::^finitiGn of a ::i2.iian, we can find the coordinates 
of t:-„r. ,^it in which the .ri^cian intersects the opposite 
side. Zs::l.z will give us ti:^ coordinates of its end-points 
and e/ii^le us to find the .igth and slope of the median. 

The oroof oT the mid--. ._Lnt formula is easily modified 
to hc-j. r horiJontal and ' ._rtical segments. 



Problem Set 17->7 

5Q3 1. a. ('3,6). d. (o,0). 

b. -2.5,0) . 6. (0,0) . 
,2,0). 

2.. (8,12'- d. (1.58,1.11). 



12"'c ' ' ^'5'''2' 



59^ 3.. a. (4,2). 



2 ' 2 ' . ^ 

X -31. y = 41. 

The z zher er.l-porrrr- is at (-31,4l) . 

~ Z ^ ED rlii^ce zo vh hc.'^r^' lengths 68 by the -listance 

rmula. 3D zlz^ce. the slope of AC is 4 and 

rh-^r slope c:z 31 is ^ These are negative 
""G'lprocal.:: . AC and 3D bisect each other since 
-Sing the n:id-point fcGinula each has the mid-point (3,5) 
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59^ 5^ 



The mid-point X 
The mid-point Y 
The mid-point Z 



of k3 ^3 (3,2), 

cf h: .5 (-1,3) 

cf ~ ^ (1,0), 

By the distance fomula 



or 



2 */ 13, and BZ = 



6, -y formula, the mxd^poir-a of AB, EC, CD and DA 
W(0,1), X(-l,6), 7(4,6) and Z.(5,l), 
respectively. WX has length ^26 and slope -5. 
iZ also has length -/^S and slope -5. XY has 
slope 0, hence, :«7= Z2, so tnal7, WX I| yF. 
W_th the same two sides parallel ard congruBnt the 
figiire is a parallai.ogrH-L. 

7- By the mid-point i'onnula- the other end-poln^: of one 
f 8l 3a 

median is (-j*-^) ? and -the other end of another 
—a 3a 

median is (-^,-^: „ By the slope formula, tne slopes 
of these medians :x:?e 1 and -1. Since 1 ^ the 
neeiLtive r^-iproa: 1 cf -1, the medians are per-- 
pendicular, 

8. Prom the similarir 

b e tween A ?-^py^. a: 



SlncH TG =^'~ 3 ar. 1 
TV = ? S, Tl" = i TV. 
In terms of coordinates 

This aan -^Iso be written 




X = 



Xg + 2x^ 



argxmenx with P p^ projected JLntc -the y-axls., 

— 3 • 
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y = 



.2 27 
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Therefore the cocrdinates of ? are 

[ — 3 > — 3 

595 ♦9. a. Replacing i by ■ ^ „ 1~ the solution of the 
previous pr":xblem, if Xg ^ ic^, we get 

X = ^ ^ g (xg - x^) + 

r{x^ - x-l) + X (r + s) 

from which., x = — = , 

r 4- s ' 

rx^ + sx^ 

If Xg < a s^lmilar ajpi^^ient leacs: the 

same result:,. 

By a similar argument wife r-j.Pg prrojected into 
the y-axis. 

Id • — ^ ^ — — . 1^ , 5 J 

^ 3 • 36 ~ .11 — , 

y = ■:: = ^.^.0. 



iL2S 
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Although we may place our axes in any manner we desire 
in relation to a figure, there are advantages to be had by 
a clever choice. For instance, if we are given an isosceles 
triangle, we may place the axes wherever we wish, then use 
the properties of an isosceles triangle to determine the 
coordinates of the vertices. Suppose we place it like this: 

, 0 




The student should be permitted to draw upon his knowledge 
of synthetic geometry and make use of the fact that the 
altitude to the base of an isosceles triangle bisects the 
base. Hence, the x-coordinate of the vertex should be 
half the x-coordinate of the end-point of the base that is 
not at the origin. On the other hand the y-coordinate of 
the vertex is not determined by the coordinates of the other 
vertices and is an arbitrary positive number. Suppose we ' 
place the axes like this with the vertex on the y-axis : 




(0,0) {a,o) X 
Then, since the altitude bisects the base, the lengths of 
the segments Into which it divides the base are equal, and 
therefore the end-points of the base may be indicated by 
(a,0) and (-a,0). 



2 1 0 
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There also are limits to what we can choose for co- 
ordinates . For parallelograms, we find that three vertices 
may be labeled arbitrarily, but the coordinates of the 
fourth vertex are determined by those of the other three. 
Naturally there is more than one way in which we may label a 
parallelogram. Below in the figure on the left the co- 
ordinates of points A, B, and D were assigned first. 
Then the coordinates of C were determined in terms of the 
coordinates of the other three points . In the figure on 
the right A, B and C were chosen first. Notice how the 
coordinates of D are given in tenns of the other co- 
ordinates . 



t y 



D(b,c) 



C(a+b,c) 



(op) 



B(a,o) 



D(b-a,c) 



C(b,c) 



A (0,0) 



B(a,o) 



One word of CAUTION. The above discussion is based 
upon the fact that such things as isosceles triangles or 
parallelograms are given in the problem. If the problem 
is to prove that a quadrilateral is a parallelogram or that 
a triangle is Isosceles, then we cannot assume such properties 
to be true, and must establish, as part of the exercise, 
sufficient properties tn 'Vaaracterize the figure. 

If class time is limited, the end of Problem Set 17-8 
would provido a satisfactory conclusion to the coordinate 
geometry work. The balance of the chapter could be covered 
In later courses. 
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598 1, 



3. 



)2 =yirr;2^ 



DB = y (a - 0)^ + (0 - b)^ = + b 

AC - y (a - 0)^ + (b - 0 

Therefore, DB = AC. 

Locate the axes along 
the legs of the triangle 
as shown. 

By definition of mid- 
point PA = PB. 
Therefore P = (a,b) . 
It must be shown that 
PA = PC (or that 

PB = PC). By the distance formula 
PA = V (2a « a)^ + (O - b)^ = 

= y (a - 0)2 + (b - of =yi^ 




C(0,0) 



A(2a,0) X 



+ b' 



and 



PC 



+ b' 



Let the x-axis contain 
the segment and the 
y-axis contain its mid- 
point. Then the y-axis 
is the perpendicular 
bisector of the segment. 
Let P(0,b) be any 
point of the y-axis, and 
A(-a,0) and B(a,0) be 
the end-points of the 
segment. Then: 




A{-a,o) 



BiQfl) 



= y (0 -f a)2 4- (b - of =y a^ + b^. 



PA 

PB = ^/7 



;a - 0)"^ + (0 
Hence PA = PB. 



0' 
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Place the axes so :::h3.t 
the segmerrt will have 
end--pointr A(~a,0) 
B(a,0), cnn;d the y-az:is 
will be irs perpendicular 
bisector. Let Q(x,y) 
be any pcint -=^:5uiiilsit;ant 
from A and 3 . From 
the distance ^^ormiLla 




A(-a.O) 



QA^ = (x + + and QB^ = (x - a)^ + y^. 



Since QA 



QA^ = QB^ or 



(x ^ + y^ = (x - a)^ + y^. 
Simplifying. ^ax := 0. 

:k = C,, since a ^ 0. '"'^^s. •{ 

Hence Q mnHt: lis on the y-axis which '^13' ' the per- 
pendiculsor xls:ectar of AB. 

The mld-volnt of 7c = = 



The mld-polut of 3D = ( 



a + b 0 + c 



) = ( 



a + b c^ 



, _ , 



Since the diagonals have the same mid-points, they 
bisect eacii otiLer^,.,:-.. 

Since R arri: S have the same y-cop'^^dinates , "^s" || AB 
Since RS ±e hori2:ontal. 



d 
2 



b a - d 



^ 2 2 " 2 • , . 

3C = d - b and AB = a. 

Therefore ^(A3 ^ DC) = ^ - - ^) = b^±a 



Hence, RS = ^{AB - DC) which was to be proved. 
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800 8, 



R = (2a, 0) , S = (2a + 2d,2e) . 
T = (2b + 2d, 2c + 2e) , W = (2b,2c) . 
Mld-polnt of WS = (a + d + b,e + c). 
Mld-polnt of TR = (a + b + d,c + e) . 
Therefore WS and TR bisect each other. 

Area A ABC = area (XYBA) + area (YZCB) - area (XZCA) . 

Area A ABC = |(s + r) (b - a) +|( t + s ) (c - b) - ■|(r + t) (c - a) 

Multiplying out and combining terms, 

area A ABC = ■|( rb - sa + sc - tb + ta - rc ) , or 

area A ABC = a(t - s) + b(r - t) + c(s - r) 



ZY^ = (b - a)2 + c^. 



XZ^ = b^ + c^. 



XY = a. 

Since (b - a)^ + c^ = (b'^ + c'^) + a'^ - 2ab, 
Therefore ZY^ = XZ^ + XY^ - 2Xir • XR, 



XR = b. 

,2 . _2, 



Observe that this proof remains valid if 
between X and Y. 

10. Select a coordinate system as indicated. 
M = (b,c) , N = (a +d,e) . 
AB^ = na^. 

BC^ = 4(a-b)2 + 4c^. 
CD^ =■ i^(b - d)2 + kic - e)^. 
DA^ = 4d^ + 4e^. 
AC^ = kh^ + i^c^. 
BD^ - i^(a - d)2 + he^. 
MN^ = (a +d - b)^+ (e - c)^. 



R lies 



C(2b,2C) 




B(2a,0) 



♦•X 



Prom these expressions the given equation can te 
verified. Note that 

(a + d - b)^ = a^ + d^ + b^ + 2ad - 2ab - 2bd. 



•-) o 
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600 11. Place the axes and label 
the vertices as shown. 
AC^ = + c^. 
BC^ = (2a - b)^ + c^. 



C(b,c) 



MC^ = (a - b)^ + c^, 
Since 




A(0,0) M(a,0) B(2a,0) 



(b^+ c^) + (4a^ - 4ab +b^+ c^) =2a^+ 2(a^ - 2ab + b^+ c^) , 

= 2a^+ 2[(a- b)2+ c^]. 
Therefore AC^ + BC^ = + 2MC^. 
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y 



i 


i 


(5,0) 

— — ►x 


(-5,0) 




(5,0)^ 




0 






0 


f 



la. The vertical line 
through (5,0), 



lb. The two vertical lines 
through (5>0) and 
(-5.0). 
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6o3 



- // 






(0,3) " 




[o '^'^ 




2a. The half -plane above 
the horizontal line 
through (0,3). 



y 

4^ A 



(2,0) 



2b, All points between the . 
lines y = 3 and y = -3, 




All points between the 
y-axl3 and the line 
X = 2. 



All points within or on 
the boundary of the In- 
dicated strip. 
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y 

4 



(0,2) 



(0,-2) 




> X 



60 4 



All points within, or 
on the lower boundary 
of the Indicated strip, 



All points within the 
second quadrant. 



4 


i 


► X 


0 








{3rl) 


r ■ 

r 



7. All points within Indicated angle, 



23(i 
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6o4 



y 

A 



A A 



etc. 



8a, 



2 

t t 



All points on the 
vertical lines 
indicated. y 



< — ^ 


i 

etc. . 


— ^ 


► 


0 


► 




' ► 



8b. All points on the 
horizontal lines 
indicated. 



i 

5 
4 

3 
2 
1 


i 








i i 














► ► 
























> ► 












• ► 












► ► 


0 


12 3 4 5 



The Intersection of the 
solutions for (tfa) and 
(8b) . i.e., all points 
In the first quadrant 
with integral coordinates. 





The intersection of the 
three half -planes formed 
by the • three given 
conditions, i.e., all 
points within the angle 
formed by the positive 
part of the y-axis and 
the ray from the origin 
as shown. 



10. 



All points within or on 
the boundary of the in- 
dicated rectangle. 
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4 




The rays bisecting the Lines bisecting the angles 

angles formed by the x formed by the x and y-axes • 
and y-axes In first and 
second quadrants . 
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6o4 *15. The square with vertices 



(5,0), (0,5), (-5,0) 
and (0,-5). 




(0,-5) 
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y 

u 



-I — » — I- j < — I — »- 



-I — I — ^ — 



(4,0) 



x-4 



y 

4 k 



H 1 1 1 H 



H l-H 1 1 1 ► 



X =0 



The graph Is 
the y-axls . 
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6lO 



17. 



y = 0 -j- 

-<H 1 1 — 1 — I h 



H 1 i 1 1 h 



The graph is the x-axis 



611 18. a. The yz-plane. 

b. The xy-plane. 

c. A plane parallel to the yz-plane, intersecting 
the X-axis at x = 1. 

d. A plane parallel to the xz-plane, intersecting 
the y-axis at y = 2. 



611 The material in Section 17-11 may have been previously 

covered in a first year algebra course. If this is the case, 
do not spend any more time than is necessary on this section. 

You will note that in the discussion on this page, it 
is necessary for us to find an additional point in order to 
plot the graph of the equation. We may do this in two ways. 
The first would be to assign to x a value, substitute this 
value In the given equation and compute the corresponding 
value of y (or we could assign a value to y and compute 
x). The second method depends upon the discussion here in 
the text. For we know how a line with a positive or negative 
slope will lie, and we also know that if a line has a positive 

2 4 3 



[pages 610-611] 



^89 



611 



RPp 

slope then m = slope is negative, m 



Then, given one point on the graph and the slo^e we can find 
a second point by counting the units in the legs of the 
right triangle. Consider the example used by the text, 
y = 3x - 4. We see immediately that the y-intercept is -4 
and that the slope is 3. Since the slope is positive, the 
graph will rise to the right. Hence, we can find a second 
point by starting at (0,-4) and coi^ting 1 unit to the 
right and three units up to the point (l,-l). We can check 
to see that we are correct by applying the slope formula to 
these coordinates. 

Let us consider one moi'e case, namely, when the slope of the 
given line is negative. Draw the graph of the equation 
2 

y = - -jX + 3. We see that the point (0,3) lies on the 

graph, and to locate a second point by this method, we must 

p 

realize that we will be working with a slope of - -j. The 
graph, then, will rise to the left and we can locate a 



second point by counting 3 units to the left from 
and 2 units up, as in the figure below. 

y 

A 



-3,5) 



(0,3) 



.4 I I I I I L- 



J0,31 



-J I » i » ^ 



2 44 
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2x + 5y«7 



2. 



-J — I — I — H 



-l h 



-I — I 1 — I — h 



-i-H — I — \-> X 



-• / ^y-2x+3«0 



3, 



X+4-0 

— !-H — t- 



■i 1 — \ 1 — X 



i 


i 


— ^ — 1 — 1— 1 — 1 — 


— 1 — 1 — 1 — f—^ ) 


< 


^ 

, y + 4«0 



5. The graph is the whole xy-plaine. 

6. The graph is the empty set; i.e., there are no points 
whose coordinates satisfy the eqxiation. 

7. The graph contains a single point, the origin (0,0) • 

8. The graph is the empty set. 
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I I I I I I 1 I I I I I — ►x 



I 



11. 12. 




13. 


3x 


- y - 1 = 0. 


A = 3, 


B = -1, C = 


-1. 


14. 


X + 


y - 1 = 0. 


A = 1, 


B = 1, C = 


-1. 


15. 


2x 


- y - 4 = 0. 


A = 2, 


B = -1, C = 


-4. 


16. 


y = 


0. A = 0, 


B = 1, 


C = 0. 




17. 


X = 


0. A = 1, 


B = 0, 


C = 0. 




18. 


y + 


3=0. A = 


0, B = 


1, C = 3. 




19. 


X + 


5=0. A = 


1, B = 


0, C = 5. 




20. 


X - 


5y = 0. A = 


1. B = 


-5, 0=0. 
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6l8 1. 





X = 2^; y = ^. 



The empty set. 




- The equations are 
equivalent. Any 
pair of numbet»s 
whose sum Is 3 
Is a common solution. 

2. a. (1) and (4), (3) and (4). 

b. (1) and (2), (2) and (3), (2) and (4). 

c. (1) and (3). 

3. 4000 miles. 



2 4 T 
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619 ^- a. The intersection is 
point (2,^). 



5. 



The intersection is 
the ray shown with 
end-point (2,^) • 



a. 



The Intersection is 
the interior of 
/ ABC. 



(0,4) 


/ 

7(2.4) 




L ^ 


/ 

i 


i f 
f 


(0.4) ' 


/ (2.4) 
L ^ x 








The conditions are y < 2x and y < ^, 

The intersection is 
the interior of the 
triangle with vertices 
(2,1), (2,if), and 
(-1,^). 

X + y < 3, 
X > 0, 
y > 0. 




2 4 3 
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The mid-point M has 
coordinates 

The slope of AB is 
8 - h 



= 2, so the 



•| and 



1 \ I 




A(3,4) 



I t I t I I -I- 



slope of L is - 
its equation is L: 
y - 6 =: - |(x - 4), 

y - 6 = - + 2, or 

X + 2y = 16. 

Alternate solution: L is the set of points P(x,y) 
for which PA = PB, This gives 

- 3)2 + (y - 4)2 = - 5)2 + (y - 8)2 

which reduces to x + 2y = l6. 

In the preceding problem, we found the equation 

L: X + 2y = 16, 
Similarly, for M and N we find 

M: 3x - y = -3, 

N: 2x - 3y = -I9, 
The intersection G of L and M is obtained by 
solving their equations: 

Substit>iting in the third equation, we find that G 
lies on N also. 
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Take a coordinate system in which Queen^s Road is the 
X-axis and King^s Road is the y-axis • 



' i 








, M(0,m) 




















— i» — »■ 



E(-4,0] 



S(2,0) 



The coordinates of the elm, spruce, and pine are as 
indicated. The maple is gone, but its assumed position 
is labeled (0,m), The slope of EP is -^j so its 
equation (in slope-intercept fonn) is 



y = -2x + 3, 



m 



so its equation (in point- 



The slope of SM is 
slope form) is 

Sif: y = - |(x - 2) 

Solving these two equations simultaneously, we find 

the coordinates of A: 

„ ^(m - 3) 
1 " 2m + 3 ' 

9m 

1 - &i + 3- 
Similarly, we get the equations 



A: K 



SP: 
EM: 



y = - |x + 3, 



-and the point of intersection is 

^(m - 3) 
m + b 



X2 = 

B: I 

^2 " m + b' 
The line AB has the equation, 



9m 



AB: 



) (x - x^) . 
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620 The intersection T of AB and the x-axis is fo-und by 

letting y = 0 and solving for x: 

Xp "~ X-i 

^1^2 - ^2^1 



X = 



^2 - 



Now 

^ 72m(m - 3) 
(m + 6)(&Ti + 3)' 

V V - 9m 9m 
^2 ^1 " m + b " ^ -t- 3' 



9m(m - 3) 
(m + 6)(^ -r 3) 



Dividing, we get x = 8. Therefore the treasure was 
buried 8 miles east of the crossing. 
Suppose now that the pine were also missing. Assume 
coordinates (0,p), for P and carry through the 
calculation in terms of both m and p. The algebra 
is a little more complicated, but if it is done 
correctly both m and p drop out in the final 
■»esult, which is again x = 8. . 
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620 *9. The y-a.xis is a line through C, perpendicular to the 
base AB, i.e., it contains the altitude from C. If 

where m is its slope, contains the altitude 
from A, it has the equation 

y = m(x + 4), 

1 



Since AM BC, 



m = - 



slope 



BC = - so 

y = J(x + 4) 



But slope 
AM is 

To find the y-intercept, let 
y = 7 4 ^ 7 



7 

m = and the equation of 



Now do the same for BN, 



Which contains the altitude 



from B. Slope M = 4i = 2. SO the slope of is 



- and its equation is 

y = - ^(x - 7). 

Letting x = 0, we get the y-inte^ ept 
y = - -^(-7) = ^. 



Therefore AM and BN meet at the point 
the line containing the altitude from C. 
For the general triangle, 

slope ^BC* = - I", 

slope 1m^= — , so 
c 

and 

.ba 
" c ■ 



(0,1) 



on 



AM: y = £(x - a), 
the y-intercept is 

Similarly, slope 

<— > « 

slope BN = so 
c 



AC =-^, 



) 

i 


lc(o,c) 




/ 






A(a,0) 


B(b,o) 



y = f(x ^ b). 



BN: 

the y-intercept is - 



and 
ab 
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620 Therefore the three altitudes meet at the point 

ab 

{0,- Note that this proof does not depend on the 

signs of a, b, and c, but only on the fact that 
A, B, lie on the x-axis and C on the y-axis • 

621 no. Let A = {x^,V^), B = (x2,y2). C = (x3,y3) . 

Then we have 



R = ( 
s = ( 





72+73 


■ 2 


' 2 


,^1 + ^2 


7i+72 


2 


2 




71 + 73, 


2 


' 2 



ClXj.y,) 




The slope of AR is 
^2 + ^3 



A(x, , y,) 



1 y2 + ^3 - ^] 



2 ' 3 ^ 
—5 Xj 



X2 + X3 - 2x^- 



Tf r / ^i + ^2 + ^3 yi + y2 + y3 ^ 

li G = ( 2 , 2 } > then 



the slope of AG is 

7 
1 



7i + 72 + 73 



= m. 



so G is on the median AR. Similarly, the slope of 
BT is 



7i + 73 



■"2 = X. + X 



72 ^1 + y3 - ^2 



1 ' 3 ^ 



Xi + X3 - 2x2' 



2 G .3 
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621 



'11. 



and the slope of BG is 

- y. 



yi + y2 + yg 



3 ^ - ^2 

SO G is on the median BG. Similarly, we find that 



G is on the median CS . Hence, the three medians 
intersect in the point G whose coordinates are the 
averages of the coordinates of the vertices . 

y 




The equation x + 3y + 1 = 0 is equivalent to 

11' 
y = - -jX - -J, which is in slope-intercept form. 

Therefore the slope is - ^. The line M through 
(1,2) perpendicular to L has slope 3, so an 
equation for it is 

M: y - 2 = 3(x - l), 
y = 3x - 1. 

Solving the equations for M and L simultaneously to 
find their intersection P, we get 

Computing the distance d 



from (1,2) 

distance formula we find d = v^To". 

[page 621] 
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621 *12. The line L with 

equation y = x has 

slope 1, so the 

line M through ( a , b ) 

perpendicular to L has 

slope -1. An equation 

for M is 

M: y - b = - (x - a) , 

x + y = a + b. L 

Solving for the point of 

intersection P, we get 

t> / a + b a + b\ 
^ = \ — 5 — J — 5 — ; . 

The distance is obtained 

from d2 = - a)2 + - b)^ = i^^^ 

*13. From Problem 9, we have H = (O,- ,— ). 

c 

From Problem 10, we have M = g ^ . 

To find D we get the .perpendicular bisectors v of 
AB and BC*: 

a + b 



u: 



X = 



v: 



c b/ b\ 



Therefore, 



/a + b c + abx 



Now 

2 

p 
p 



■^^~5c" 

2 .2/ 

I = 

2, 



+ ( C^ +3ab ^^_ c^(a + b)^ 3ab)^ 

(3c)^ 

2 -2^3ab^2_c2(a+b)2.. /-2....x2 



(a+b) + ( C^ + 3ab ^^_ c^(a+b)g+ (c^+3ab)'' 
~^ (2c)2 

,2 . /.2 



( a +b ^2 ^ ^ c^ + 3ab ^2_ c^(a+b)^+ (c^ + 3ab)^ 



2 O J 
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621 Prom these equations we get, 

m = 2MD, HD = 3MD, 
HN + MD = HD. 

This shows that H, M, and D are collinear, that M 
is between H and D, and that M trisects HD: 
MD = -J HD. 
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626 1. In each case the result is 25. This becomes obvious if 
radii are drawn to the points on the circle. 



2. 


a. 


(1), (3), (4), (6) 








b. 


(3), (4). 








c . 


(1). 






3. 


a. 


Center (0,0) ; r = 3 . 


f . 


(4,3); r = 6. 




b. 


(0,0) ; r = 10. 


g- 


(-1,-5); r = 7. 




c . 


(1,0); r = 4. 


h. 


(1,0); r = 5. 




d. 


(0,0); r = 


i. 


(1,0); r = 5. 




e . 


(0,0); r = 2. 


J. 


(-3,2); r = 5. 




a. 


Replacing x and y 


in 


the equation by the given 






coordinates satisfies 


the 


equation. 



- lOx + y^ = 0, 
(x^ - lOx + 25) + y^ = 25, 
(x - 5f + (y - of = 5^. 

The center of the circle is (5,0); the radius 
is - 5. • 

2 5G 
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The ends of the diameter along the x-axis are 
(0,0) and (10,0). The slope of the segment 
Joining (0,0) and (1,3) is 3. The slope of 
the segment joining (10,0) and (1,3) is - ^. 
Since 3 and - ^ are negative reciprocals, the 
lines are perpendicular and a right angle is formed. 

The X-axis intersects the circle where y = 0, that 
is where (x - 3)^ = 25, or at points (-2,0) and 
(8,0). The y-axis intersects the circle where 
X = 0, that is where 9 + 25, or at points 

(0,4) and (0,-4). 

2 .8 = 4 • 4 = 16. 



▲ 




> X 



(0,-4) 
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The radius of the larger circle is 1 + So the 

equation is 

+ = (1 + 

There would be another tangent circle of radius 
and' the same center. 




I > X 

(10,0) 



The including circle is x + y = 100. 
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y = m(x + 7) . 

+ [m(x + 7) )^ = 16, 
(1 + m^)x^ + Ikm^x + (kSm^ - 16) = 0,, 

X = -l^m^ ± y (l^m^)'^ - ^^1 + m^)U9m^ - I6) 

2(1 + m^) 



2(1 + m^) 
_ -7m^ 1^/16- 33m^ 



-5" 

1 + m'^ 



y = m(x + 7) = (-7m^±Vl6 - 33m^ + 7 + 7m^)^^^ 



1 + m' 



m(7 +V16-. 33m^ ) 
1 + 
2 



If 16 - 33m > 0, there are two points of 
intersection: . 



^1 



^2 



y -7m^ + V^l6 - 33m^ m(7 + V^lS - 33m^) \ 

V 5 » — ^ — 5 h 

^1 + m 1 + m^ 

^ r-7m^ -'^1^ - 33m^ ^ m(7 - V I6 - 33m^) \ 



259 

[page 627] 



505 



If 16 - 33m = 0, there is one point of 
intersection: 

P = i^Jn^, ) 

1 + m", 1 + m 

„2 15 ^ ■+ 4 

ana m = ----r, m = . 

This means that the two lines 



■/33 



(x + 7), 



y = -7^(x + 7) 
-/33 

are tangent to. the circle. 

If 16 - 33m^ < 0, there Is no point of Inter- 
section. 

Put the given equation In standard form 

(x - 5f + (y - 3)2 = 2^. 

The given circle has center (5^3), radius 2, 
Let the reqixired circle have center (a,b) and radius 
r. Then b = a = r, since the circle touches the x- 
and y-axes, and the distance from center (a,b) to 
center (5^3) is r + 2. Hence, 



r + 2 = V (r - 5)^ + (r - 3)^ 

r^ + 4r + 4 = 2r^ - l6r + 3h 

r^ - 20r + 30 = 0 

2 0 ±7 400 - 120 
r = 2 



r 



= 10 ±770, 



Thus, there are two solutions: 

(x - rf + (y - rf = r^, 

where r = 10 + VYo (approx, l8,37) and r^ = 337.3 

(approx, 
(approx. 



(approx,^ or 10 - -/To (approx. 1.63) and r^ = 2.7 
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1. 
2. 
3. 

4. 

5. 
6. 

7. 
8. 

9. 



Review Problems 



(5,0). 

(-1,5) 
b 

a 

2b J V 9a^ + b^; 9a^ + b^, 



The median is vertical and has no slope 



3 

572"; 6^2. 

-1 oi 



(^,3^),- (3,61j (6,3)j (3|,^) 

Place the axes and 
assign coordinates as 
shown . 

a. T = (2a, a), U = (a, 2a). 

FT =^/4a^ + a^ = a>/T. 

QU =y + ha.^ av^. 
Therefore FT = QU. 



(4,4); (2|,2l) 



The slope of PT = 
The slope of = -g^ 









P( 

1 


0,0) 0(2a,0) 



0 



0 
2a 



a 



= -2. 



Since -2 is the negative reciprocal of ^, 
the segments are perpendicular. 
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Using the point-slope form the equation of ^PT^ Is: 

y - 0 = |(x - 0) 
or y = -I X* 

The equation of QU Is: 

y - 0 = -2(x - 2a) 
or y = -2x + 4a. 

The coordinates of V, given by the conunon 
solution of the equations of and \lf are 

i^,^) . The distance VS Is then 

. 0)^ + - 2a)2 =yi§|F= 2a = length 
Of side. 



629 10. 



C(2d,2C) 




B(2a,o) 



11, 



Take coordinate system as shown. Then M =: (b,c); 
N « (a + d,c) . 

Equation of MN la: y =3 c. 

Equation of diagonal AC Is: y = x. 

Point R of Intersection Is (d,c), which Is also 

the mld-polnt of AC. 

X « 0. 



(pages 628-629) 
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629 12, 




3 yr 



A 6 B(6,0) 

Equation of ^ Is y = 0. Slope BC 

Equation of Is y = X - 6. 

Equation of Is y = 3 -n/T. 



= 1. 



13, 



Lengths of parallel 
sides are: |a| , |b - d| . 
Altitude Is I c I . 
Hence, 

area = -^IcK |a| + |b - d|). 



y 



(d,c) 



(b,c) 



(0,0) 



(a,o) 



1*^. (2,1). 

15. A circle with center at the origin and radius 2. 

16. a. + y^ = 49, 



b. 
c. 



+ y^ = k^. 



(x - 1)2 + (y - 2)2 = 9. 



*17. Find first the Intersection of the line x + y =■ 2 
the circle. Now x » 2 - y. 
Therefore, 

,2 



and 



(2 - y)2 + y2 = 2, 

4y + y2 + y2 = 2, 



(y - 1)- = 0, 
so that y => 1 and x = 1. 

Thus the point (1,1) Is the only point of interaectlon, 
ao that the line la tangent to the circle. 



[page 629] 
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Answers to Review Exercises 
Chapters 13 to 17 



1. 


1. 


26. 


1. 


2. 


1. 


27. 


0. 


3. 


0. 


28. 


1. 


h. 


1. 


29. 


1. 


5. 


c. 


30. 


0. 


6. 




31. 


0. 


7. 


0. 


32. 


1. 


8. 


1. 


33. 


1. 


9. 


1. 


3h. 


1. 


10. 


0. 


35. 


1. 


11. 


0. 


36. 


1. 


12. 


0. 


37. 


0. 


13. 


. 0. 


38. 


0. 


ih. 


1. 


39. 


1. 


15. 


0. 


ho. 


0. 


16. 


1. 


hi. 


1. 


17. 


1. 


h2. 


0. 


18. 


0. 


h3. 


0. 


19. 


1. 


hh. 


0. 


20. 


1. 


h5. 


1. 


21. 


0. 


h6. 


0. 


22. 


0. 


hi. 


1. 


23. 


1. 


h8. 


0. 


2>\. 


1. 


h9. 


1. 


25. 


0. 


50, 


0. 
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Illustrative Test Items for Chapter I7 

What name is given bo the projection of the point (5,0) 
into the y-axis. 

State the number of the quadrant in which each of the 
following points is located: (3,3), (6,-2), (-2,8), 

What are the coordinates of a point on the x-axis if the 
distance from the point to the y-axis is h? 

A ray with its end-point at the origin makes a 30° 
angle with the positive x-axis and extends into the 
first quadrant. What are the coordinates of a point 
on the ray whose distance from the origin is 2? 

Determine the slopes of the line segments between the 
following pairs of points: 

a, (0,0) and (5,3), d, (-1,0) and (-3,-2), 

b, (l,i|) and (if, 8), e, (-2,-3) and (-2,3), 

c, (-2,2) and (3,-^1), 

If a square is placed with two of its sides along the 
X- and y-axes, what are the slopes of each of its 
diagonals • 

If scalene A ABC is placed with AB" along the x-axis' 
which of the following lines has no slope? 
AB, the median to AB, the altitude to Tb, the angle 
bisector of ^ C, 

Determine the distance between each pair of points: 

a. (1,4) and (2,3), c, (a,b) and (-a,-b), 

b. (-1,0) and (-9,15). 
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2. If three of the vertices of a rectangle are at (0,l), 
(5il) and (5,^) what is the length of a diagonal 

of the rectangle, 

3, The vertices of a trapezoid are (0,0), (a,0), (b,c) 
and (d,c). What is the length of the segment joining 
mid-points of its non-parallel sides? 

D. 1. A triangle has vertices A(0,0), B(12,Q) and C(9,6). 

What is the equation of the median to side AB? 

2, Of the following equations which pairs of lines are 
a. parallel, b, coincident, c, intersecting, 
d. perpendicular. 

(1) 3y = 6x - 3. 

(2) y - 2x = 5. 

(3) y = 2 - 2x. 

(4) 2y + 1 = X. 

3. A right triangle has vertices (0,0), (m,0), (0,n). 
What is the equation of the median which passes through 
the origin? 

E, 1. Using coordinate geometry prove that the mid-point of 

the hypotenuse of a right triangle is equidistant from 
the vertices . 

2. Show that the points A, B, C, D whose coordinates are 
(2,3), (4,1), (8,2), (6,4) are vertices of a 
parallelogram. Show that the figure formed by Joining 
the mid-points of the sides of ABCD is a parallelogram. 

3. Prove by coordinate geometry the theorem: , If a line 
parallel to one side of a triangle bisects a second 
side, then it also bisects the third side. 
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Answers 



B. 



D. 



E. 



1. 
2. 
3. 
4. 
1. 

2. 
3. 
1. 
2. 
3. 

1. 
2. 



3, 
1. 



The origin. 
I, IV, II. 
(4,0) or (-4,0). 

(^3,1). 

3 . 
a. -ff. b. 



4 

■J- 



c . 



-6 
5* 



e. The line is vertical and has no slope, 
1, -1. 

The altitude to Ab". 
a. J2. b. 17. c. 



a^ + b' 



734. 

|(|a| + |b - d|). 

y = 2(x - 6). 

a. (1) and (2) . 

b . None . 

c. (1) and (3); 
(2) and (4)j 

d. (3) and (4). 
my =■ nx. 



(1) and (4); (2) and (3); 
(3) and (4). 



Take a coordinate system 
as shown, with vertices 
(0,0), (2m,0), (0,2n). 
Then mid-point P of 
hypotenuse hat- oordlnates 
(m,n). Distance of p 
from each vertex is 



1. 




{2m,o) 
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2. 



3. 



Slope AB = -1 = slope CD. 
Slope AD = = slope BO. 
Hence, AB / so that AB 

Likewise "aD 11 "bc". 



II CD. 



The mid-points of the sides taken in order are (3,2), 
(6,1-|), (7,3) and (4,3^). Slopes of sides of the 
figure formed by joining these mid-points are - ^ 
for each of one pair of sides and for each of the 
other pairs. Hence, this figure also is a parallelogram. 

Select a coordinate 



system in such a way 
that the vertices are 
A(0,0), B(2a,0), 
C(2b,2c). Let M be 
mid-point of "ac", 
"m II Ab". Then 
M = (b,c) . Slope 
MN = 0. Hence, 
equation MN is 
Equation BC is 



C(2b,2c) 




B(2a,0) 



y = c. 

y = F-r-E^^ - 2a). 
Solving these equations we find N = (a + b,c). 
Hence, (from mid-point formula) N is the mid-point 
of Bc". 
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FACTS AND TIffiORIES 



, Science today is playing an increasingly important part in 
the life of the individual. No one can claim to be truly educated 
unless he has a reasonable understanding of the facto and methods 
of science. This does not mean that we must all become nuclear 
physicists, nor that vie must spend all our time reading books and 
attending lectures on the latest collection of particles discovered 
by the physicists. But it does impose on us the obligation to 
learn enough of the facts of modern science to provide a foundation 
for lander standing. It does imply an intelligent selection of 
material to be learned. 

V/e, as educators, are especially obligated to make such a 
selection for our students. They come to us with a miscellaneous 
hodgepodge of disjointed facts and pseudo-facts, gleaned from 
nev/spapers, magazines, books, and other sources. We must help 
them — with our own limited information — to straighten out 
their ideas, to build a reasonable conceptual structure upon which 
they can hang new facts, to distinguish between that which is 
significant and that which is not, and, perhaps most important of 
all, to understand hov/ new knowledge is acquired. If pursued to 
the extreme, this last goal would lead us to the far reaches of 
eplstomology and scientific method, which have been the subjects 
of many weighty tomes witten by scholars over many lifetimes, 
and about which the last v/ord has certainly not been uttered* 3ut 
to dismiss this topic entirely as being too subtle for the imma- 
ture minds of our students is to deny them the opportunity of 
becoming a little more mature in our classrooms. 

V/hat should be the aims of the mathematics teacher, in the 
light of v/hat v;e have Just said? 

Certainly v/e should help the student to become acquainted 
with the facts of mathematics by working with them. We agree that 
our 3ubj-"t Is an essential tool in science and in dally life, 
ar^d that the student should acquire a v/orking facility in it. 
Therefore v;c teach him arltlimetlc , elementary algebra, intuitive 
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geometry in the lower grades, aavanced algebra, synthetic and 
analytic geometry, possibly calculus and other topics in the 
higher grades . 

It v/ould be difficult, hov/ever, to defend the teaching of all 
these subjects on the grounds of utility alone. No one pretends7'' 
for exaa-Tiple, that it is of practical importance that the bisector 
of an angle of a triangle divides the opposite side in the way 
that it does. We proceed, then, to the second aim, of developing 
in the student an appreciation of clear, logical reasoning as 
exemplified in mathematics, and an ability to transfer this type 
of reasoning to other situations. V/e have been moderately, though 
not eminently, successful in this respect in the past, vmether 
our present efforts v/ill tend to further this objective remains to 
be seen. V/e certainly hope so. 

A third aim, v;hich has been receiving more attention of late, 
is to develop in the student an understanding of the structure of 
mathematical systems. Me are beginning to speai: of closure, 
commutativlty, distributivity and so on in dealing v/ith nujnber 
systems, and still too timidly, perhaps of the axiomatic 
nature of geometry. 

This third airr. is closely related ;:o the broader one -mentioned 
earlier, of helping the student to understand how new knov/ledge is 
acquired, how nan learns about the physical v/orld, how he con- 
structs, develops and tests theories about the physical, biological 
social, and economic aspects of life around hlnu Let us address 
ourselves briefly to those? questions. 

V/hether v/e recognise it or not, theory plays an indispensable 
role In our study of any field whatsoever. The acts of naming, 
classirylng, and gonerali-lng are conceptual in natui'-e. Even 
emotional reactions to stimuli depend on a structuring of experi- 
ence. The real v/orld v/hatovor that may mean reaches us only 
by construe tlnn: a conceptual v/orld to correspond to it. In setting 
up a particular discipline, it is not necessary, hov/ever, to refer 
back always to the primary data supplied by our senses. The raw 
material for n theory at one stage may bo the conceptual v/orld of 
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a previous stage. For example, the classical geometry of various 
surfaces in three dimensions may be talcen as the Jumping-off place 
for a study of abstract metric spaces, and we v/ould then abstract 
from this classical geometry, testing our new theory against it.. 
In every case, then, v/e operate simultaneously in tv/o different 
"planes." One is the primary, intuitive plane, containing the 
raw data from v/hich our theory villi be abstracted. This, follow- 
ing Bridgman, we call the "P-plane." The second is the conceptual 
plane, the "C-plane." Initially, the C-plane is empty, waiting to. 
be filled v/ith the concepts aiid relations which v;e construct. 

V/e have complete fi»eedom vd,th respect to the concepts and 
relations v/hich we choose to insert in the C -plane, so long as we 
do not assert any connection between it and the P-plane. Natural- 
ly, we hope eventually to set up a correspondence between the tv;o 
planes, and this hope guides our constructions and our choice of 
language. Logically, there is no necessity to make the language 
in the C-plane correspond to that of the P-plane, and in order to 
avoid confusion it might be better to use different terms entirely. 
.For example, the "points," "lines," and "planes" of axiomatic 
geometry (the C-plane) might be replaced by other terms which have 
not been preempted in physical geometry (the P-plane). But once 
the fonnal distinction betv/een the two planes and their languages 
has been established and understood, there is a psychological 
advantage to be gained from the use of Uhe same terms, for the 
proposed correspondence is then transparently indicated. Thus, 
we know that the geometrical "point" is meant to correspond to 
the physical point, the geometrical "line" to the physical line, 
and so on. V/e Ccin intuit, conjecture, and then perhaps prove 
theorems In the C-plane by peeking over into the P-plane at the 
corresponding "facts," arrived at by experiment there. For 
example, the concurrence of the medians of a triangle could be 
guessed from drawing a number of physical triangles and their 
medians on a piece of p^per. This type of e.qperience is extremely 
valuable and constitutes an importcmt psychological adjunct to 
mathematical discovery. It must be pointed out carefully, though, 
that formal proof in the C-plane is necessary. Furthermore, the 

2 7 1. 
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logical conclusion to be dravm from this combined guessing and 
proving process Is not that v/e have made the geometrical theorem 
more certain by. experimental verification. The truth of the 
theorem has been established (in the C-plane) with complete cer- 
tainty by logical deduction from the axioms. Rather, our feeling 
of satisfaction on seeing that the theorem v/orks out on paper 
should, stem from the confirmation of the correspondence between 
the tv/o planes. VTnat v/e do tend to establish by such empirical 
tests Is the adequacy of our postulate system to bring about a 
close c orrespondence . 

Consider for example, v/hat our situation would be if we had 
in our system all of the postulates of Euclidean geometry except 
for the parallel postulate. Suppose, then, that we measured the 
angles of many triangles and found, within the limits of experi- 
mental error, that the sum of the measures of the angles was 180. 
Then, passing to the C-plane, we attempted to prove the correspond- 
Irxf; result as a theorem, and of course failed. The correct con- 
clusion to draw would be that (a) we v;ere not clever enough to 
find a proof, or (b) that our axiom system was not adequate for .... 
the purpose. Historically, it v;as the belief that (a) was the 
only possibility, together with an imperfect understanding of 
axlomaticG, that delayed the development of non-Euclidean geoemtry. 
Eventually, of course, this very problem led to our present deeper 
understanding of the connection between fact and theory* 

\Vhat are the considerations that govern our choice of un- 
defined elements and relations and unproved propositions (axioms, 
postulates)? Certainly v/e want our system to be consistent: a 
proposition and its contradiction should not both be provable in 
the system. If we regard our axioms as inputs and our theorems as 
outputs, then economy and fruitfulness are desirable as increasing 
output per vinit input. Of course, this analogy is not to be 
teiken too seriously, but it In^. i-cates why we should not postulate 
everything. Unfortunately, some geometry texts nowadays go to 
the extreme of setting do\m fifty or more postulates. There is 
nothing logically \^^^ong with this,, but It militates against 
economy, elegance, Intxiitlveness, simplicity, and ease of 
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verification in a particular interpretation — properties that are 
certainly desirable. 

One property that v/e have not mentioned is that of being 
categorical. This means that every tv/o concrete interpretations 
(models) of the system will be essentially the same: it is 
possible to set up a one-to-one correspondence betv/een the elements 
and relations of the two interpretations, so-that they may be 
regarded as identical except for the names assigned to the elements 
and relations. The tv^o models are then said to be isomorphic. If 
we start with a particular P-plane and wish to describe it com- 
pletely by means of an axiom system, without permitting any non- 
isomorphic models, then v;e try to make our system categorical. 
This is the case with Euclidean geometry or the real number system. 

Sometimes v;e reap an lonexpected harvest from the construction 
of a categorical system. We may find two apparently different 
interpretations, and can then conclude that they are essentially 
identical because the system is categorical. Any theorem which 
holds in one model is then sure to hold in the other. An example 
is the pair of models M^, consisting of the real niombers under 
addition, and Mg* consisting of the positive real numbers under 
multiplication. The one-to-one correspondence M^< — is 
established by the exponential function (from to Mg) and the 
logarithm (from Mg to M^). Another example is the pair of 
physical processes, diffusion of a gas and heat-flow, both being 
governed by the same differential equation. Still another example 
is the Isomorphism of Euclidean plane geometry v/lth the collection 
of all real -number pairs. This isomorphism allov/s us to solve 
geometrical problems by means of algebra, and vice versa. 

At other times, we find it more profitable to meike our 
system non-categorical. This is true when v^e have several P-planes 
which bear some resemblance to each other. If v;c can construct a 
suitable C-plane so that each of the P-planes is an Interpretation 
of it, then anything we prove in the C-plane v;ill hold in all of 
its non-isomorphic models. This happens, for example, in the 
case of group theory. It also happens v;hen v;e sta**:^ a few, but 
not all of the axioms of Euclidean geometry. In this case our 

273 
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theorems, beinc provable, say, vrt.thout the parallel postulate, 
must hold also for all geometries satisfying the stated axioms. 
There is no reason to hide this desirable state of affairs from 
our students, for fear of violating their intuitions about space. 
Rather, v;e should regard such occasions as valuable opportunities 
for teaching an important lesson. 

Our discussion here has been far from exhaustive. Vfe hope 
that it has served the purpose of pointing to a desirable and 
sometimes neglected goal in education, and that it has indicated 
hov/ vrc^ as teachers of mathematics, can approach this goal. 
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^QUALI TY. COriGRUENCS , AMD EQUIVALENCE , 

1. An gles and Segmen^. 

In decicrlbinfi the relation of "Gquality" between an,2;lcs and 
segmcnta, thin book departs from conunon usace. Before e:violalnlnG 
v/hy thi3 haa been done, let us first note quickly ho\i the nev/ 
usage compares v/ith the old. Suppose v/e have Uio ancles v/ith the 
sajne degree measure r, like this: 




B 




and two segments of the same length, like this: 



B 



D 



In these tv/o instanc.es,, the facts are plain. They v;ould be 
reported in the following ways, in the old and new terminologies. 



In V/ords 

Old 

The angles 
are equal. 

The segments 
are equal. 



In Symbols 



Nev; 

The ar.^^les are 
congruent . 

The segments 
are congruent. 



Old 

Z A - / B 
AB =:=CD 



New 



Z A = Z B 
(or m Z A = mZ B) 

AB = CD 
(or AL = CD). 



Prom the table it is plain that the new usage is not complicated. 
V/e have simply substituted one v;ord for another, and one symbol 
for another. Of course, even simple changes should be made only 
for good reasons; they go against everybody's habits, and cause 
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much more trouble at first than their simplicity v/ould suggest. 
V/e believe that there are very good reasons for the use that we 
have made of the v/ord congruence . Following is an explanation 
of './hat the.oe reaoons are. 

^- V arious F:in:is of Equality . 

The v/ord "equals" is commonly used in mathematics in at 
least this many different senses: 

(1) vrnen v/e v/rite 2 + 4 = 3 -h 3, v/e mean that the niomber 

2 -i- and the number 3 -i- 3 are exactly 'the same niunber (namely, 6). 
Here "equals" means "is the same as." 

(2) vrnen v/e say that tv;o angles are equal, v/e mean that 
they have the same measure, or the same shape. 

(3) Tv/o circles are equal if they have the same radius. 
(^0 Tv/o secments are equal if .they have the same length. 

(5) Tv/o triangles are equal if they have the same area. 

(6) Tv/o polyhedrons are equal if they have the same volume. 
These uses of "equals" divide sharply into three groups. 

(I) The first meaning ("is the same as") stands entirely 
alone. This is the logical identity. It arises in all branches 
of mathematics, including geometry. 

(II) "Equality" expresses the same basic idea for angles, 
circles, and segments, in (2), (3), and (U). It means in each 
case that the first figure can be moved so as to coincide v/ith 
the second v/ithout stretching. (For a fuller explanation, see 
Appendix VIII, on Rigid Motion.) This idea is geometric, and is 
one of the most basic ideas in geometry. Applied to triangles, 
it is alv/ays described as cong^'ience and not as equality. 

(ill) "Equality" tp mean equal areas or equal volumes, as 
in (5) and (6), implies that tv/o things are equal if they contain 
the same amount of "stuff . " 

These arc the throe main ideas involved. V/e notice that the 
words and the ideas overlap both ways. Not only is the v/ord 
"equals" used in tv/o widely different senses, but the basic ideo. 
involved in (2), (3), and (h) is e:cpressed by tv/o apparently 
-unrelated words. 

2 7^j 
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Obviously students can and do learn to keep track of what is 
meant, even v/hen the v^ords and the ideas overlap in this way. All 
of us learned to do this, v;hen v;e v^ere In the tenth grade. The 
whole thing becomes easier to learn, hov/ever, and easier to keep 
track of, if the words match up with the ideas in a simpler and 
more natural v/ay. This can be done as follov/s: 

(I) We can agree to write and say "equals,^' only v/hen 
we mean "is the same as." (This Is the standard usage in nearly 
all of modern mathematics.) 

(II) V/e already have a word to express the idea that one 
triangle can be made to coincide with another; vie say that they 
are congruent. V/e can use the same word to e:q:)ress the same idea 
when we are talking about angles, circles or segments. 

(III) When v/e want to convey the idea that two triangles 
have the same area, we can simply say that they have the same area. 

Notice that if we do this v/e have not introduced any nev/ 
words into the language of geometry. V/e are not trying to be 
technical. All that we are trying to get at is a situation in 
whidh the familiar' and available words correspond in a natural 
way to the familiar and basic ideas. The correspondence looks 
like this: 

(I) =, between any two things v/hatever, meaJis "is the sajne 

as." 

(II) ^, betv/een any tv/o geometric figures whatever, means 
that one can be moved so as to coincide vrLth the other. 

(Ill) Equality of area, equality of volume, and so on, are to 
be described explicitly as such. 

All this is straightforward language, V/e believe that your 
students will find it easy to^learn^and easy to use. 

3. Equivalence' Relations . 1 

All the uses of "equals," in \mathematics or otherv/ise, 
involve the notion of two things l^elng alike in some respect . 
The particular respect to be considered may be made explicit, as 
in usage (5) above, or it may not, as in "All men are created 
equal." As mentioned above, mathe^inat:;Lcians have pretty generally 
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agreed to use the v/ord to mean "alike in all respects"; that is, 
identical. Instead of the other usage they speaJc of an "equiva- 
lence relation." A relation betv/een pairs of objects, from 
some given set, is called an equivalence relation if it has the 
following three properties: 

(1) It is reflexive. That is, ajny object of the set is 
equivalent to itself. 

(2) It is symmetric. That is, if A is equivalent to B, 
then B Is equivalent to A. 

(3) It is transitive. That is, if A is equivalent to B, 
and B is equivalent to C, then A is equivalent to C. 

In a mathematical development v/e may use several different 
kinds of equivalence relations. To keep them separate we give 
them different names cind different symbols. In our geometry we 
have used the follov/lng equivalence relations. 

(a) Identity. The relation "is the same as" is easily seen 
to satisfy the three properties listed above. The v/ord "equal" 
cind the symbol "=" are reserved for this equivalence relation. 

(b) Congruence. Here again, the properties are easily 
checked. (Refer to the talk on Congruence for a general treat- 
ment.) The symbol is " = ". 

(c) SjLnilarity. Here again we have an equivalence relation, 
denoted by "~". 

(d) V/e have not introduced any special notation for 
"eqtiality of area," or "equality of volume," but each of these 
relations is reflexive, symmetric and transitive. Wo could, if 
it were convenient, introduce words and symbols for V-hese equiva- 
lence relations. 

Such insistence on exactitude of language and symbolism may 
sometimes seem mere quibbling, but it is on such extreme careful- 
ness that modern mathematics is based. 

k . Classification and Functions . 

Equivalence relations are connected closely with another 
concept v/hich is Important in mathematics. This is classification. 
The connection is as follov/s, 

^ i O 
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3uppor;e v;o have an equivalence relation Z defined for a 
certain r:et 3. We can than classify the elements of S into 
di5;jolnt clas.TGs (i.e. no tv;o classes Intersect) S^^, S^, 
by putting in':o the coine class all elen^^l- which are equivalent 
to each .thor. Conversely, suppose the. . '-.ave a classification 
or 3 into dicjol.nt clacses. Then \-ic can define an equivalence 
•relation by saying that a Is equivalent to b if and only if 
a iima are in the same class. These tvio constructions 

Equivalence Classification, 

Classification Equivalence, 

ai-e Invorso;; of each other. If vie start V7ith an equivalence, 
pass to its classification, az^d then pass from this classification 
to its induced equivalence^ vie end up v/ith the soiTie equivalence. 
Siniilarly, if vie st;o.rt vdth a classification, form the induced 
equivalonce, then form its induced classification, we end up 
v/ith trie same classification. 

An example may make this clearer. Suppose S is the set of 
all polygons. Let us define ~ among polygons by saying that 
~ Pp i^' ^^^^ sane number of sides. (This 

relation Z obviously is reflexive, symmetric ajid transitive,) 
Trie induced classification Is then into triangles, quadrilaterals, 
pentacons, hexcicons, n-gons, ... , If v;e start \vith this 

•classification, its induced equivalence is: P^ ~ P^ if P^ and 
. Pp are in the same class, i.e., if they are both n-gons (for the 
Sr:une n) . This is the same as the original equivalence. 

Mot ice that in triis example, our classification v;as by means 
of a iir^ique number attached to each polygon, na^nely the niomber of 
sides. Whenever v;e have a Ui:iique number attached to each object 
of a set 3, v/e have a numerical function f(a). Thus, every 
numerical function induces a classification: each class consists 
precisely of tliose elements a v/ith the same functional value 
f(a). As cunother example let S be the set of angles and let 
f(a) =^ '-he corresponding equivalence relation is then our 

familiar congru .. ^, betv/een angles. 

On the otr:or hand, not every er^it^alenc:' relation is easily 
characteriz:ed by a function. If S is the s-.jt of triangles it 

r,i <\ 

' J 
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is hard to see hov/ the similarity relation, or the congruence 
relation, = , can be associated v/ith a function. As a matter of 
fact this can be done, but the methods Involved are v;ell beyond 
elementary mathcmatlcc , as well as being highly artificial. 



THE CONCEPT OF CONGRUENCE 



Congruence Is a rich and complex Idea with many ramif icationr. 
In geometry ^ there really is nothing quite like it in algebra. 
It applies to figures or all kinds - segments, angles, triangles, 
circular arcs> polygons, truncated pyramids - in fact to any con- 
ceivable figure. It plays an essential role in the theory of 
geometric measure of length, area and volume - it is intimately 
related to the important concept of rigid motion. 

We will examine carefully the conv -ntional theory of 
congruence and the related theory of linear measure. This will 
be contrasted with the theory of congruence adopted in our text. 
Finally we treat the concept of congruence for general figures 
and its relation to the idea of rigid motion. 

I . The Conventional Theory of Congruence and 
Linear Measure 

I-l . Congruence in terms of size and shape . The term 
congruence .immediately calls to mind the famous dictum; Two 
figures are congruent if they have the same size and the same 
shape. Certainly this statement emphasizes the basic intuitive 
or informal idea that if two figures are congruent, one is a 
"replica" of the other. Also it points up the important property 
that if we know tv;o figures to be congruent we can infer that 
they have the same area (or volume) and that they 'are similar. 

But this is not the essential issue. It is: Does our 
dictum define congruence? Is it really a formal definition of 
the term congruence in terms of more basic ideas? Clearly the 
answer is no. For the notions size and shape are more complex 
than Congruence. In order to measure (or define) size (area or 
volume) we try to find out how many congruent replicas of a basic 
figure (for example, square or cube) "fill out" a given figure. 
So actually it would be more natural and simple to base the theory 
of size (and shape) on the idea of congruence rather than the 
reverse . 
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1-2. Congruence in terms of rigid motion . But there are 
other "definitions'' of congruence which we must discuss - consider 
the famous , "Two figures are congruent if they can be made 'go 
coincide by a rigid motion". Let us analyze this. Conceived 
concretely, say in terms of two paper heart-shaped valentines, it 
affords an excellent illustration of the intuitive idea of con- 
gruence and emphasizes again that one is a "replica" of the other. 
But this illustration, like most physical situations, does not 
have the precision required for an abstract mathematical concept. 
Surely we would have to pick up the first valentine and move it 
with almost infinite gentleness to prevent bending it slightly 
when getting it to coincide with the second one. And how could 
we be certain of perfect coincidence of the two valentines? 
Wouldn^t this require perfect eyesight? It is clear that this 
"definition" interpreted concretely gives us a physical approxi - 
mation to the abstract idea of congruence but doesn^ t define it. 
Moreover it is not even applicable in many physical situations: 
you hardly could get two "congruent" billiard balls to coincide 
by a rigid motion. 

Should we then conclude that the idea of rigid motion is 
essentially physical and can not be mathema'ticized as an abstract 
geomet:rical concept? Definitely not. Mathematicians are 
ingenious and clever people and it might be a mistake to decide 
beforehand that they could not construct a precise abstraction 
from a given physical idea. Most familiar mathematical 
abstractions had their origin in concrete physical situations - 
certainly geometry had its origin in practical problems of 
surveying the heavens and the earth. 

Let us table for the present the question of whether we can 
form an abstract . geometrical theory of rigid motions. It would 
seem that a treatment of congruence based on a logically satis- 
factory theory of rigid motion could not be elementary and would 
hardly be suitable for a first course. In any case, without 
deeper analysis, the second "definition" is not a definition at 
all and might more properly be considered a statement of a proper- 
ty which rigid motions should have: namely, that any rigid motion 
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transforms a figure into a congruent one. 

1-3. Another definit ion. Consider and criticize a third 
suggested "definition": Two (plane) figures are congruent if a 
copy of the first made on tracing paper can be made to coincide 
with the second. 

1-4. Congruence of segments . Since our three "definitions" 
do not define congruence we must probe more deeply. Here, as so 
often in solving problems, the imperialist maxim, "Divide and 
conquer", is very helpful. Instead of tackling the concept of 
congruence in its most complex form, that is, for arbitrary 
figures, let us begin by considering a simple special case. A 
line segment or as we shall call it, a segment is one .of the 
simplest and most important geometric figures. We naturally begin 
by considering congruence of segments. 

Let us recall how this is treated in Euclid or in the conven- 
tional high school geometry course. Congruent segments, usually 
called equal segments, are conceived as "replicas" of each other, 
in general with different locations in space. Congruent segments 
may coincide or be identical but they don»t have to. If segments 
AB and CD are congruent we may 
interpret this concretely to mean 
AB and CD are "caliper equivalent" 
- that is, if a pair of calipers is 
set so that the ends coincide with 
A and B, then, without changing the 
setting, the ends of the calipers 
can be made to coincide with C and 
D, 

1-5. Basic properties of congruence of segments . What is 
the logical significance of congruence of segments in Euclid? 
Actually it is taken to be an undefined term. More precisely, 
using the notation AB « CD, congruence is a basic relation « 
between the segments AB and "CD which we do not attempt to 
define. We study it (as always in mathematics) in terms of its 
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basic properties v/hich are formally stated as postulates. Some 
of these postulates, which are not explicit in Euclid or in most 
geometry texts are: 

(1) (Reflexive Law) AB = AB ; 

(2) (Symmetry Law) If AB S then CD = AB ; 

(3) (Transitive Law) If AB ^ "CD and CD = EP then AB ^ EP. 
That is, congruence of segments satisfies the three basic proper- 
ties of equality or identity and so is an example of an equivalence 
relation . We must not asr^ome that congruence means identity, since 
distinct segments can be congruent. 

(^0 (Location Postulate) Let 
AB be a ray and let CD be a 
segment. Then ^there exists a 
unique point P in A^ such that 
AP = CD. 

(5) (Additivity Postulate) 
Suppose AB « A^B^ , BC = B' C» , 
B is between A and C and B» 
is betv/een A' and C^ . Then 
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AC ^ A ' C » . 

We insert a few words on the important mathematical idea of 
equivalence relation. The most basic example of an equivalence 
relation and the one which suggests the concept is the relation 
equality or identity. Equivalence relations aboiond ir. geometry, 
for example, congruence of figures or similarity or equivalence 
of figures. (For a discussion of equivalence relations see the 
Talk on Equality, Congruence ^ and Equivalence.) 

1-6. Theory of linear measure . Segments are geometric 
figures J not numbers. But they can be measured by numbers 
they do have lengths. In the conventional high school treatment 
it is assumed with little discussion that lengths of segments can 
be defined as real numbers. We indicate how to do this. Although^ 
the result is familiar, the process is complex and subtle and 
requires for its complete Justification additional postulates. 
However, Postulates (l), (5) above are sufficient for an 

understanding of the process. 
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We begin by choosing a segment W which v/ill be unchanged 
throughout the discussion (a so-called "unit'' segment) . Nov; given 
any segment AB v/e want to measure AB* in terms of UV. This 
involves a "laying-off" process. We take the ray AB and lay-off 



A P, P3 B 

UV on it repeatedly, starting at A. Speaking precisely, there 
is a point in AB such that UV = A?^, Similarly, we can 

show that there is a point P^ in A§ such that (a) UV ^ P^T^ 
and (b) is between A and P^. For convenience v/e write 

conditj^n (b) as (AP-j^P^) . Continuing, there is a pojfit^ P^ such 
■ that UV = and (PiPg^S^* ^^^^ proc-ss we develop a 

sequence of points P^, P^, P^, ... on such that 

(1) UV ^-P^P^ ^T^^ ^ ... ^ P^ ^ ^P^, 

(2) (AP^P^), (P.P^Pa), (P, . . iPj- 
Intuitively (l) and (2) say that ~ Is laid-off on AB n times 
in a given direction - but note ho: ./ precisely and objectively 
(1), (2) say this, avoiding the somewhat vague terms "laying-off" 
and "direction". From another viev/point we are laying the basis 
for a coordinate system on the line by locating precisely the 
points P^, p^, P^, ... which are to correspond • to the 
integers 1, 2, n, .... 

Now what has this to do with the measure of AB? Clearly we 
must learn how B is related to the points P^, P^, P2^ 
In the simplest case one of these might coincide vrlth B, for' 
example, P^ = E. Then of course we define the measure of AB" 
to be 3. 
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1-7. norineraent of the approximation process . You may ask, 
"Did v/e have to go throuc^h this elaborate process to explain that 
if the "an It" segment UV exactly covers AB three times, then 
the measure of AB is 3?" Disregarding the importance of male 
the Idea "exactly covers" mathematically precise, observe that tnt.^ 
process helps us to define a measure for AB in the more general 
and dlfflGult case when :. > one of the points P^, p^, 
coincides with 3. For suppose B falls between two consecutive 
points of our sequence, say (P 3P^). Clearly then v/e will have 
to assign to AB a measure x h that ^ < x < 5. In other 

words we have set up a genera l process which enables us at least 
to determine an approximation to the measure of AB, that is to 
find lower and upper bounds for it. 
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We do ::ot complete the discussion but indicate hov/ it proceeds 
To fix our ideas, suppose ( P^BP^-) . To get a better idea of what 



AB should be v;e subdivide Pi|P^ into ten con- 



the measure oi 

gruent subsegments and proceed as above. Precisely^, we set up a 



subsidiary sequence of points 



v;hich divide 



into ten congruent subsegments . That is, we require 



and 



If B 



were to coincide with one of Q.^, Q^^ ...^ 
AB the measure 4.6, If B 
(Q.gBQ^), we require that x. 



B Qg, we assign to 
Q's, say 



say 

falls between 
the measure of 



tv;o of th:: 
"ab, r^atisfy 

4 . 6 < X < 4 . 7 . 

In the luttv^:.^ ca.^.e we repeat the process by subdividing Q^Q^ 
into ten co: igri^-Mit subsegments and proceed as before. 
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1-8. The definition of linear measure . Clearly we have a 
complex process (though a refinement of a simple Idea) which will 
assign to segment AB a definite decimal, terminating or endless. 
This decimal we define to be the measure or length of AB*. 

1-9. Basic properties of linear measure. We write the 
measure of AB (UV still being fixed) as m(AB) , Observe that 
we really have here a function AB — ^m(AB) which associates to 
each segment a unique positive real number. What are the basic 
properties of this "measure" function? They are easily grasped 
Intuitively: 

(1) m(AB) = m(A»B» } if and only if AB ^ - that is, 
congruent seginents and only congruent segments have equal measures; 

(2) If (ABC) then m(AB) + m(BC) = m(AC) - that is, 
measure is add ' tive in a natural sense; 

(3) m(UV) =1 - that is, the measure of the unit segment 
is unity. 

Notice tnat (2) is a clear and useful form' of the vague 
statement, "the whc ' e is the sum of its parts". 

We summarize in a theorem which can be deduced from a suitable 
set of postulates for Euclidean Geometry: 

Theorem. Let the segment UV be given. Then there exists 
a function which assigns -to each segment AB a unique positive 
real number m(AB) satisfying (1), (2), (3) above. 

I-IO. Uniqueness of measure function . We naturally ask if 
there is Just one measure function? Clearly not. For the function 
must depend on the choice of the 

unit segment UV. To be specific, U M V 

suppose we take as a new i.mlt segment, * * 

UM, where M is the mid-point of UV 

^that is UM ^ MV and (UMV)^ . Then according to our theorem 
there will be a measure fionction; let us call it m» • (since we 
have no right to assu:: is the same as the original measure 

function) such that m'^UM) =r 1. We see quickly that m» (UV) = 2; 

r\ r*' 
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further it can be shown m' (ab) = 2m(AB) for any segment 
This is a formal statement of the trivial seeming fact that 
"halving the unll: of measurement doubles the measure". A corres- 
ponding result holds In general: 

Theorem, If m, m' are two measure functions on the set 
of all segments, then 

m' (AB) = k'm{Tf) 
where k is a fixed positive real number. 

In the preceding example we had k = 2. Of course k need not 
be an integer - it can be any positive real number, rational or 
irrational. As a related example consider the corresponding 
situation in the measure of angles: The radian measure of an 
angle is -jZq times the degree measure of the angle. 

SuimarM^: Any two measure functions on the set of all segments 
are proportional . 

What does this mean for the development of the theory of 
measurement of segments? It says in effect that it doesn't matter 
which measure function we choose, since making a different choice 
would only multiply all measures by a constant. Thus, m conven- 
tional geometrical theo^.^, we fix a unit UV at the beginning, 
determine a corresponding measure function, and thereafter use' 
this measure functioh as if it were the only possible one. And 
instead of saying precisely the measure of AB terms of unit 
UV, we say simply the measure of AB, and forget about W. 
The situation in everyday life is quite different - we einploy 
measure functions based on a variety of units: inches, light 
years, millimeters, miles. 

We close this part of our discussion by observing that the 
distance between A and B is merely defined to be the measure 
of AB. Sometimes we want to refer to the distance between A 
and A itself. This we take to be zero. A separate definicioh 
j£ required for this case since we m.y not refer to the segment 
AB unless we know A / B. 
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Query . V/as it necessary to use the integer ten in the sub- 
division process? Would others work? Could the process be 
simplified by making a different choice? 

II , Congruence Based on Distance 

In this part v;e discuss the treatment of congruence adopted 
in the text, contrasting it with the conventional one. The point 
of departure is to "reverse" the conventional treatment and 
define congruence in terms of distance. This enables us to use 
our knowledge of the real number system early in the discussion - 
it leads to a new treatment of the important geometric relation, 
betweenness, and a new way of conceiving segments and rays, 

II-l. The student' s viewpoint . The conventional treatment, 
in brief, begins with an undefined notion of congruence of 
segments and deduces the existence of a distance function from a 
suitable set of postulates. The high school student in studying 
this treatment - somehow absorbs the idea that segments (and 
angles) can be measured by numbers, and is permitted to apply his 
knowledge of algebra whenever it is convenient. 

II-2, The Distance Postulate . Since the student thinks of 
segments and angles as measurable by numbers and it is hopeless 
to prove this at his level from non-numerical postulates, it 
seems most reasonable to make the existence of a measure function 
or distance a basic postulate which is used consistently through- 
out the course. So we adopt 

Postulate 2 . (The Distance Postulate.) To every pair of 
different points there corresponds a unique positive number. 

If the points are P and Q, then the distance betv/een P 

and Q is defined to be the positive number of Postulate 2, 
denoted by PQ, 

Don»t read into this more than it says - it is a very weak 
statement. Notice that it doesn't state a single property of 
distance - merely that there is such a thing. In particular it 
doesn^ t say anything about lengths of segments - in fact we don't 
even have segraents at this stage^ of our theory. 
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II-3. The Distance Postulate causes a change In viewpoint . 
This may seem strange, but it lsn«t. Most texts begin with a 
discussion of points and lines in a plane, including such basic 
ideas as segment and ray . As in Euclid these ideas essentially 
are taken as undefined. But having adopted the Distance Postulate 
we can define them. This is an important - and unforeseen - 
consequence of the Distance Postulate: We don't get just EucUrl 
with the theorems rearranged, but new Insights into the basic 
geometric ideas and a new way of inter-relating them. 

'^ Between " and " Segment '^ as defined terms . How then 
can we define segment in terms of the basic terms point, line, 
plane? It is easy to do this using the additional notion of a 
point being between two points. Having adopted Postulate 2, the 
idea of distance is at our disposal and we can define betv/eenness 
so: 

Definition . Let A, B, C be three collinear points. If 
AB + BC == AC., we say B is between A and C, and we write 
(ABC) . 

We now define segment in terms of betweenness. 

Definition . Let A, B be two points. Then segment "ab" 
is the set consisting of A and B together with all points 
that are between A and B. A and B are called endpoints 
of AB. Further we define m(AB), the measure or length of Ab", 
merely to be the number AB. 

That is, the length of a segment is merely the number which 
is the distance between its endpoints. The contrast with con- 
ventional theory is striking: There congruence of segments is 
basic and a difficult argument is needed to prove the existence • 
of a measure fianction - here distance is basic and the proof of 
the existence of a measure fionction is trivial. 

II-5. Congruence of segments by Definition . Now it is 
absurdly easy to define congruence of segments. 
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Definition . AB ^ CD means that the lengths of AB and CD 
are equal, that is AB = CD, 

Formally what we have done is Just this. We took the basic 
property relating congruence and measure ^(l) of Section I-9y 

m(AB) = m(CD) if a:nd only . if AB S "CD , 

which is a theorem in the conventional treatment, and adopted it 
as a definition in our treatment. There, segments which were 
congruent were proved to have the same measure - here, segments 
which happen to have the same measure are called congruent. 

11-6. Properties of congruent segments . Does congruence of 
segments, as we have defined it;, have the properties we expect? 
We see quickly that S is an equivalence relation, that is 

(1) AB S AB; 

(2) If AB « CD then CD ^ AB; 

(3) If AB S CD and CD S EF then AB S "eP . 
These merely say 

(1' ) AJ3 = AB; 

(2') If AB = CD then CD = ABj 

(3») If AB == CD and CD = EP then AB = EP, 
which are the basic properties of equality of numbers. 

Further we have 

(5) Suppose AB « FbT, BC « B»C» , (ABC) and (A'B'C» ) . 
Then AC « A^. 

To prove this we have 

AB = A^B» , 
BC = B^C» , 

so that 

AB + BC = A»B» + B»C» . 
The betweenness relations yield 

AB + BC = AC, A^B« + B'C^ = A'CS 
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and we get 



AC = A' C or AC s A' C . 
Thus several of Euclid's (or Hilberfs) Postulates for congruence 
reduce, in our treatment, to elementary properties of real numbers. 

II-7. The Ruler Postulate . You may wonder if we can also 
derive from Postulates 1 and 2, the Location Property: ((k) , 
Section 1-5 j: \ 

Let AB be a ray and let CD be a segment. Then there 
exists a unique point P in Ab" such that aF s cD. 
The answer is - with a vengeance -no. On the basis of Postulates 
1 and 2, we can't even prove that a line contains an^r points. 
Clearly Postulates 1 and 2 are too weak to support the kind of 
theoretical structure we are trying to build. The text supplements 
them by adopting the powerful Ruler Postulate: 

Postulate 3. (The Ruler Postulate.) The points of a line 
can be placed in correspondence with the real numbers in such a 
way that 

(1) To every point of the line there corresponds exactly 
one real number, 

(2) To every real number there corresponds exactly one 
point of the line, and 

(3) The distance between two points is the absolute value 
of the difference of the corresponding numbers. 

This guarantees at one swoop that a line has the intrinsic 
properties we expect of it. Now the lines in every model of our 
theory will be well-behaved and richly endowed with points. It 
implies the congruence and order properties of a line in the 
conventional theory. Specifically it yields: (l) a form of the 
Location Property (Theorem 2-h) ; (2) that a segment can be "divided" 
into a given number of congruent "parts" - in particular it can be 
bisected (Theorem 2-5). It implies important order properties: 
Theorem 2-1 which says in effect that the order of points on a 
line in terms of geometric betweenness corresponds exactly to the 
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order of their coordinates in terms of algebraic betweenness; 
and the Line Separation Property which is not explicitly dealt 
with in the text (see Commentary for Teachers, Chapter 2; also 
Problem 12 of Problem Set 3-3) . 

Observe the attractive inter-dependence of the weak Distance 
Postulate and the powerful Ruler Postulate. The^ first asserts 
the existence of a distance function but permits it to be complete- 
ly trivial - the second tailors the line to our expectations but 
is impossible of statement without the notion of distance 
postulated in the first. Note that if we weaken the Ruler 
Postulate by dropping condition (3) and require merely the 
existence of a 1-1 correspondence between the points of a line 
and the set of real numbers, we may have pathological situations 
of the type indicated in the diagram. 

< 7 ^ 

Here B Is between A and C since 
AB + BC = AC, but -1,000, the co- 
ordinate of B, definitely is not A3 8 4 C 

^ o # 

between the coordinates of A and CO -1,000 3.2 

Our discussion suggests an important point in mathematical 
or deductive thinking. The Distance Postulate enables us to 
define betweenness but not to prove the existence of a single 
point between two given points. This is illustrated by the finite 
model above. The Ruler Postulate, however, implies the existence 
of infinitely many points between any two. This illustrates the 
point that a mathematical definition does not assert the existence 
of the entity defined. You may characterize the pot of gold at 
the end of the rainbow with great precision but you may experience 
equally great disappointment if you start to search for it before 
proving an existence theorem. 

A final word. We may have oversold the deductive power of 
the Ruler Postulate and given you the impression that Postulates 
.1, 2 and 3 are sufficient for a complete theory of congruence. 
This .is not so. Our theory so far is sufficient for the "linear" 
theory of congruence, specifically for congruence of segments - 
but not for congruence of more general figures like angles, 
triangles, circular arcs or triangular pyramids. For this we 
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must introduce further postulates concerning congruence of angles 
and triangles. We discuss this in the next part since our main 
object here has been to indicate the flavor of the treatment in 
the text in contrast with the conventional one. 

Ill . C ongruence for Arbitrary Figures 
and Rigid Motions . 

In this part' v/e continue the discussion of congruence by 
indicating how it is successively defined for familiar elementary 
figures: angles, triangles, etc. Then using the simple and 
poiverful modern idea of transformation we formulate the congruence 
concept for arbitrary figures - this surpasses in elegance and 
generality anything obtained in the field by the classical 
geometers. As a by-product we obtain - after tv/o millenia - a 
precise mathematical concept of rigid motion. This is a great 
cultural achievement of our time. Rescuing from the Jumgles of 
physical intuition Euclid's crude superposition argument, we 
refine and perfect it to yield an objectively formulated concept 
which will be of use to human beings as long as they are impelled 
to think precisely about space. 

III-l- Congi-uence of angles . The conventional treatment of 
angle congruence is similar to that sketched in Part I for con- 
gruence of segments - but naturally it is a bit more complicated 
since angles are more complex figures than segments. It begins 
with an undefined relation / ABC ^ / PQR between two angles 
v/hich as usual indicates that they 
are replicas of each other. This 
may be interpreted concretely to 
mean that if a frame composed of 
two Jointed rods is set so that 

the rods coincide with the rays 
— > — > 

BA and BC, then without changing 
the setting the rods can be made to 
coincide with QP and QR'*. We 
assume as for segments that congruence of angles is an equivalence 
relation: 




2 9 I 



5^1 



(1) (Reflexive Law) / ABC = / ABC; 

(2) (Symmetry Law) If / ABC S / PQR then / PQR = / ABC; 

(3) (Transitive Law) If / ABC s ^ pQR and / PQR = / XYZ 
then / ABC = [_ TIZ . 

The Location Postulate for segments ^(4)^ Section 1-5^ has 
the analogue 

(';) (Angle Location Postulate) 
Let /_ XYZ be any angle and Af be 
a ray on the edge of half -plane H. 
Then there is exactly one ray AP, 
v/ith P in H, such; that 
/ PA3 ^ / XYZ . 

And the Addltlvlty Postulate 
( 5) ^ Section I-5) appears in the 
fbrrn 



(< 






(5) (Angle-Additivity Postulate) 
Suppose / BAD S / B»A»D» , 
/ DAC S ^ D'A»C» , D is in the 
interior of / BAG and D» is 
in the interior of / B»A»C» . 
Then / BAG S / B» A»C» . 

Essentially on the basis of 
these postulates a measure process 
can be set up which assigns to each 
angle a unique positive real number 

called its measure in such a way that a fixed preassigned angle 
("unit'^ angle) has measure 1 (compare Sections 1-6 to 1-9). 

Denoting the measure of / XYZ by m^ XYZ, we have as you 
would expect from our discussion of measure of segments: 

(1) m/ ABG = m/ A»B»G» if and only if / ABG ^ / A» B» C ' j 

(2) If G is interior to / ABD then 
m/ ABG -f m/ GBD = m/ ABD. 

^Compare (l), (2) Section 1-9^- 
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But there are two properties v;hlch are unique to angular 
measure. First there is a real number b which is a least upper 
bound for the measure S of all angles (b is l80 in the 
familiar "degree measure") . Second the measure S of "supple- 
mentary adjacent" angles (i.e., a linear pair ) always have a 
constant sum and this sum is the 
least upper bound b. Stated 
precisely: if ^ ABC and 
/ CBD are a linear pair, then 
m/ ABC + m/ CBD = b. 

A < ^ D 

B 

^^^-2. Congruence of angles based on ai:gular measure. We 
saw in (1) above that the conventional theory of angle congruence 
yields (as for segments) that tv/o angles are congruent if and 
only if they have equal measures. This suggests (as for segments) 
that we assume the existence of angular measure and define 
congruence of angles in terms of it. Thus the treatment in the 
text assumes 

Postulate 11 . (The Angle Measurement Postulate.) To every 
angle / ABC there corresponds a real number between 0 and 180, 
called the measure of the angle, and written as m/ ABC, (compare 
the Distance Postulate). 

Clearly our postulate has been set up so that the unit angle 
is the degree. In other words the angle characterized by 
m/ ABC =1 is what is usually defined to be a degree and will 
have the property that ninety such angles laid "side, by side" 
will form a right angle. Precisely speaking the measure of 
right angle will turn out to be 90. Notice that the measure 
of no angle can be 0 or 180 since our definition of angle 
restricts the side S to be non-collinear . (Por a discussion 
of this restriction see Commentary for Teachers, Chapter 4.), 

Now following a familiar path (Section 11-5) we adopt the 
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Definition . / ABC ^ / PQP. means that m/ ABC = m/ PQR. 
Then properties (l)^ (2), (3) of III-l above reduce to familiar 
equality properties of real n'l.ibers. The Angle Location Property 
^(4) abovej must be postulated and Is Introductlid In the form: 

Pos fculate 12 . (The Angle Construction Postulate.) Let 
be a ray on the edge of half -plane H. For every number r 
between 0 anu . 180 there Is exactly one ray With P In 

H, such that m/ PAB = r. 

It might be thought now that the addltlvlty property for 
angles ^(5) above)^ could be derived as a theorem as was the corres- 
ponding property for segments ^see (5), Section 11-6^. This isn't 
so. But it is a simple and Important property of angles, and it 
is perfectly natural to postulate it: 

Postulate 13 . (The Angle-Addition Postulate,) If D is a 
point in the interior of ^ BAC, then m/ BAG = m/ BAD + m/ DAC . 

Finally we need a postulate to express the peculiarly 
"angular" property of supplementation: 

Postulate Ih . (The Supplement Postulate,) If AB and "ac" 
are opposite rays and AD is another ray, then m^ DAC + m/ DAB 
= 180, 

III-3. Congruence of triangles . We are now ready to consider 
congruence of triangles. Our definition of congruent triangles 
(Chapter 5 of text) is essentially the conventional one: One 
triangle is a "copy" of the other in the sense that its parts are 
"copies" of the corresponding parts of the other. But observe 
the precision with which it is formulated. The correspondence 
doesn't depend on individual interpretation of the vague term 
"corresponding" but is based objectively on a pairing of the 
vertices 

A<— >A' , B< — >B' , C<-^C' 
which induces a pairing of sides and of angles 

AB<— >A^, BC-^-^B'C , CA^^-^C A» 

Za^->Za', Zb<-^Zbs /c<^Zc'. 

2 97 



5^4 

Notice how spelling out the notion "corresponding" in this way 
helps to point up the importance of the notion of a congruence 
which is not mentioned in the conventional treatment. Thus our 
treatment brings to the fore the idea of a 1-1 correspondence 
between the vertices of A ABC and A A»B»C« v/hich ensures that 
they aif'Q congruent because it requires corresponding sides and 
corresponding angles to be congruent, that is to have equal 
measures. This simple idea is capable of broad generalization. 

Do we need postulates on congruence of triangles? We have a 
lot of information on congruence of segments and congruence of 
angles, separately but nothing to inter-relate these ideas. 
For example, we can»t yet prove the base angles of an isosceles 
triangle are congruent. Thus we introduce the S,A.S. Postulate 
to bind together our knowledge of segment congruence and angle 
congruence , 

Now let us examine more closely the notion of congruence of 
triangles. Is it really necessary to require equality of measure 
of six pairs of corresponding parts? If we think of the sides of 
a triangle as its basic determining parts it seems very natural 
to define congruent triangles as having corresponding sides which 
are congruent. Naturally if we were to adopt this definition we 
would postulate that if the corresponding sides of two triangles 
are congruent their corresponding angles also are congruent, in 
order to ensure that this definition of congruent triangles is 
equivalent to the familiar one. Notice how much simpler the 
definition of a congruence between triangles becomes if we adopt 
the suggested definition, it is merely a 1-1 correspondence 
between the vertices of the triangles, 

A<— ^A», B^^->B», C< — >C' 
V/hich "preserves" distances in the sense that the distance between 
any two vertices of one triangle equals the distance between their 
corresponding vertices in the second triangle, that is 
AB=A'B', BC=B'C', AC=A'C». 
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III-';. Congruence of quadrilaterals . The main objection to 
the 'juggeated definition is that it doesn't generalize in the 
obviovis v;ay for polygons - not even for quadrilaterals . 
This is attested by the fact that a 
square and a rhombus can have sides 
of the same Ien{^th and not be con- 
gruent. So to guarantee congruence 
of quadrilaterals it is not sufficient 
to require Just that corresponding 
sides be congruent, and it is customary to supplement this by 
I'equiring the congruence of corresponding angles . Thus the 
convention-^.l definition requiring congruence both of sides and 
of angles applies equally v;ell to triangles and quadrilaterals. 

Hov;ever angles, though very important, are rather strange 
creatures compared to segments and it seems desirable, if possible, 
to characterize congruent quadrilaterals in terms of congruent 
segments, or equivalently , equal distances. This is not so hard. 

Going back to a triangle we observe that its three vertices 
taken tv/o at a time yield three segments or three distances and 
that the figure is in a sense determined by these three distances. 
Similarly the four vertices of a quadrilateral yield not four, 
but six segments (the sides and the' diagonals) and six correspond- 
ing distances, v;hich serve to determine the quadrilateral. This 
suggests: If v;e have a l-l correspondence 

A«— >A', B-^->B', C<— ^C«, D< — >D' 
betv/een the vertices of the quadrilaterals ABCD, A^B^C^D' such 
that corresponding distances are preserved, that is 

AB,AC,AD,BC,BD,CD = A^ BS A ' C S A 'D' ,B^ C ^ ,B^ D' , C ' D» 
we call the correspondence a congruence and we write 
ABCD = A^B'C'D' . It is not hard to show this definition equivalent 
to the more familiar one. 
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^^^-5. (:on^^^uence of arbitrary figures , V/e nov/ must face 
the proble.-n of formulating a general definition of congruence. 
The piecemeal process we have employed, defining congruence 
separately for segments, angles, triangles, quadrilaterals is 
unavoidable in an elementary treatment but is neither satisfying 
nor complete. For it still remains to define congruent circles 
and congruent circular arcs and congruent ellipses and congruent 
rectangular solids, etc. In each case we construct an appropriate 
definition, we are sure it is correct, and are equally sure the 
general concept has eluded us. 

So let's make a fresh start. Suppose F and are two 

congruent figures. Our basic^ intuition is that P' is an exact 
copy of P. Somehow this entails that each "part'' of P' copies 
a corresponding "part" of P - that each point of P» behaves 
like some corresponding point of p. If p has a sharp point 
at A then P' must have a sharp point at a corresponding point 
A' ; if F has maximum flatness at B' then P' has maximtim 
flatness at a correspor. aing point B' ; if F has a largest 
chord PQ of length 12.3 then P' has a corresponding largest 

chord P»Q' of the same length, 12:.3; and so on. How can we 

tie together these illustrations in a simple and precise way? 

III-6. A congruence machine . Suppose instead of conceiving 
P^ as a given copy of F, we take P and try to make a copy *P» 
of it. As an illustration let F be a house key. Then- P» can 
be produced by a key duplicating machine. The machine has the 
secret of the congruence concept - how does it work? 

The rriachine has two moving parts: 
a scanning bar v/hich traces the given 
key and a Cutting bar v/hich cuts a 
blank into a duplicate. As the scan- 
ning bar traces. F starting at its 
tip A, the cutting bar traces the 
blank starting at its corresponding 
tip A' . As the scanner moves to 

position B, the cutter cuts away the metal and comes to rest at 
a corresponding position B' . When B rises to a "peak" so does 

300 
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B' - when B falls to a trough so does B! - v;hen B traverses 
a line segment, traverses a line segment of equal length. 

^Afhat guarantees that this proo true copy? Sim];^ly 

this: When the scanner is fixed B, the cutter 

comes to rest in a position B' -Locances AB and 

A'B' are equal. And this is true LuV each position B of the 
scanner. Clearly what the machine does Is to associate to each 
chord AB from A of F an "equal" chord A'B' from A' of 
. And it associates the chords by associating their endpoints 
B and B' . Precisely speaking, the machine effects a 1-1 
correspondence X< — >X* between P and P^ such that the 
distance AX always equals the distance A*X'. 

Does this property hold Just for A, the tip of P, and 
A' its correspondent in F»? Clearly not. The machine doesn^t 
know where we start. V/hat we have asserted about the chords of 
P from A will hold Just as well for the chords from any point 
of P. So the 1-1 correspondence X< — ->X^ between P and P* 
has the stronger property that for every choice of P and Q if 
P< — >P', Q<— >Q» then PQ = P»Q', or as we say the corres- 
pondence preserves distance. Here we have the essence of the 
concept of congruence. 

The legend has it that when Pythagoras succeeded in proving 
the theorem ascribed to him, he v/as so elated that he sacrificed 
a hecatomb of oxen to the gods. Surely in the light of this 
tradition the formal definition of congruence deserves a section 
all to itself. 

III-7. The definition . Let X<— >X' be a 1-1 corres- 
pondence between two sets of points P, P' such that 

P<~>PS Q^>Q' 
always Implies PQ p»Q» . Then we say P is congruent to P» 
and we v^rite P » • Moreover we call the 1-1 correspondence 
a congrueaco between P and P^ . 
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This definition ie the culmination of tv/o thousand years of 
thinking about congruence. Although it may seem quite abstract 
i-t unifies and unites the piecu*..jal discussion of congruence we 
have given. Every instance of congruent figures discussed above 
from segments to quadrilaterals can be pi -kI ' case of our 

general definition. This is discussed in deta:i a Appendix VIII 
of the text on Rigid Motion. 

As a simple illustration of the definition let P and F' 
each be a triple of non-collinear points, say P is (A, B, C] 
and P' is {A» , B» , C»). Let the 1-1 correspondence between 
P and P' v/hich preserves distance be 
(1) A<— >A', B<-^BS C<— >C» . Then B 

we have AB = A«B», BC = B»C», \ \ 

AC = A'C». We see intuitively \ \ 

that P» is a copy of P. Now A C A* C' 

shift from the point triples to the triangles they determine. The 
S.S.S. Theorem tells that A ABC is congruent to A A»B»C' in 
the conventional sense. 





It follows (see Appendix VIII) that A ABC =A A»B'C» in the 
sense of our definition. Actually there is a 1-1 correspondence 
between the infinite point sets A ABC, A A»B^C^ which makes the 
vertices correspond as in (l) and which has the property that 
P<— >P», Q<— >Q» always implies PQ = P<Q<. 

Observe how the correspondence between the triangle is en- 
gendered by the trivial seeming correspondence between their ver- 
tices. For example, if P is on AB its correspondent P» is 
determined as the unique point P» on A»B» such that 
A»P' r= AP. Let us thinl<: of the finite set of its vertices, 
{A, B, C), as a "skeleton" of A ABC. Then if the skeletons 
{A, B, C), (A* , B» C» ) of two triangles are congruent the 
triangles as a whole are congruent - using "congruent" in its 
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present sense. This idea was too complex to introduce in 
Chapter 5 of the text. But it was fore-shadowed there in the 
insistence that congruence of triangles was the consequence of 
the existence of a "congruence" between them - that is, a 1-1 
correspondence between their sets of vertices which preserves 
lengths of sides and measurer, of angles. 

There is an essentia'' ^ent of complexity in the definition 
of congruence: It reqi v:^s ,jneral) the pairing off of the 

points of two infinite .3 to preserve distance. This is 

unavoidable - it even seems to be present in the comparatively 
simple problem of duplicating keys. There is however an important 
element of simplicity: We don»t have to mention angles and the 
preservation of their measures - the distance concept covers the 
situation. It follows easily that angle measures are preserved; 



for if P< — >PS Q< — >-Q* J R< — >R* correspond under a congruence 
between F and F» , and P, Q, R are non-collinear, we see 
by the S.S.S. Theorem that m^ PQR = m^ P«Q»R» . 

You may find it interesting to give for quadrilaterals a 
discussion like the above for triangles - consider the vertex 
sets (A, B, C, D), (A» , B» , C» , D» } of quadrilaterals ABCD, 
A'B^C^D* as their "skeletons". In this connection recall the 
discussion of congruence of quadrilaterals at the end of Section 
Ill-n, 
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III-8, Motion In geometry > * We can state the definition of 
rigid motion now, but it probably will be more meaningful if we 
say a few words first about the sense in which "motion" is used 
in contemporary geometry. 

Let a body B move physically from an initial position F 
in space to a final position P» . It is not necessary for our 
purposes In geometry (as compared say with kinematics or fluid 
dynamics) to bothor -v-^m' o intermediate stages r the motion^ 
So we can desc merely by specifying the initial 

position X In K of an arbitrary point P of body B and 
its corresponding final position X» in F' • In its most general 
form, then, a motion is conceived as a 1-1 correspondence or 
transformation between two figures F and F' , The technical 
term "transformation" is often preferable to "motion" since it 
doesn't suggest various irrelevant attributes of physical motion. 

III-9-- Rigid Motion . A motion or transformation between 
two point sets F and F* is a rigid motion if it preserves 
distances - that is if it is a congruence between F ^^nd F' as 
..defined In Section III-7. A detailed discussion of ^ concept 
of rigid motion r.upears in Appendix VIII of the text . 

To iw'jrodu3- you to the modern theory of congrue ; figures 
and rigid mo tic ;e have put the main emphasis on the "Irst, since 
it is more fami_^-r and seems easier to apprehend. He ever, 
glancing back a- the definition of congruent figures, ^ ou see it 
implicitly involves the notion of rigid motion. In fact now we 
can reword it: F is congruent to F' provided there exists a 
rigid motion between them, or as we say more graphically, a rigid 
motion which "transforms F into F'", This is the highly 
refined culmination of the vague and famous classical statement 
which served to Introduce our discussion of congruence: "Two 
:*lgures are :.:.;:;r ..ent if they can i-e made to coincide by a rigid 
motion. " 
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Sometimes the clarification of the basic concepts of a branch 
of mathematics firms up the foundations, puts the capstone on the 
superstructure and sets it to rest. This is not so here. The 
concept of rigid motion has stimulated the study of classical 
geometry, has yielded new insights and helped to unfold new imities. 
It has suggested the study of more general geometric transforma- 
tions ('^non-rigid motions") and has presented problems to the 
field of Modem Algebra, since motions tend to occur in certain 
"natural algebraic formati; a" called groups. 

In the first place congruence and rigid motion have an impact 
on geometry since they apply to all figures. We can talk precise- 
ly not merely about congruence of (or rigid motion between) tri- 
angular pyramids or spherical zones or hyperbolic paraboloids but 
also of lines, planes, space, half -.planes , rays, etc. At first 
it may sound silly ^ - say ''± line is i^ongruent to a line - but 
try to find a bett^. replica of a line than a line I It must be 
Just because the re_:i -;lr,\ congruence applied to lines is so funda- 
mental and universal th^- 'fe are not conscious of it - as a fish 
must be unconscious -:f: notion humidity. In ^ first approach, 

congruence takes on iiiipurtance as applied to segments (or angles 
or triangles) preclsfily biecause not all segments (or angles or 
triangles) are congiraent tc each other. 

So it may seer tria-i.al to say a line is congruent to a line 
or a plane to a pi: o or -^race to itself. But suppose we shift 
the focus from the.^.satr.c idea of congruent figures to the dynamic 
- and logically prl•-5^ idea of rigid motion. Is trivial to 
say there exist rigl,. .rit^T Lons between lines or berveen planes or 
between space and -1, Just to ask this questl:x: discloses a 
broad vista: One c ' ^he principal concerns of com L^mporary 
geometry (or content ?-.^.t nathematics) is the study of transform- 
ations (rigid and n^.n^.'-ip;! i) of n-dimensional spact^s , 
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Consider the simplest case: 
Rigid motions which transform a 
line L into a line L» , If 
L II we have slides or trans - 
lations which '^move" the points 
of L along parallel transversals 
to get their corresponding points 
of • If L and meet in 

Just one point C we have a 
rotation about C, If L and 
L' coincide, that is L = L' , 
we have two types of rigid motions 
operating on L: 

(1) translations along L; 

(2) reflections of L in a pc^n 
"fixed" (that is it corresponds to 
of L "moves" on L from one sid 




C, where point C of L is 
itself) and every other point 
of C to the other. 



C - L < — ^ — > . ? Ll= L < • ^ 

A A' P P' ^ ^ p» c p 

Similar considerations apply to planes. The theory culminates 
in the study of rigid motions of space - that is between space and 
itself. Here the basic types are translations , in which no point 
is fixed, rotations in v^hich each point of a line (the axis of the 
rotation) is fixed, and reflections in a ^lane E in which each 
point of plarie E is fixed and the half-spaces separated by E 
are "interchanged". More precisely a reflection in E is a 
transformation X< — >X» such that if X is in E then X» = X 
and if X is not in E then E is the perpendicular bisector 
of XX' , All rigid motions of space are "combinations" of these 
three basic types. Just as all positive integers other than 1 
are combinations of primes. 
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You may say that the theor-y of rigid motions of lines, planes 
and space is attractive and relatively simple, but haven»t we left 
out the annoying complexities involved in the study of specific 
congruent figures like segments, truncated triangular pyramids 
and cones with oval bases? Not at alll They are elegantly 
covered in the theory of rigid motions of the basic "linear 
manifolds": line, plane, space. 

As a very simple illustration 
suppose segment AB is congruent 
to segment A»B» . Then there is a 
rigid motion between them which, 
let us say, makes A correspond 
to A' and B to B» . Nov; we 
have the remarkable result that 
this rigid motion, ^hich is a certain kind of 1-1 correspondence 
between r ^ments AB and A^B' can be extended to form a rigid 
motion b. ;een the whole line AB and the whole line ^A ' 
and this extension can be made in Just one way. Thus we don't 
disturb the correspondence between AB and A^B' but "amplify" 
^t^by suitably defining a unique correspondent for each point of 
AB riot in AB, so that the final correspondence is a rigid 
motion between ^B^ and A»B^» . So in the study of rigid motions 
between lines as wholes, we are automatically covering all possible 
rigid motions (and hence all possible relations of congruence) 
between "linear" figures; (that is, subsets of lines which contain 
more than one point). Similarly any rigid motion between "planar" 
figures (that is, subsets of a plane which are not contained in 
any line) is uniquely extendable to a rigid motion of their 
containing planes. Finally we observe that any conceivable rigid 
motion is encompassed by a rigid motion of space. 
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III-10» Non - rigid motions . As we have indicated, modern 
geometry i3 concerned with transformations that do not preserve 
distance, as well as with those which do. In Euclidean Geometry 
the most important example is a similarity > which bears the same 
relaj:,ion to similar figures that a congruence or rigid motion 
does to figures which are congruent. Formally suppose 
is a 1-1 correspondence between figures F and F' such that 

always implies P»Q^ = k:«PQ where k is a fixed positive niomber. 
Then we call the correspondence a similarity transformation or a 
.s imilarity and we say F is similar to F' . It easily follows 
that a similaj?ity transformation - although it is not in general 
a rigid motion - always preserves angle measures . This definition 
of similar figures, when restricted to triangles, can be proved 
equivalent to the familiar one. The simplest general type of 
similarity is the dilatation (in a plane or in space) - this is a 
similarity which leaves a given point C fixed and radially 
"stretches" the distance of any point from C by a positive 
factor 



other Important types of transformations are central 1: 
various geometric theories. For example, "parallel proje . mi" 
between planes in affine geometry: "centi...„ projection" between 
planes in projective geometry; and topological transformations, 
which are a type of continuous 1-1 correspondence., in topology. 
The theory of map-making is concerned with various ^projections" 
ar other kinds of transformations be::ween a sphere 3.nd a cone, 
:2ylinder or plane. 

And so we have ended our talk by touching upazi a modern 
generalization of rigid motion which well might merit a talk for 
itself. 



ir:TRQDUCTlOK . J -JLIDEAM GEOMETRY 

About one hLindrecl and fifty years ago, a revolution in ma the- 
rnciticai tb.oughfc began v/ith the discovery of a geometrical theory 
v/hlch differed from the classical theory of space formulated by 
Euclid about 300 B.C. Euclid's Geometry Text, the Elements, was 
the finest example of deductive thinking the human race had known, 
and had been so considered for two thousand years. It was believed 
to be a perfectly accurate description of physical space, and at 
the same time, the only way in v/hlch the human mind could conceive 
space. It is no omall wonder then that the development of theories 
of non-Suclldean geometry had an Impact on mathematical thought 
comparable to that of Darwin in biology, Copernicus in astronomy 
or Einstein in physics. 

How did this revolutionary change come about? Strangely 
enough it mciy be considered to have had its origin in Euclid's 
text. Although he lists his postulates at the beginning, he re- 
frains from employing one of them until he can go no farther 
without it. This is the famous fifth postulate which we may state 
in equivalent form as 

Euclid^ s Parallel Postulate . If point P is not on line L, 
there exists only one line through P which is parallel to 

It 3oems probable that Euclid deferred the Introduction of 
the fifth postulate because he considered it more complex and 
harder to grasp than his other postulates. 

The consequences of introducing Euclid's Parallel Postulate 
are almost phenomenal. Using it we get in sequence: 

-1- The Alternate Interior Ar..cle Theorem for parallel lines; 

The sum of tho measures of the angles of a triangle 

is -loO; 
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3. Parallel lines are everywhere equidistant; 

4. The existence of rectangles of preassigned dimensions. 
As remote but recognizable consequences of Euclid^ s Parallel 
Postulate, we have: 

5. The familiar theory of area in terms of square units 
which in effect reduces* any plane figure to an equivalent rect- 
angle; 

6. The familiar theory of similarity; 

7. Tho Pythagorean Theorem. 

It is hard to see how any of these important results could be 
proved v/lthout recourse to Euclid's Parallel Postulate or an 
equivalent assumption. 

There is no explicit evidence that Euclid considered the 
fifth postulate* an improper assiimption in his basis for geometry. 
But generations of mathematicians for over 2000 years were 
dissatisfied with it, and worked hard and long in attempts to 
deduce it as a theorem from the other seemingly simpler postulates. 
Right up to the beginning of the 19th century able mathematicians 
convinced themselves that they had settled the problem only to 
have flai?;3 discovered .in their v/ork. Sometimes they employed the 
principle of the indirect method and developed elaborate and 
subtle arsoments to prove that the denial of Euclid's Parallel 
Postulate would force one into a contradiction. None of these 
arguments stood up under analysis. Finally early in the 19th 
centui^, J. Bolyai (l802-l86o) a Hungarian army officer, and 
N. I. Lob-ichevsky (1793-1856) a Russian professor of mathematics 
at the U:vLversity of Kazan, independently introduced theories of 
geometry based on a contradiction of Euclid's Parallel Postulate. 

The purpose of this talk is to give an elementary intro- 
duction to the non-Euclidean theory of geometry which Bolyai 
and Lobachevsky created. 



3 1 1 



559 

I • Two Non - Euclidean Theorems 
In this part we try to give you - without a long preliminary 
discussion - the flavor of non-Euclidean geometry. Our viewpoint 
is this: Suppose we consider the hypothesis that there are two 
lines parallel to a particular line through a particular point. 
What will follow? As a basis for our deductions we assume the 
postulates of Euclidean geometry except the Parallel Postulate, 
specifically Postulates 1, 15 of the text. 

Theorem 1. Let P be a point and L a line such that there 
are two lines through P each of which is parallel to L. Then 
L is wholly contained in the interior of some angle. 




L 



ProoT: Let lines M and N contain P and be parallel to 
L. Then M and N separate the plane into four "parts" each of 
which is the interior of an angle. Specifically these parts or 
regions may be labelled as the interiors of the angles ^ APB, 
/A'PB', / A'PB, /APB' where P is between A and A- on M 
and P is between B and B' on N. Let Q be any point of L. 
Since L does not meet M or N, Q is not on M or N. So Q is 
in one of the four angle interiors say the interior of / A'PB. 
Now where can L lie? Note that one of its points Q is in the 
interior of /A'PB and that L -does not meet the sides of the 
angle / A'PB. Clearly L is trapped inside / A'P3 and the 
theorem is proved. 
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Observe hov/ strange this is when compared with the Euclidean 
situation v/here only a part of a line can be contained in the 
interior of an angle, as indicated in the figure. But note - as 
alv/ays in mathematics - the" inevitability of the result once the 
hypothesis is granted. You may say the argument iG valid abstract- 
ly - but it doesn't correspond to physical reality. 

As you make a statement like this you begin to tread the path 
of, the non-Euclidean geometers. All that one needs to think mathe- 
matically is^.a set of precisely stated assumptions (postulates) 
from which conclusions (theorems) can be derived by logical reason- 
ing. Are these assumptions absolutely true when applied to the 
physical world? We don' t really know. It is not our professional 
concern as mathematicians to answer the question. It lies in the 
dompin of physicists, astronomers and surveyors. As human beings 
who work in mathematics v/e may like to feel that our theories are 
applicable to physical reality. But this doesn't require the 
absolute truth of our postulates or our theorems. When Euclidean 
geometry is applied by an architect or engineer or surveyor he 
doesn't require results which are absolutely correct - he might 
consider this a mirage. Rather he demands results correct to the 
degree of precision required by his problem - accuracy of one part 
in a hundred might be excellent -in a pocket magnifying glass but 
one part in a million might be too rough for a far-ranging 
astronomical telescope . 

Our first theorem indicated hov/ positional or non-metrical 
properties /in a non-Euclidean geometry might differ from our 
Euclidean ' expectations . Now we show how metrical properties - 
specifically the angle sum of a triangle - are altered vihen we 
change the Parallel Postulate. 

Theorem 2 . Let P be a point and L a line such that there 
.are tv;o Ijjnes through P each of which is parallel to L. Then 
there exis'ts at least one triangle the sum of whose angle measures 

is less than l80. 

/ 



V/e first prove a lemma. 

Lemma. If the sum of the angle measures of a triangle is 

greater than or equal to l80 then the measure of an exterior 

angle is less than or equal to the sum of the measures of the two 
remote interior angles . g 




Proof: V/e have 



C D 

a + b + c > 180. Hence 

a + b > 180 - c = d. 

Proof of Theorem 2: Suppose the theorem false. Then the 
sum of the angle measures of every triangle is greater than or 
equal to I80. 




Let L be a line and P a point such that there are two 
lines through P parallel to L. Let line PQ be perpendicular 
to L at Q. Since there are two lines through P parallel to 
L one of these must make an acute angle with line PQ. Suppose 
then line "poT is parallel to L and makes an acute angle, 
/ QPX, with line PQ. Let line PY be perpendicular to line 

with Y on the same side of line as X. Let m/ YPX = a; 

then a < 90. (Thinlc of a as a small positive number, say .1.) 



Now locate R 
side of PQ 



1 

as X 



L 

and 



so that QR^ = PQ 



arjd is on the same 



Y. Draw segment PR.. Then A PQR. is ' 



1* " ^^^1 

isosceles so that m/ QPR-j_ = m/ QR^P = a^ . Since the exterior 



angle of A PQR. 



Q is a right angle, the Lemma implies 
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+ = 2a^ > 90 



and 

Let m/ YPR^ = b^. Then 



^1 > ^5. 



^1 + := 90, 



so that = 90 - a^ 

and ^1 < ^5. 

Moreover b^ > a. 

Now we repeat the argument by constructing a new triangle, 
Extend segment QR^ to making R^R^ = PR-j_. Draw Tr^, 

Then A PR^^Rg is isosceles, so that m2 R-j^PRg = n^Z R3_R2P = ag. 
By the Lemma 

ag + ag = 2a2 > a^. 
So that 2a2 > a^ > ^5 



and - ao > 



it5 



2 ^ T"- 



Let m/ YPRp = b Then 



bg + ^2 = b^, 

bg = b^ - ag. 
Since b^ < 45 and ag > we have 

Moreover b^ > a. 

Continuing in this way we obtain a sequence of real niombers 

h> ^2' ^3' 
which are less than or equal to respectively 

45 ^ its ■ 

• • • 

but all of which are greater than the fixed positive number a. 
This is impossible since repeated halving of ^5 must eventually 
produce a number less than a. So our supposition is false and 
the theorem holds . 
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A pvooV of thlo type, though not difficult, may be unfamiliar 
and you may have to mull it over a bit to appreciate it better. 
In intuitive terms it is not very hard. There are two main points, 
First, the ray PX v/hich doesn^t meet L acts as a sort of 
boundary for the rays PR^, PRg, ... which do meet L. Thus the 
angles / YPR^, / YPRg, ... have measures b^, b^, ... which 
are greater than a. On the other hand (if the sum of the angle 
measures of every triangle is at least 180) we can pile up 
succes^jlve angles / C^PR^ , / R3_PR2, starting at ray P^, 

of measures at least ^{5, ... so that the angles 

/ YPR-j^, / yP^2' ^^^^ measures at most 45, ,.. . 

So we have a contradiction in that the angles ^ YPR^, / ^^^2' 

have measures which approach zero but are ^11 greater than a 

fixed positive n'omber a. 

A final remark. You may object that vie have not really 

Justified that PX is a "boundary" for PR^, PR^, .... To 



talce care of this observe that PR.^^ and PX are on the same side 

of 'line "p^. Consequently one of them must fall inside the angle 

formed by PQ and the other. Suppose PX fell inside / QPR^ . 

— > ^ — > ^ 1 

Then PX would meet line QR^ . Since this is impossible, 

PR^ must lie inside / QPX. Similarly for PR^, ... . 
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II . Neutral Geometry 

V/e are using the term '^neutral geometry" in this part to 
indicate that we are assuming neither Euclid's Parallel Postulate 
nor its contradictory. We shall merely deduce consequences of 
Euclid's Postulates other than the Parallel Postulate, (specifical- 
ly our discussions are based on Postulates 1, 15 of the text). 
Our results then will hold in Euclidean Geometry and in the non- 
Euclidean geometry of Bolyai and Lobachevsky since they are 
deducible from postulates which are common to both theories. Our 
study is neutral also in the sense of avoiding controversy over 
the Parallel Postulate. Actually its study helps us to accept 
the idea of non-Euclidean geometry since it points up the fact 
that mathematically we have a more basic geometrical theory which 
can be definitized in either of two ways. 

We proceed to derive some results in neutral geometry. Since 
you are familiar with so many striking and important theorems 
which do depend on Euclid's Parallel Postulate you might think 
that there are no interesting theorems in neutral geometry. How- 
ever, this is not so. First we sketch the proof of a familiar 
and important theorem of Euclidean geometry whose proof does not 
depend on a parallel postulate (see text. Theorem 7-1) • 

Theorem 3 . An exterior angle of a triangle is larger than 
either remote interior angle. 



B F 




Proof: Given A ABC with exterior angle / BCD. We show 
m/ BCD is greater than m/ B and m/ A. Let E be the mid-point 
of segment BC and let P be the point I'uch that AE = EP and 
E is between A and P. It follows that A BEA ^ A CEP so 
that m/ B = m/ ECP. 

But m/ BCD = m/ ECP -f m/ PCD. 
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Substituting ^ ' '\ir m/ E.'v -'t ^-j./-.* 

rn^ BC - -i^ + n\/ F 'D, 

::o that 

m/ BCD > . . 

The proof 1- as usual by z^pplylng the above :umant to 

show that tn-r^ - al angle of / BCD is larger thar A. ' 

Corollary I, The sum of the measures of two angl-^ir- :)f a 
triangle is leti; :an l80. 

Proof: Giv: A ABC we show :ti/ A + m/ B < l80 . By the 
theorem m/ A is less than the mea;3Ure of an exterior angle at 
B. Thus A < 180 - m/ B 

so that 

m/ A + m/ B < I80. 

This corollary is important since, without assuming a parallel 
postulate, it gives us information about the angles of a triangle. 
It tells us for example, that a triangle can have at most one obtuse 
angle or at most one right angle. 

Corollary 2 . In a plane two lines are parallel if they are 
both perpendicular to the same line (compare text, Theorem 9-2) . 

Proof: The basic properties of perpendicular lines in 
Euclidean geometry are studied prior to the introduction of the 
Parallel Postulate, and so are part of (or are valid in) neutral 
geometry. Thus the familiar proof of the corollary is applicable: 
If the two lines met we would have, in a plane, two lines per- 
pendicular to the same line at the same point. This is impossible 
and the lines can't meet. 

Corollary 3 . Let L be a line, and let P be a point not 
on L. Then there is at least one line through P, parallel to 
L. 
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Proof: Th ; 
on the exi^tenc^'.' 
Lg 1 L^. through 

Observe that • 
has yielded a vei^' " 
exist. More precl.: 
to a given line th~* 
without assuming a 
our study of the t 
one, or more than 
external point. 

To prove an ir 
theorem of Legendre 

Lemma . Given 
AA-j^B^C^ such tha 
A ABC; (b) m/ A 



1 - 



rom Corollary/ 2 by tiie .miliar theorem 
- i.;:. • ■ iculars: Let L-^^ J_ L .rough P, and 
:rr--: II L^. 

J ; ;:::^:.-lar - almost hackneyed - discussion 
rv; • principle: That parallel lines 
•^ri! ?e exisrs at least one line parallel 
'•n external point. And w-: got this result 
1-1 postulate! So the : T^ucial point in 
J :1 'arallelism will be whether there is 
parallel to a given line through an 

and not sufficiently well known, 
17 ,^-1333) we introduce the following: 
A.': and ^ A. Then there exists a triangle 

'a.) it has the same angle measure sum as 
^ A. 




Proof: We use tr3 ::-:iT..e construction as in Theorem 3. Let 
E be the mid-point n; 3^ and ler F satisfy AE = EF and E 
is between A and F. liun A BEA = A CEF and corresponding 
angles have equal measures. A AFC is the A A-^B^C-^ we are 
seeking. We have 

m^ A -f - m/ B + m/ C - m/ 1 + m/ 2 + m/ 3 + m/ 4 

= m/ 1 + m/ 2« + m/ 3' + m/ 4 
= m/ CAF + m/ AFC + m^ FCA . 
To complete the procf nz^ze that 

m^ A = m/ 1 + 2 = m/ 1 + m/ 2' 

so that 

m/ A = m/ .r' -f m/ AFC. 

Hence one of the ter:is jn the right is less than or equal to i 

1 

the term on the left, rhat is -^m/ A. Consequently A AFC can 



be relabeled A 



A-j^B-j^C^ 



3o as to make the theorem valid. 
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Note that since we have not assumed Euclid^ s Par.:^..2eJ Postu- 
late we don'*: know that the angle measure sum is consia^in:; for all 
triangles. Zo the lemma is a significant' result in th a can 
cor.struct rr:m a given triangle a new one with the sar^: :i-.::le 
measure zura. In intuitive terms we can replace a trian^r' by a 
"slenderer^' one without altering its angle measure sun,. effect 
the proof shov;s this by cutting off A ABE from A AEG [jz:d past- 
ing it back on as A PCE. 

Now we can prove the following remarkable theorem. 

Theorem (Legendre.) The angle measure sxm of i:-; triangle 

Is less than or equal to l80. 

Proof: Suppose the contrary. Then there must exist a tri- 
angle, A ABC, whose angle measure sum is l80 + p, where p is 
a positive number. Now we apply the Lemma. It tells us that there 
exists a slenderer triangle, A A-j^B-j^C.^^, whose angle measure sum 

also is 180 + p such that m/ < A. 

To fix our ideas let us say p 1 and m/ A = 25. Then 

m/ A^ + m/ B-j^ + m/ C.^^ = I8I and m^ A.^^ < 

Pressing our advantage we reapply the lemma. So there is a 
still slenderer triangle, let us call it A A^B^C^, whose angle 

measure is 18O + p and m/ A^ < A^ . That is 

m/ Ag + m/ B^ + m/ = I8I and m/ < ^p- 

Continuing in this way, we get a sequence of triangles each v;:. -h 

angle measure sum 18I and with successive angles of measures 
n.: greater than 

pc 25 25 25 

25, T"' T"' • • • • 
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To see -zhlz i:.: impossible, c wilder L ■ 3^0^ for which 
We, have 

Certainly 
but 

m/ + m/ C,, < iSO 

by Corollary 1 tc Theorem 3. Adding the inequalities, 

m/ A^ + + C^ < I8I. 

This contradiction implies our supposition false, and the the;:r-:^ 
is established. 

Note tho point of zhe proof is to get a triangle so "slends 
th.at is with one angle zo small, that the triangle can't exisT b 
CoTollary 1 -bove. It may now be instruc-iive to write out the 
prcof in general terms without assigning irpecific values to p 
ani m^ A, 

Corollary 4 . The angle r^easure sum of any quadrilateral is 
less than or equal to 360. 
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v/heth . i. r^-- ' 

if it J.:^^^:^ 

a rectangle 
neutral .^eor.e — 

Th'j exi:: 
thing - imagl. Tr 
have c 1' could. ' 
angle you wll~ 



Do RectargZLe-. Exist ? 
:jtudy neutral etry, and are interested in 

can exist in a geometry, and what happens 

: of our theorem ill have the hypothesis that 
We use freely results of Part II on 



.* :f a rectangle ±r. a geometry is not a trivial 
.at Euclidean georm::' uy would be like if you didn't 

rectangles. 1.. you try to construct a rect- 
- you are assuming Jiuclid* s Parallel Postulate 
or one of its ^ons-auences ^ such as, ~he angle measure sum of a 
triangle is ItO. 

First, ta avoid ambiguity, we fzrmally define rectangle as 
we shall use the tem: 



Definitian .. 

if earh of itc anr] 



(plane) quadrilateral is called a rectangle 
3 is a right angle. 



Notice th.at s_nce we are operating in neutral geometry and 
have not. a:: r "-red Euclid Parallel Postulate, we can't automatical- 
ly apply fa:: j^iar Z.ucllC:=an propositions, such as (l) the opposite 
sides of a -i^s^atangle are parall or (2) that they are equal in 
length, o: J) that a .t.gonal ":l^ ;lde3 a rectangle into tw con- 
gruent tr . -T-.rles . If want . ..issert any of these resul±s we 
will t-ve ":o pre V.J them az^om. r-.r :^alnition without assiining a 
parallel p aau-..-te. For example, ■!) is immediate by Corollary- 2, 



angle .■■ .Lr-a- 

Resta*::-- 
gi^-^n pcslal 
onir/ side cz . 



If one partlaalar rectangle exists then a rect- 
.a: . an ar'nltx^rily lar:^ side, 

lt: Supzcsre a jtan.ra_e. ABCD exists and x is a 
aaal nunber. Then tnere exists a rectangle with 

.~n crea-ter riLa.--L x. 





I G 


L 

n r 


1 r 
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Piv-of: We ABCD as a ";...Ll,,_ns block" construct the 

c-3Sired rectara-le^ Construct i c-.;. dr .ateral DCE? congruent to 
rOCD, s-j thiLZ EP and AB a 'e : :osite sider of line 'cd'. 
Then DCER Is a rectangle. : re v - B, C, Z on a . Ine by 

a familLar' pe rpend • -niarity p: pe - . Similarly, A, D, F are 
collLnear. : j ABCEPD is a quadrl-^a-reT-al A2EE and consequently 
a rectangle. Note ABEE has the pr-perty that 

AF = 2/-.::. 

Slmi^r..,:,- we c.onstr-act PEGH a congruent replica of ABCD 
::o that GH and A3 are on oppos:.": sides or: Line "ef*. And we 
".ae that ABC; is a rectangle sue:; -.hat 

AH = 3A3-.. 

Continuing in this way we can consfcruct a rectangle AEZZ such 
that 

:-.Z = nAZ 

for each positive integer n. Now choose n so big thet nAD > x,. 
Then ABYZ satisfies th .. cr-. :ltion3 of our theorem. 



Corollary 
rectangle exis: 



If ..ne par-lcular rectangle exists, tnen a 
Lth two arc.'-^arily large adjacent sices. 



Restatement: Suppose a : .-a --angle ABCD exists and x,, y 
are given positive real nnrriDe:."- Then -::ere exists- a r.«~hPT.~-u. 
PQRS such that pr, > x id ^ y. 



B' 



Proof: By the tn9ore:n we have a rectangle ABYZ wit'-. 
AZ > X. By placln£: .;Gcec~. i ve congruent replicas of ABYZ 
top" of each other 3t-.-.rtinf with ABYZ, we erentually se- a 
rectangle AA l .: A.A' > y an.;: AZ > x. 
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Theorem 6 . If one particular rectangle e"::lst5 then a rect- 
angle rxists with two adjacent 5ides of prer..-3S _gned lengths x, y. 

Proof: Our method is that of a tailor: By the last corollary 
we get a rectangle PQJRS such ishat PQ > x and ?S > y; then we 
cut it down to fit. o 



R' 



y 



J 


L 


-I L 


* 




[r" 






1 


. . i 


. —L 



There is a point ir; such that -.v/ ^ x. Lroc :i 

perpendicular from Q» to x_ne f^/ith fco: R' . We shoT^ 

PQ'R*S is a rectangle. It cejrtalnly has rxgr.u- angles at P. 3, 
. We show / PQ*R* also is a right ang;le . Suppose -i/ PQ'n' 
> 90. Then the sum of the angle measiares of c-i^'±r:i,laferal 
PQ^R-VS is greater than 360 z;.cxLtra;ir7 to th:^ C'oxcllary of 
Legendre's Theorem (Bart n) , Surppose ir^ P^^C < 90,. "Zhsi- 

QQ'R' > 90 and qiiadrilatex-al QQ'R^R h3.r. aa angle rrj^H:£i:r3 
sum greater than 36d. Thus the crJ^y po^s.±:zzlllty Is m^ .?Q*~^.' = 90, 
and PQ'R'S is a re;ct;angle.. 

In the same way there is a ;::;::zLnt 
= y. Drop a perpendicular 

Then as above PQ'R''S' is a rectangLe, i^nd it has s.i oes 



PS' 
R' ' 



Ir. ?S such. Iihat 

5* 

S' -o .llZT:^ Q'R' v-iiit-. foot 



PQ' and PS' of lengths x and y. 

Theorem 7 . If one particular rectanr.; 
right triangle has an angle me:^'ure sum cf 



exists then every 



A' 
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Prooi': Our procedure is to shov/; (l) any right triangle is 
congruent a triangle formed by the splitting of a rectangle by 
a diagonal, and (2) the latter type of triangle must have an 
angle measur- of l8o. Let A AEC be a right triangle with 
right angle "^t B. By Theorem 6 there exists a rectangle A'B'C'D 
v;ith A'E^ = AB and B^C^ = BC . . Drav/ A» C» . Then 
A ABC SA A'B^C and they have the same angle measure sum. 
Let p be the angle measure^ sum of A A'D»C» and q be that 
of A A^ :^D' . V/e have 

(1) P + q = ^-90 = 360. 

We v/ant ::o show p = l80 . By Legendre's Theorem p < l80 or 
p = 180. Su-pose .^p < IBO. Then by (l) q > l80, contrary to 
Legendre-js T ,eorem. So p = l80 must hold and the proof is 
complete. , 

The or err: 8 . If one particular rectangle exists then every 
triangle has an angle measure sum of l8o. - " ■ 

B 




Proof: Any triangle A ABC can be split into two right 
triangles. Each of these has angle measure sum l80 by Theorem 7. 
It easily follows that the same holds for A ABC. 

This is a rather striking result: The existence of one puny 
rectangle with microscopic sides inhabiting a remote portion of 
space guarantees that every conceivable triangle has an angle" 
measure sum oT 18O- Since this is a typically Euclidean Property 
we are tempted to say that if in a neutral geometry a rectangle 
exists, the geometry must be Euclidean. The statement is correct 
but not fully Justified, since to characterize a neutral geometry 
as Euclidean we must know that it satisfies Euclid^ s Parallel 
Postulate. This can now be proved without trouble. 
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Theorem 9 . If one particular rectangle exists then Euclid^ s 
Parallel Postulate holds. 

Proof: Suppose a rectangle exists but Euclid^s Parallel 
Postulate fails. Then there must exist a line L and a point P 
such that there are two lines through P parallel to L, since 
by Corollary 3 there is at least one line parallel to a given 
line through an external point. Then by Theorem 2 there exists 
one triangle, at least, whose angle measure sum is less than 180. 
This conti^adicts Theorem 8. Consequently Euclid's Parallel 
Postulate must hold. 

What we have Justified is a remarkable equivalence theorem, 
namely: Euclid* s Parallel Postulate is logically equivalent to 
the existence of a rectangle. That is, taking either of these 
statements as a postulate v;e can deduce the". other as a theorem, 
provided of course we assume the postulates for a neutral geometry. 

An interesting condition'' e'quivalent to the existence of a 
rectangle is the existence of a triangle whose angle measure is 
180: 

Theorem 10 . If there e^cists one particular triangle v/ith 
angle measure sum of 180, then there exists a rectangle'. 



B 




Proof: Suppose A ABC has angle measure sum 180. First 
we show there is a i ight triar.-gle with anglv: measure sum 1^80. 
Split A ABC into tv/o right triangles, whos-e angle measure sums 
are say p and q. Then 

p + q = 180 = 2-90 = 360. 
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We show p|=: 180. By Legendre^s Theorem, p < I80. If p < 180 
then q > I80 contrary to Legendre»s Theorem. Thus there is a 
right triangle, say A ABD, which has angle measure sum I80. 
I E B 




I A D 

Now we^ put two such right triangles together to form a rect- 
angle. Construct A AEB ^ A BDA with E on the opposite side 
of line AB from D. Show ADBE is a rectangle. 



sum 



Corollary 6 . If one particular triangle has angle measure 
180 tken every triangle has angle measure sum 180. 



Proof: 



By Theorems 10 and 8. 



Coroll&ry 7 > If one particular triangle has angle measure 



sum 180 then Euclid^s Parallel Postulate holds 



Proof: 



By Theorems 10 and 9, 



Corollary 8 



If one particular triangle has an angle measure 
sum which less than I80 then every triangle has an angle 
measure sum less than I80. 

Proof: Suppose A ABC has angle measure sum less than I80. 
Consider any triangle A PQR. By Legendre»s Theorem its angle 
measure sumr p must satisfy p = 180 or p < 180. Suppose 
p = 180. Then by Corollary 6, A ABC has angle measure sum I80, 



contrary to 



A neutral g< 



hypothesis. Thus p < 180. 



Compar:Lng Corollaries 6 and 8 we observe an important fact. 



ometry is "homogeneous" in the sense that all of its 



triangles h^ve an angle measure sum of I80 or they all have 
angle measure sums less than I80. The first type of neutral 
geometry is [merely Euclidean geometry ~ the second type corresponds 
to the non-Euclidean geometry developed by Bolyai and Lobachevsky. 
This will be discussed in the next part. 
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Sxsrclse 1 . Suppose there 1:: only one line parallel to a 
partlc^alar line L through a parricular point P. Prove that 
Euclid* s P^ ^allel Postulate holds. 

Exerc:.3e 2 , Suppc:::e rhere £r-e two lines parallel to a 
partl.-jular line L through a rjuruicular point P. Prove there 
are t>ro lines parallel to :-ach line through each external point 
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IV. Lobachevsklan Geometry 
Now v;e Introduce the non-Euclidean geometry of Bolyal and 
Lobachevsky as a formal theory based on its own postulates. We 
call the theory Lobachevsklan geometry to signalize the lifetime 
of v;ork which Lobachevsky devoted to the theory. To study 
Lobachevsklan geometry we merely assume the postulates of Euclid- 
ean geometry but replace Euclid's Parallel Postulate by Lobachev- 
sky' s Parallel Postulate: If point P is not on line L there 
are at least two lines through P which are parallel to L. In 
other words we assume the postulates of neutral geometry (Postu- 
lates 1, . . . , 15 of the text) and adjoin Lobachevsky ' s Parallel 
Postulate. Consequently the theorems which we have already de- 
rived are valid in Lobachevsklan geometry. In fact, by putting 
together two earlier results we get the following important 
theorem. 

Theorem 11 . The angle measure sum of any triangle is less 
than 180 . 

Proof: By Theorem 2 there exists a triangle whose angle 
measu:»e sum is less than I80. Hence the same is true of every 
triangle by Corollary 8. 

Corollary 9 . The angle measure sum of any quadrilateral is 
less than 360. 

Proof: By the corollary to Legendre's Theorem (Part II, 
Theorem 2) the only other possibility for the value is 360 - and 
this is ruled out by Theorem 11. 

Corollary 10 . There exist no rectangles. 

Now we show that similar triangles can't exist in Lobachev- 
sklan geometry, except of course for the trivial case of congruent 
triangle s « 
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Theorem 12 > Two triangles are congruent if their correspond- 




Proof: Suppose the theorem false. Then there exist A ABC 
and A A'B«C' which are not congruent such that m/ A = m/ A' , 
^/^^ ^ rn/_B' , m/ C =: m/ C» . Since the triangles are not congruent 
AB / A^B' (otherwise they would be congruent by A.S.A.). Similar- 
ly AC A»C' and BC ^ B'C . Consider the triples AB, AC, BC 
and A»B», A»C», B'C». One of these triples must contain two 
numbers which are greater than the corresponding numbers of the 
other triple. Consequently it is not restrictive to suppose 
AB > A'B^ and AC > A'C . 

Then we can find B' ' on AB such that A»B' = AB^ » and 
C»» on AC such that A»C' = AC»'. It follows that 
A AB''C'» A»B»C» so that 

m/ AB» ' C ' ' = m/ B' m/ B . 
Hence / BB»»C^» is supplementary to / B. Similarly /_ CC^»BM., 
Is supplementary to / C. Therefore quadrilateral BB»»C^'C 
has an angle measure sum of 360. This contradicts Corollary 9 
and our proof is complete. 

We have here a striking contrast with Euclidean geometry. In 
view of Theorem 12, in Lobachevslcian geometry there cannot be a 
theory of similar figures based on the usual definition. For if 
two triangles were similar, the measures of their corresponding 
angles would be equal and they would have to be congruent. In 
general two similar figures would be congruent and so have the 
same size. In a Lobachevskian world, pictures and statues would 
have to be life-size to avoid distortion. 
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Now let us consider the question of measurement of area. For 
the sake of simplicity we restrict ourselves to triangles. Clearly 
the Euclidean procedure of measuring area in terms of square imlts 
will not apply since squares don't exist in Lobachevskian geometry. 
To clarify the problem we ask v/hat are the essential characteris- 
tics of area. As a minimum we require: 

(1) The area of a triangle shall be a uniquely determined - 
positive real number; 

(2) Congruent triangles shall have equal areas; 

(3) If a triangle T is split into two triangles T-j^ and 
Tg then the area of T shall be the sum of the areas of T^ and 

It is easy to verbify that the familiar fonnula for the area of a 
triangle in Euclidean geometry satisfies these conditions. 

There is a similar area formula (or area "function") in 
Lobachevskian geometry but it is most naturally expressed in terms 
of the angles of a triangle. To state it formally we introduce the 

Definition . The defect (or deficiency ) of A ABC is 
180 - (m/ A 4- m/ B 4- m/ C) . 

Note that the defect of a triangle literally is the amount by 
which its angle measure sum falls short of 180. 

The defect of a triangle has the essential properties of 

area: 

Theorem 13 . The defect of a triangle satisfies properties 
(1), (2), (3), above. 

Proof: Clearly (l) is satisfied since the defect of a trl- 
angle is a definite positive number. Property (2) holds since 
congruent triangles have equal angle sums and so equal defects. 

'\ 1 
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To establish (3) let A ABC ^ 
be given and let D be a point of 
BC, so that A ABC is split into 
A ABD and A ADC . The sum of 
the defects of the latter two 
triangles is 

180 - (m/ BAD +m/ B+ m/ BDA) + 180 - (m/ CAD+ m/ C +m/ CDA) 

= ISO - (m/ BAD+m/ CAD +m/ B+ m/ C) 

= 180 - (m/ BAC+ m/ B+ m/ C) 
which is the defect of A ABC. 

Are there other area functions besides the defect? It Is 
easy to verify that if we multiply the defect by any positive 
constant k, we obtain an area function which satisfies Properties 
(1). (2), (3). This is not as remarkable as it might seem, since 
the specific form of our definition of defect depends on our basic 
agreement to measure angles in terms of degrees. If we adopt a 
different unit for the measure of angles and define "defect" in 
the natural manner, we obtain a constant multiple of the defect 
as we defined it. To be specific, suppose we change the unit of 
angle measurement from degrees to minutes. This would entail two 
simple changes in the above theory: (a) each angle measure would 
have to be multiplied by 60; (b) the key number iBO would 
have to be replaced by 6o times' 180. Thus the appropriate 
definition of "defect" would be 6o times the defect as we 
defined it. 

Finally we note that it can be proved that any area function 
satisfying (l), (2), (3) must be k times th.e .defect (our 
definition) for some positive constant k. In view of this it is 
natural to define the area of a triangle to be its defect. 

QueiT. Which of the Properties (l), (2), (3) holds for the 
defect of a triangle in Euclidean geometry? 
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It U Intei'estlng to note that in Euclidean spherical geometry 
the cum of the angle measures of a triangle is greater than l80 
and the area oT a triangle is given by its "excess", that is its 
angle measur^:) sum minus iBO. 

Exercise 1 . Given A ABC with points, D, E, F in 
AB, BC, AC respectively. Prove that the defect of A ABC is 
the z\m of the defects oi'' the triangles ADF, BED, CPE, and 
DEP. 

Exercise 2 . If points P, Q, R are inside A ABC prove 
that A ABC has a larger defect than A PQR- 

V/e conclude this part by observing that th'^ ''amiliar Euclid- 
ean property - parallel lines are everywhere equidistant - fails 
in Lobachevskian geometry. In fact there are parallel lines of ^ 
two types . If tv;o parallel lines have a common perpendicular 
they diverge continuously on both sides of this perpendicular. 
If two parallel lines don*t have a common perpendicular they are 
asymptotic - that is if a point on one recedes endlessly in the 
proper direction. Its distance to the other will approach zero. 
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Conclusion 

In Its further development Lobachevskian geometry Is at least 
as complex as Euclidean geometry. There is a Lobachevskian solid 
geometry, a trigonometry and an analytic geometry - problems in 
mensuration of curves, surfaces and solids require the use of the 
calculus . 

You may object that the structure is grounded on sand - that 
Lobachevskian geometry is inconsistent and eventually will yield 
contradictory theorems. This of course was the implicit belief 
that led mathematicians for 2,000 years to try to prove Euclid^s 
Parallel Postulate. Actually we have no absolute test for the 
consistency of any of the familiar branches of mathematics. But 
it can be proved that the Euclidean and Lobachevskian geometries 
stand or fall together on the question of consistency. That Is, 
if either is incor^is tent , so is the other. 

Once the ice nad been broken by Bolyal and Lobachevsky'-S 
s-.ccessrul challenge to Euclid's Parallel Postulate, mathemat±:::~ans 
were stimulate:: t... set up other non-Euclidean geometries - that is, 
geometric theo; Les which contradict one or more of Euclid^ s 
Postulates, or approach geometry in an essentially different way. 
The best knovm of these v;as proposed in I854 by the German 
mathematician Riemann (1826-I866). Riemann's theory contradicts 
Euclid* s Parallel Postulate by assuming there are no parallel 
lines. This required the abandonment of other postulates of 
Euclid since v;e have proved the existence of parallel lines with- 
out assuming any parallel postulate (Corollary 3). In Riemann's 
theory, in contrast to those of Euclid and Lobachevsky, a line 
has finite length. Actually there are two types of non-Euclidean 
geometry associated with Riemann' s name, one called single 
elliptic geometry in which any two lines meet in just one point, 
and a second, double elliptic geometry, in which any two lines 
meet in tvio points. The second type of geometry can be pictured 
in Euclidean space as the geometry of points and great circles 
on a sphere. 
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Riemann also introduced a radically different kind of 
geometric theory which builds up the properties of space in the 
large by studying the behavior of distance between points which 
are close together. This theory, called Riemannian Geometry," 
is useful in applied mathematics and physics and is the mathematic- 
al basis of Einstein's General Theory of Relativity. 

Bolyai and Lobachevsky have opened for us a door on a new 
and apparently limitless domain. 



MINIATURE GEOMETRIES 



1- Preamble, in a given set of postulates for a special 
part of mathematics, it is hardly to be expected that the laws of 
classical logic, the rules of gra::uTiar and a definition of all the 
ter:. .... be Ln jided. We reccgniz-: their need but assume them v/hen- 
ever usee:, v;- als: assume that zhe reader is familiar with the 
usual la;;3 oV arithmetic and algebra that may be used. Indeed 
there may I'n other needed logical assumptions that are overlooked 
so that the ernphasis may be pla-ed upon the particular topic under 
immediate a:.s;ussion, and the postulates will be confined to those 
that have ari Immediate geometric use. 

2. C h a r a c t o r i s t i c s of a postulate system . What postulates 
shoLild v/e mal<:e? There is no definite answer to this question. 
The ansv/er depends upon the audience and upon the purpose and the 
preferences (or prejudices) of the individual. However, there 
are some desirable characteristics of a postulate system, which 
we proceed to discuss. V/e may not be able to attain all of them, 
and may have to malce some compromises, 

(1) Simplicity .-^ The postulates should be simple , that is, 
easily understood by the audience for which they are intended. 
But simple is a relative term, and depends upon the experience 

of the audlenco. 

(2) Pauc ity . It may be desirable to have only a few ^onde- 
fined entities and relations and to make only a few assumptions 
about them. It may be necessary to sacrifice these characterise' 
tics to gain simplicity of understanding. Most texts on plane 
geometry for beginning students do sacrifice these characteris- 
tics, and some texts over-do it to avoid proving converses, 
especially If the method of proof by contradiction is needed. 
This puts a high premium on factual geometry as against logical 
geometry. It is not my purpose here to condemn or commend this 

^See Nelson Goodman, "The Test of Simplicity", Science, 
October 31, 1958, Vol. 128. 
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point of view. It all depe-.-is upon the audience and the purpose 
of the text, but it may be very difficult to determine (except by 
the Rule of Authority) whether the system satisfies the next 
characteristic . 

(3) Consistency , The postulate system should be consistent « 
It should not be self -contradictory . This part may be easy to 
determine. For example, v;e v;ould not want to include two assump- 
tions such as (a) ; • Two lines in the same plane always have a 
point in common (Projective Geometry) and (b): There are lines 
in the same plane that have no point in common (Euclidean Geometry) . 
Bv.t more is needed. The postulate system should never lead to a 
contradiction. This may be ^difficult to determine or impossible 
to determine. We seldom Imow all the consequences of the postulate 
system, and in that case the proof of absolute consistency may not 
"be possible. We content ourselves with relative, consistency. If 
we can give at least one interpretation of the umdefined terms 
based upon our experiences or experiments for which we grant all 
the assumptions are true, we are satisfied. We call auch an 
interpretation a model. In the oace . a simple system such as 
that for a miniature geometry, the construction of such models 
may be possible, and indeed in more than one way. In a complex 
postulate system, such as that needed for all of Euclidean Geometry, 
logically developed, this may be extremely difficult. If we have 
more than one model for the same system so that we can find a 
correspondence connecting every entity and relation of one model 
with an entity and relation of each of the other models, that is, 
put the models into one-to-one correspondence, v/e say the models 
are isomorphic . We shall do this for some of our miniature 
geometries. But* for more complex geometric systems, we may not 
have more than one model. The relative consistency of Euclidean 
Geometry is proved (but it is much too difficult for us to do it) 
by using arithmetic as a model, and shov/ing it is possible to put 
Euclidean Geometry into one-to-one correspondence with arithmetic 
logically developed. Since we have never found a contradiction in 
arithmetic, we are content to say Euclidean geometry is as con- 
sistent as arithmetic, if we wish to prove that a non-Euclidean 
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geometry is relatively consistent^ v/e find a model ( in terp notation) 
within Euclidean geometry for it and after that is done (it Is not 
an easy tarik and is beyond our intent), v;e know non--Euclide.- :: 
geometry is consistent if Euclidean geometry is. This is n." the 
only way it can be done, for arithmetic (algebraic) methods '^re 
also available. 

(^0 Independence . It may be desirable to have all thu 
postulates independent, especially if v/e are seeking models:. By 
that we mean that the postulate system is such that no postulate 
can be derived from the others. The arguments present in (2) 
above are again applicable. In a given postulate system, it may 
be possible to prove that some of the assumptions could be derived 
from others, but it may be so difficult that it is a task to be 
avoided. Hov;ever, it is not really difficult to prove: '*Two 
distinct lines cannot have more than one poi^vt lii crjTTjnon" f"roni 
the assumption: "Thoro c:i:.i and only one line that contains two 
distinct points". The method of contradiction is used, and this 
points out the essential importance of this method of proof If xve 
v/ish to make good use of our ass :inpt ions of logic. The indepen^ 
dence of all the postulates of a c^y::~em is most readily found in 
terms of models. If v/e can find a model that satisfies all but 
one of the postulates and denies that one, then that particular 
postulate is independent of the others. If we can do this for 
each postulate in turn, then the postulates form an independent 
system. 

(5) Completeness : A postulate system for Euclidean geometry, 
or any other special geometry we wish to discuss, should also be 
complete. That is, we must include enough postulates to prove all 
the theorems vie vrish to prove. This topic will not be discussed 
in detail here; it is enough to include a v/arning not to overlook 
tacit assumptions as Euclid'^ and his imitators did. 

^Seo> Felix Klein, Elementary Mathematics from an Advanced Stand - 
point ; Meserve, The Foundations of Geometry , p. 230-231.; Wilder, 
Foundations of Mathematics , Chapter 1, 2. 
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We illustrate various ideas mentioned above by confining our 
attention to Incidence properties alone and make no attempt to 
discuss postulates of measure or separation, but do recognize that 
parallelism l: essentially an incidence property. First we confine 
our attention to three types of miniature geometries which contain 
only a finite number of points and lines: 

I. A three point - three line geometry; II. A four point - six 
line geometry; III. A seven point - seven line geometry. 

After that we illustrate the incidence properties of Hyper- 
bolic Geometry by considering two models in which the niomber of 
points on a line is infinite and where we change the Parallel 
Postulate from Its usual Euclidean fonn. 

2 • ' ii ^^-'^^ point geometry . 



Concerning these undefined terms, we make the following four 
postulates: 

PI. There exist three and only three distinct points. 

P2. On two distinct ■ points there is one and only one line. 

P3 . Mot all points are on the same line. 

. On two distinct lines there is at least one point. 

As far as consistency is concerned, there does not seem to be any 
direct contradiction. The relative consistency of the system is 
accepted on the basis of any one of the following three isomorphic 



Undefined: point, line, on. 



models . 



(a) The usual model of a triangle, consisting 
of three non-collinear points, but here a line con- 
tains only two points. The line segments of a more 
complete geometry are merely drawn to point out the 
three pairs of points. A line is merely a set of 




two points. It is easy to observe that Postulates 
PI — ?h are all satisfied. 
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(b) A group of three boys forming committees of two in all 
possible ways. If the boys are called A, B, C, the committees 
are the three pairs (A,B), (B,C), (C,A) . If the postulates are 
read with 'boy< replacing ^points 'committee^ replacing 'line' 
and 'member of replacing 'on', with possible changes in language 
to preserve the meaning, it is easy to see PI, P2, P3 are 
obviously satisfied by the way the committees were formed. A 
simple observation of the three committees checks P4. 

(c) Points are interpreted as the special ordered number 
triples (x,y,z): A(1,0,0), B(o,1,0), C(o,0,1). Lines are 
interpreted as the special equations x = 0, y==0, z = 0. A 
'point* is 'on' a 'line' if its coordinates satisfy the equation 
of the line. 

PI follows from our choice of coordinates. 

P2 must be verified: a(1,0,0) and B(o,l,o) are both on 
z = 0 but not both are on x = 0 or y = 0. A similar veri- 
fication is needed for the other pairs of points. 

P3: The point a(1,0,0) does not satisfy the equation of 
the line X = 0. 

P^-: There are three distinct pairs of lines (i) x = 0, 
y = 0; (ii) y = 0, z = 0; (iii) z = 0, x = 0. It is easy to 
verify that C(0,0,l), A(l,0,0), B(o,1,0) lie on the pairs (i), 
(ii), (iii) respectively. 

We prove three theorems directly from the postulates without 
a model. For heuristic purposes any one of the models could be 
used. 

Theorem 1 . On two distinct lines there is not more than one 
point . 

Proof: If two lines had two distinct points in common, then 
Ppstulate P2 would be contradicted. Hence Theorem 1 is true. 
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Theorera 2 . There exist three and only three lines. 

Proof: Since there are three and only three points (Pl), 
there are only three pairs of points: (A,B), (B,C) , (C,A). 
Each such pair determines one and only one line (P2) . These 
lines are all distinct (P3) . Hence there are three and only 
three lines . 

Theorem 3 « Not all lines are on the same point. 

Proof: There are three and only three lines (A,B), (B,C) , 
(C,A), (Theorem 2). The first and third are on the point A, but 
this point is not on the line (B,C) because of P3 . A similar 
argument concerning the points B and C completes the pi-^oof , 

Of course all three of these theorems could have been vei^ified 
in any model. That is, we could have taken them as postulates too, 
but then the system would npt have been an independent one. To 
demonstrate the independence of the original system PI - P4 we 
use geometric models but either of the other models could be used 
equally as well. We use the notation PH' to indicate that P4 
is denied but PI, P2, P3 are satisfied. Similar meanings are 
given to P3 ' , P2' , and PI'. The model P^P is constructed by 
adding a fourth line (denying Theorem 2) in such a way that there 
are two lines which have no point in common. This denies P4, 



but the other postulates are satisfied. In the model P3*, all 
three points are on the same line and the other postulates may be 
verified. In the model P2^ , there are two lines which contain 
both A and B. In terms of the committee interpretation you may 
think of A and B both being on two distinct committees, say 
the B'inance Committee and the Custodian Committee. The model for 
PI' is not shovm here. It must contain more than three points. 
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The smallest such model which will also satisfy the other axioms 
Is the model for a seven point geometry to be discussed in Section 
5. After that model is presented the proof of the independence of 
the system PI - will be complete. 

A four point geometry . Again point , line , and on are 
undefined. To distinguish ^he postulates from those Just used we 
use the letter Q. 

Ql . There exist four and only four distinct points. 

Q2. On two distinct points there is one and only one line. 

(P2) 

Q3 . Every line contains two and only two points. 

Theorem 1 . There exist six and only six lines. 

Proof: The number of pairs of points is the number of com- 

blnations of four things taken two at a time, ^^C^ = =6 (Ql) 

and this is the number of lines (Q2) . These lines are all dis- 
tinct, (Q3) . Hence the theorem is proved. 

If v;e call the points 0, A, B, C, the lines are represented 
by the point pairs (0,A); (0,B); (0,C); (A,B); (A,C); (B,C) . 

Definition . Tv;o lines are parallel if they have no point in 
common . 

Note that the word parallel is used in a very special sense. 
No concept of a plane has yet been introduced. 

Theorem 2 . Through a given point not on a given line there 
is one and only one line parallel to the given line. 

Proof: A given point, say A, lies, on three and only three 
lines and these lines are distinct (Ql, Q2, Q3) . If we pick one 
of these lines, say AO, neither of the remaining points, B and 
C, can lie on it (Q3), and hence the two lines have no point in 
common and so are parallel by definition. 
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Several me:)del3 of this geometry are available. The tv/o-member 
cormnittee model is quite apparent. Each member is on three commit- 
tees but there is always a unique second committee that can meet 
v;hile this member is engaged in committee business . 

In order to present geometric models, we imagine the model to 
be embedded in ordinary Euclidean geometry and then abstract from 
the diagram those features that are wanted. One such model is that 
of a complete quadrangle (a term borrowed from projective geometry) 
which consists of four points, no three collinear, and the six 
lines which they determine by pairs. Of course you must recognize 
that our line is only a point-pair. It is easy to verify that 
Postulates Ql, Q2, Q3 are all satisfied. Models Ql» , Q2' , Q3' , 
needed to prove the postulates are independent, are more or less 
self-explanatory 

Ql, Q2,Q3 or Q2* Q3' 

If the model Q2' bothers you, think of it in terms of a diagram 
drawn on a sphere with N and S being the poles, or if you know 
something of chemical bonds, think of it in terms of a double bond 
between N and S, and all the rest as single bonds. 

The figure for Ql, Q2, Q3 could be imagined in ordinary 
3-space thus forming a tetrahedron. Indeed we could then add 
additional postulates. 

Undefined: plane . 

. On three points there is one and only one plane. 

If we think entirely in terms of plane geometry each of the 
models already drawn also satisfy Q^k 
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Q5. Every plane contains three and only three points. 

None of the raodels of plane geometry satisfy this axiom, 
which, hov/ever, Ib satisfied by the tetrahedron model. That is, 
the tetrahedron model satisfies all five postulates Ql - Q5. It 
is possible to present models in 3-space to prove the independence 
or these five postulates but this will not be done here, but the 
reader is urged to try his hand at it. 

Another property of the tetrahedron model that the reader may 
be interested in proving is that it satisfies Incidence Postulates 
1> 6, 7, 8, and Existence Postulate 5 of our text. 

The committee interpretation of this enlarged system takes 
into account three-member committees as well as two-member 
commit.^ees. Our tetrahedron model is for a four point - six line 
- four plane geometry. 

Let us return to the system Ql , Q2, Q3 and its two geometric 
interpretations and discuss algebraic systems isomorphic to them. 
For the complete quadrangle model, we consider points as the 
special ordered number triples (x,y,2): A(l,0,0)j B(0,1,0); 
C(0,0,1); C'(l,l,l). As "lines we take the six equations x = 0, 
y = 0, z = 0, X = y, ^ = 2, 2 = x. We say a point is on a 
line if its coordinates satisfy the equation of the line. 

Ql 'is satisfied by the way coordinates were introduced. It 
is now possible to verify Q2 and Q3 . There are six pairs of 
points and it is possible to show that any pair lies on one and 
only one line and this line contains neither of the other points. 
For example, B(0,1,0) and C(0,0,l) satisfy the equation x = 0, 
but neither A(l,0,0) nor 0(1,1,1) do; B(0,1,0) and 0(l,l,l) 
satisfy the equation x = 2, but neither of the points A(l,0,0) 
or C(OjO,l) do. Similarly, for the four other pairs. 

For the tetrahedron model, we consider points as the special 
ordered number triples (x,y,2): A(l,0,0) ; B(0,1,0); C(0,0,l) 
and 0(0,0,0). (Note the difference between the two models.) As 
the lines v;e consider the six pairs of equations which can be 
formed from the four equations x = 0, y = 0, 2 = 0, x+y+2 = 1 
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(These are the equations of the four plcnes.) Ql is satisfied by 
the way coordinates were introduced. It is now possible to verify 
Q2 and Q3 . For example, B( 0,1,0) and C(0,0,l) satisfy the 
two equations x = 0, x 4- y + z = 1, but both do not lie on 
either y = 0 or z - 0. A similar analysis can be given for 
every other pair of points. In this algebraic model. Postulates 
Q^^ and Q5 also may be verified. 

5- ^ seven point geometry . As mentioned earlier this geometry 
is one that denies the existence of only three points but satisfies 
P2, P3, P4 of the three-point geometry. V/e repeat these 
postulates for convenience of reference. The essential distinction 
betv/een this geometry and those already discussed is that every 
line contains three and only three points. It is necessary to 
Include a postulate which guarantees there is at least one line. 

Undefined: point , line, on. 

P2. On tv;o distinct points there is one and only one line. . 

P3 . Not all points are on the same line. 

PH. On two distinct lines there is at least one point. 

P5. There exists at least one line. 

P6. Every line is on at least three points. 

P7. No line is on more than three points. 

Of course P6 and P7 could be put together to say: Every 
line is on three and only three points. 

We construct a special model for this postulate system by 
selecting seven distinct points, which we call A, B, C, D, E, F, 
G. We de^^Lne seven and only seven lines, a, b, c, d, e, f, g, 
each being a set of three points, by means of the following table. 

A B C D E F G 

B C E A G D F 

F D A G B E C 

c a b d e g f 
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It not our purpose to discuss the many theorems that can 
be proved Trora this postulate system, but to point out several 
interpretations of It. It may bother you a bit to call (D^E^F) 
a line, but it is a line by definition Just as much as the triple 
(A,B,P) is a line. Of course this geometry is not like the 
Euclidean g^eometry of your experience — it is a finite projective 
geometry v;here we have considered only incidence properties. How- 
ever, its interpretation as a group of seven persons and seven 
committees of three and only three members is also available. 
Since v;e set up the model by definition (committee aspect) and 
then drew a diagram to correspond, we must verify all the Postulates 
P2 to P7. This may be long in detail but it is not difficult. 

There are 21 pairs of points {jO^ = and 21 pairs of 

lines, but an examination of the table shows that each rovj contains 
each letter once and only once, and each letter is in three and 
only three colannns , and this will simplify the details. It is 
merely time consuming to verify all the postulates; these postulates 
are all satisfied in the geometric model. To verify P4, for 
example, from the table, it is necessary to consider 21 pairs of 
lines, and indeed it is easy to verify not only that each pair has 
a point in common (there are no pairs of parallel lines) but only 
one point in common. 

The results can be tabulated as follows 
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Not only may we verify P2 - P7 in this way, but also the dual of 
each of the3e statements. The dual is obtained by interchanging 
the words point and line wherever they appear. For example, 
the dual statement to P6 and P7 combined would read: 
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D6, 7. Every point is on three and only three lines. 

This is easily verified from the defining table. 

The algebraic isomorphism for this geometry consists of the 
following assignments of coordinates to points and equations to 
lines : 

A(1,0,0); B(0,l,0)j C(0,0,1); D(0,l,l); E(1,0,1); F(1,1,0); 
G( 1,1,1); a: x = 0; b: y = 0; c: z=0; d: y = Z; 
e: X = z; f: x = y; g: x + y + z = 2. 

All the postulates could be verified purely algebraically. 
For example, D(o,l,l) and E(l,0,l) both lie on the line 
X + y + z = 2, but not both are on any other line. The line 
x=y contains the three points C(0,0,l), G(l,l,l), P(l,l,0) 
but no other point. This is enough to give the general idea. 

6. Models for a hyperbolic geometi- y. In order to discuss 
such a model, it will be embedded in a Euclidean plane. Hence we 
assume that the postulates of Euclidean geometry as stated in the 
text have been made and Euclidean geometry has been developed. We 
will use the terms point, line, plane, and circle as developed in 
such a treatment. The corresponding words placed in quotes will 
stand for entities in a new geometry, and will be defined by means 
of Euclidean terms. In this way we will obtain models to illus- 
trate some of the Incidence properties nf hyperbolic geometry. ' 

The first model is often called a projective model , but the 
explanation of the term is beyond our present means. Consider a 
circle. We define a "point" of our new 
geometry to be a point in the interior of' 
the circle; a "line" is a chord of this 
circle without its end-points; the "plane" 
is the Interior of the circle. It is easy 
to observe that two "lines" may or may not 
intersect. If two chords of the circle 
Intersect on the circle, vie say ^.hat the corresponding "lines" are 
"parallel". Note that there is a definite distinction between two 
'"lines" being "parallel" and two "lines" not intersecting, it is 
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also easy to ob;jerve that throuch a given "point^' P, there are 
exactly tv/o- "llneo" , PA and PB, which are "parallel" to the 
3line" AB, and that there are an Infinite number of "lines" 
ty-irough P that do not intersect the "line" AB. 

In the above model length and angular measure are distorted, 
and a study of projective geometry is needed to discuss the model. 
There Is a model, called Poincaire^s Universe , v/here length is 
distorted but angular measure is not (but no proof is intended). 
To understand tnis model some knowledge of orthogonal circles in 
Euclidean Geometry is required, and the corresponding theorems are 
not usually presented in an introductory course in plane geometry. 
We state the necessary definitions 
and -theorems (without proof), 

Tv;o circles are orthogonal if 
their angle of intersection is a 
right angle. By the angle of inter- 
section of tv;o circles v;e mean the 
angle betv/een the tangent lines 
drav/n at a common point. 

Through two points there is one and only one circle (or line) 
orthogonal to a given circle. 

In the Poincaire model, a "point" is again a point inside a 
given circle C, and the "plane" is the set of all points in the 
interior of the circle. A "line" is either a diameter of the 
circle C, without its end-points, or that part of a circle ortho- 
gonal to the circle C which lies inside C. We note, therefore, 
that through two "points" there is one and only one "line". Two 
"lines" are said to be "parallel" if their corresponding diameters 
or circles intersect on C . It is again easy to observe that 
through a given "point" P, there are two "lines" PA and PB, 
which are "parallel" to the "line" A§, and that there are an 
infinite number of "lines" through P that do not intersect the 
"line" ffi. One more idea may be observed in this diagram (based 
on the assumption that angular measure is not distorted) . 
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"The sum of the measures of the "angles" of a "triangle" 
such as A PQR or A APB is less than 180." 

A more detailed study of the geometry of the circle in the 
Euclidean plane, including a study of the concept of cross-ratio 
is needed to carry the discussion further. Some further results 
and suggestions or Indications of ideas that might be Investigated 
can be found in Eves and Newson, Introduction to Foundations and 
Fundamental Conc epts of Mathematics . 
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It is possible to r^.evelop the theory of area, as far as we 
need it, from a very simplG set of postulates, v/hich are intuitive- 
ly acceptable. In some rospect they are more intuitive than the 
ones given in the textj being simpler to state and requiring fev/er 
preliminary definitions. For example, it is not necessary to define 
polygonal region in order to state the postulates. It is satisfying 
that this is one of the many cases in mathematics in v;hich intuition 
and rigor go hand in hand. V/e shall sketch this development at 
least up to the point v/here it is clear that v/e could proceed as in 
the text, by deriving as theorems the postulates of the text which 
are not already included in our set. Some of the early theorems 
may appear obvious and hardly v;orth proving; but if v/e recognize 
the fact that postulate systems are constructed by fallible hiomans 
and need to be tested by their consequences, then v/e should derive 
satisfaction from the provability of some "obvious" statements by 
means of our postulate system. 

We always speak of the area of something, and this something 
is a region or a figure v/hich are simply names for certain sets 
of poiats in a plane. Thus, area is a function of sets, an assign- 
ment of a unique real number to a set. Whenever v/e speak of a 
fimction, it is important to be quite clear as to the domain of the 
function, that is, the set of objects for v/hich the fionction pro- 
vides us with an answer. In our case, v/e must ask, v/hat sets are 
to have an area assigned to them? We could limit ourselves, if v/e 
wished, to simple sets, like polygonal regions. This has the dis- 
advantage that it eliminates regions bounded by circles, ellipses, 
hyperbolas, and other smooth curves, regions v/hich (our intuition 
tells us) should have areas. Of course, we do not want huge sets 
like the whole plane, or half -planes, or the interiors of angles, 
to have area. These all have the property of being unbounded. 
Fortunately, it can be proved that it is possible to assign a 
reasonable area to ever^ reasonable set in the plane. The first 
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"reasonable" means that the area function will not violate our 
intuition. The second "reas.onable" we shall interpret in the 
widest possible sense, namely, as "bounded". A bounded set is, one 
that can be enclosed in some square (or circle). We shall there- 
fore adopt as our first area postulate the following: 

Postulate Al. There Is a function A (called area) defined 
for all bounded sets in the plane; to each bounded set S, A 
assigns a unique non-negative number a(S). 

Let us observe immediately that a point and a segment are 
bounded sets, so we have committed ourselves to the unfamiliar 
position of attributing an area to such sets. The area will turn 
out. to be zero, of course. There are excellent precedents: let 
us recall that we have allowed ourselves to speak of the distance 
from a point to itself as being zero. Analogously, in the theory 
of probability it is useful to have events with zero probability, 
even though the events are possible. Indeed, the theories of 
linear measure, area, volume, probability, and counting all have 
a great deal in comm.on, since they are concerned with assigning 
measures to various sets. Par from being a disadvantage, the 
concept of zero area is extremely valuable. It makes explicit 
our sound intuition of what sets are "negligible" as far as area 
is concerned. For example, the Area Addition Postulate in the 
text (Postulate 19) essentially asserts that the area of the union 
of two sets is equal to the sum of' their areas, provided that they 
overlap in a "negligible" set -- a finite union of points and 
segments. It is somewhat easier to accept an Area Addition 
Postulate in which the "negligible" set is the empty set, as in 
Postulate A2 that follows, and to prove later that certain sets 
really are "negligible". 

Postulate A2 . If S and T are bounded sets in the plane 
Vfhich have no points in common, then the area of the union of S 
and T is equal to the sum of the areas . That is , if V is the 
union of S and T, then a(V) = a(S) + a(t) . 
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We have already remarked that Postulate A2 is weaker in one 
respect than the Area Addition Postulate in the text, for it does 
not allow even one point in common to the sets S and T. Observe 
also that Postulate A2 does not need to assert the existence of 
A(V) . This is in fact a simple consequence of Postulate Al, for 
the union of tv;o bounded sets is also bounded. 

Our third postulate will give the essential connection between 
our geometry and area. For this we need a somewhat more general 
concept of congruence thpn the usual one. Two sets will be called 
congruent if there is a one-to-one correspondence between them 
which preserves all distances. More precisely, suppose there is a 
one-to-one correspondence between S and T such that, A and 
B being any points of S corresponding to A' and in T, 

the distance AB is equal to the distance A'B^ . Then we shall 
say that S is congruent to T, or S = T. Our definitions of 
congruence for segments, angles, triangles, and circles are special 
cases of this more general definition. For a fuller treatment, see 
the Appendix on Rigid Motion and the Talk on Congruence. If our 
area function is to be reasonable, then congruent sets should have 
the same area: 

Postulate A3 . If S is a bounded set and S = T, then 
A(S) = A(T) . 

Again, it is easy to see intuitively that if S is boiJinded 
and S = T, then T is bounded, and a(t) exists by Postulate 
Al. 

Now let us consider the area of a square of side 1 together 
with its interior. For all we know from the first three postulates, 
this area might be 0. This does violence to our intuition, and 
even more, we could then prove that every bounded set has area 0. 
Therefore we must postulate that this area is positive, say equal 

to k. But then the new area function defined by A^(S) = ^A(S) 

would be Just as good as the old and would have the desirable 
property that 11; assigns the value 1 to the unit square and its 
interior. We shall therefore postulate this immediately: 
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Postulate A'' . IC S is the set consisting of a square of 
zl.de 1 togetrier v;Lth its interior, then A(s) = 1. 

This postulate essentially does no more than (a) rule out 
the trivial case of a constantly zero area function, and (b) fix 
the unit by which v/e measure the area of a set. We can think of 
It as a normalization postulate, and shall speak of our area 
function as being normalized . 

Summing up our four postulates these are all v/e need we 
see that v;e have a non-negative (Postulate Al), f initely-additive 
(pofjtulate A2) , normalized (Postulate A^) function of bounded sets 
in the plane (Postulate Al), invariant under rigid motion (or 
congruence) (Postulate A3). The term "f initely-addltlve" refers 
to the fact that v/e can easily replace the tv;o sets in Postulate 
A2 by any finite number of sets, no two of which have a point in 
common. 

At the beginning of this talk, v/e stated that it is possible to 
assign a reasonable area to every reasonable set in the plane. 
This theorem, asserting the existence of such a function, is 
rather deep and difficult to prove. Nevertheless, it provides us 
with a sound basis for a treatment of area in the plane. The set 
of four postulates matches our Intuition quite well, especially 
if v/e have not subjected to close scrutiny the vast generality 
Involved in the phrase "all bounded sets in the plane". It should 
be remarked that the theorem does not guarantee a unique function, 
but any tv/o functions that satisfy the conditions will agree for 
decent, non-pathological sets such as polygonal regions, circular 
regions, and regions bovmded by arcs of smooth curves like parabolas, 
hyperbolas, ellipses, etc. 

It v/ould;be pleasant if this treatment could be generalized 
to -voliune in three dimensions. Surprisingly, the corresponding 
statement in three dimensions is felse. One form of the Banach- 
Tarski Paradox asserts that it is possible to split each of two 
spheres of different radii into the same finite number of sets, 
corresponding sets from each sphere being congruent. If the three- 
dimensional statement v/ere true, the corresponding sets v/ould have 
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equal volumes, by the invarlance under congruence, and therefore 
the spheres v/ould have equal volume, by the f Inlte-additlvity of 
volura^. On the other hand, the usual formula for the volume of a 
sphere would be valid, thus leading to a contradiction. In three- 
dimensions, therefore, it is necessary to limit our volume function 
to a more restricted class of sets than the bounded ones. This 
restriction is no cause for alarm, since the resulting domain of 
the volume function is still much wider than we need for ordinary 
purposes . The sets that vfe exclude are all really "v/ild" . With 
this one modification the methods used here are still applicable 
in three-dimensions. 

Nov/ we shall proceed v/ith the business of developing the con- 
sequences of our set of postulates. These consequences we shall 
state as theorems. First, however, v;e need a simple result which 
has nothing directly to do with area, but which is a basic property 
of our real number system. 

Theorem 1 . If a is a non-negative number such that for 
every positive integer number n, na. < 1, then a = 0. 

The statement may seem a little strange, but it is specifi- 
cally designed to yield the type of result needed, namely that a 
certain nUiTiber is 0. For example, suppose that we wish to prove 
that a certain formula yields the correct value for the area of a 
given figure. Let the area be A and the number given by the 
formula be B. Denote by a the absolute value of their differ- 
ence, |A-B I » Then we v/ish to prove that a 0. We may be able 
to shov/ that no multiple of a exceeds 1. If so, then Theorem 1 
assures" us that a = 0 and -therefore that A = B. Another way of 

stating Theorem 1 is: There is no positive number which is simul- 

111 

taneously 1, .... Still another way is: Every 

positive real number is less than some positive integer. If vie 
regard this last statement as being a knovm property of real 
numbers, then the proof of Theorem 1 is quite easy. Suppose, 
indeed, that a satisfies the hypotheses of the theorem, but 
that a > 0. Then i is a positive number, and there is a positive 
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integer n such that ^ < n, by what vie have just said. For 
this n, 1 < na, contradicting the hypothesis na < 1 . Therefore 
the assumption a > 0 is false. Since a > 0 or a = 0 by 
hypothesis, and the first is false, the second must be true. 

We 'jan now prove some rather obvious results which are usually 
acsumed implicitly in customary treatments. They are, in fact, 
somewhat less obvious than some of the theorems that Euclid took 
the trouble to prove (e.g., the theorem that vertical angles are 
congruent) . It is interesting to con1;emplate what the situation 
might have been if Euclid had decided that these were worthy of 
statement and proof. Perhaps school boys for centuries would 
have studied and proved: 

Theorem 2 . The area of a point is 0. 

Proof: Let S be a unit square plus its interior. By 
Postulate A'^ a(S) = 1. Let n be an arbitrary positive integer, 
and- choose n points P^, p^, P^ in S. if t is the 

set (P^, p^}, then by Postulate A2 (rather, by the 

generalization of Postulate A2 to n disjoint sets), we have 
A(t) = A(P^) + a(P2) + ... + A(P^). Now any two one-point sets 
are congruent, so by Postulate A3, a(P^) = A(P2) = ... = A(P ), 
and A(T) = nA(P^) . Let R ' be all of S except for the- points 
of T. Then R and T have no points in common and their union 
is S. By Postulate A2, 

A(T) + A(R) = A(S) . 
By Postulate Al, A(R) > 0. Therefore 

A(T) < A(S) . 

Substituting 1 for A(S) and nA(P^) for A(t) , we geb 

nA(p^) < 1. 

In Theorem 1, we may take a = a(P^) , since A(p^) is non-negative 
by Postulate Al . Therefore a = 0, that is, A(P^) = 0. Since 
eve.ry point is congruent to P, a(p) = 0 for every point P, by 
Postulate A3. 

Observe that in the proof of Theorem 2, we proved and made 
use of a special case of: 
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Theorem 3 . If T is a subset of the bounded set S, then 
A(T) < A(S) . 

The proof may be left to the reader. 

Now we state a useful theorem which is similar to Postulate A2, 
but which has a weaker hypothesis. 

Theorem ^1 . If S and T are bounded sets, V is the union 

of 3 and T, and I is the intersection of S and T, then 
A(V) = A(S) + a(t) - A(I) . 

S T 




Proof: Let be the part of S not in T. Then the 

union of S' and I is S, and S\ and I are disjoint. By 
Postulate A2; 

A(s) = A(S») + A(I) . • 
Also, the union of and T is V, and and T are 

disjoint. By Postulate A2, 

a(v) = A(s^ ) + a(.t) . r 

Therefore 

a(v) = a(s) = a(i) + a(t) 

= A(s) + A(t) - A(I) . 

Theorem 5 » If S and T are bounded sets and V is their 
union, then 

A(V) < A(S) + A(t) 

The proof follows from Theorem h on observing that a(I) > 0, 
by Postulate Al . 
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Theorem 6 , If 2^, S^, are bounded sets and V 

Is their union, then 

A(V) < A(S-j^) + A(3^) 4- ... -i- A(S^). 
The proof followf, from Theorem ^ by induction. 
Next, we prove another "obvious'' theorem. 
Theorem 7 - The area of a segment is 0. 

Proof: Let BC bo a civen segment, of length k. There is 
a natural number m such that k < m. On the ray "ict 



B 



let D be the point such that BD = m. To prove that A(BC) = 0 

it is sufficient ^ show that a(BD) =: 0, by Postulate Al and 

Theorem 3. Mow BD is the union of m sements Sn . . S 

1 ' • • ' ^rn 

of length 1. These segments are not disjoint, but we can still 
apply Theorem 6 to get 

A(BD) < A(S^) . -i^ A(SJ 

since St^, are all congruGnt. Therefore it is sufficient 

to show that a segment of length 1 has area 0. The proof of this 
proceeds as in Theorem 2, by fitting an arbitrary number n of 
disjoint unit segments within a unit square. We omit the details. 

We are now in a position to prove that the boundary of a poly- 
gonal region (defined in Chapter ll) has no influence on its area. 

Theorem 0 . Lot R be a poly^^^onal region and let be the 

oame region with all or part of the boundary removed. Then 
A(R») - A(R) , 
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Proof: Let be the region R with all of the boundary 

removed. Then R^ is contained in R» and R» is contained in 
R. Therefore 

A(Rq) < k{W) < A(R), 
by Theorem 3. It ic sufficient to show that A(Rq) = a(r) . Let 
B be the boundary, consisting of a finite number of segments. By 
an application of Theorem 6, Theorem J, and Postulate Al, v/e find 
that A(:B) = 0. But R is the union of the disjoint sets Rq 
and B, go 

A(R) = A(Rq) + A(B) ^ A(R^), 
and the proof is complete. 

Postulate 19 of the text now follows readily, since the over- 
lap of the two regions R^ and Rg consists of a finite number of 
points and segments, and the area of the overlap is 0, We state 
Postulate 19 as a theorem, but omit the proof. 

Theorem 9 > Suppose that the polygonal region R is the -union 
of tv/o polygonal regions R.^^ and Rg, which intersect at most in 
a finite number of segments and points. Then A(R) = a(R^) + a(R2). 

Mow consider a rectangle R of base b and altitude a. We 
are aiming at a proof that A(R) = ab, this being Postulate 20 of 
the text. 
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Choose an arbitrary positive integer n, and determine p 
and q, also positive integers, by the conditions 

< b < 
n ^ - n 

Starting at K, lay off p segments 'of length along ray "kl" 
and q segments of length i along ray I^FT. Then L Is on the 
p-th segment on KL and N is on the q-th segment on Kn". 
The rectangular region R Is now enclosed between two rectangular 

regions S and T, v/here S has dimensions P " ^ and ^ " ^ 

on ^ n ' 

T has dimensions ^ and ^. Therefore 

n n 

A(S) < A(R) < A(T) . 

Mow S consists oh (p - l)(q - l) square regions of side 

and T consists of pq square regions of side If the area 

of one of these square regions is A^, then 

A(S) :== (p - l)(q i)A^, 
A(T) - pqA^, 

so 

(p - l)(q - 1)A^ < A(R) < pqA^. 
It remains to compute A^ and then A(R). But a unit square, 
whoso area is 1, can be split up into n^ squares of side 

n 

- 1 = n\, 

A = i 
" n^ 



Thoroforo 



(p - l)(q - 1) ■ < A(R) < pq • . 
Mow, fr'om the conditions determinine p and q? 



1 . < ab < £ • ^. 



n n - - n n 
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The tv;o fixed numbers A(R) and ab both lie In the interval 
with end-points ° ~ • ^ n '^ '' n ' 'r ' ^° ^'^'^ absolute value of 
their difference is at most equal to the lengti-i of the interval: 



|A(R) - ab| < ^ ^ 



2. .3. . (P - 1) . (q - 1) 
n n n n ^ 

|A(R) - ab| < P - g - . ^ 



n 

Since is approximately — and -^^ is approximately — , 
n n 

the right side approximately i(a b) , v;hlch is very small if 

n is large. An application of Theorem 1 to the fixed non-negative 

number '^ ^'[ ' a^v'^bf^ '^' '''^^^^^ then yield that this number is 0. To 

make this argument precise, choose n so large that < ^ 



^ < b. Then < b implies that 



^ < b + i < 2b, 
n n — ' 



and ^ - ^ < a Imolies that 
n 



£ < a + i < 2a, 
n n — 



Therefore 

p -f- q - 1 ^ p + q _ 1/P Qn . 2a + 2b 

" ^ 2 " n^n " n^ ^ n 

n n 

Combining this with our previous inequality, v;e get 

.2a 2b 



or 



„ . lA(rO - ab| 

" 2a + 2b ^ ^ ' 



for all sufficiently large positive integers n, and therefore 
for all n. By Theorem 1, 



Ia(r) - ab 



La 0, so A(R) " ab . This completes the proof of: 
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Theorem 10 . The area of a rectangle is the product of its 
base and altitude. 

We have now reached our goal of establishing Postulates 17-20 
of the text from our system of Postulates A1-A4. This may not 
seem like a great accomplishment if we are interested in polygonal 
regions only, but it permits the evaluation of areas of other re- 
gions without the necessity of making ad hoc extensions of the 
domain of the area function at a later stage. It provides us with 
an excellent example of the power of deductive reasoning. Finally, 
the transition from here to the integral calculus is a smooth and 
natural one. For example, the calculation of the area under the 
curve y =: x^, for all integers n (including n = -l) can be 
carried out on the basis of this development, without any reference 
•to. the differential calculus. 



